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Abstract: For analytic functiong (z) with £(0) = f'(0)—1 = 0in the open unit

discE, T. H. MacGregor has considered some conditiongfel) to be Close

starlike or convex. The object of the present paper is to discuss some

; . . 1

interesting problems fof (z) to be starlike or convex foe| < 5. journal of inequalities
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1. Introduction

Let .4 denote the class of functiorfgz) of the form

fz)=z+ Zanz”
n=2

which are analytic in the open unit dific= {z € C : |z| < 1}. Afunction f € A
is said to be starlike with respect to the origindnf it satisfies

Re (Zf/(z>> >0 (z€R)

f(2)
Also, a functionf € A is called as convex ifi if it satisfies
zf”(z))
Re 1+ >0 z€eE).
(5 e’

MacGregor P] has shown the following.
Theorem A. If f € A satisfies

@ -1 <1 (z € E),
then 2) .
z z
i) _1‘ <! (’Z' < 5)
so that

Re (J{(<))) >0 <|z| < %)

Therefore f(z) is univalent and starlike fofz| < 1.
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Also, MacGregor 3] had given the following results.

Theorem B. If f € A satisfies

[f(z) =1 <1 (z € E),

2f"(2) 1
Re (1+ 702) ) >0  for|z| < 5

Therefore f(z) is convex fofz| < .

then

Theorem C. If f € A satisfies
f'(z) =1 <1 (2 €E),

thenf(z) maps|z| < %5 = 0.8944 ... onto a domain which is starlike with respect
to the origin,

zf' T 2v/5
arg J{(z)‘ <3 for |z] < %_
or ( ) \/_
2f(z 25
Rem>0 f0r|Z|<T.

The condition domains of Theorer, TheoremB and TheorentC are some
circular domains whose center is the point 1.

It is the purpose of the present paper to obtain some sufficient conditions for
starlikeness or convexity under the hypotheses whose condition domains are annular
domains centered at the origin.
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2. Starlikeness and Convexity

We start with the following result for starlikeness of functiof(s).

Theorem 2.1. Let f € A and suppose that

71.2
(2.1) 0.10583 - -- = exp (— ) Conditions for Starliken
4 1Og 3 ° Zn(sj ((;onvf;lxitye =
/ Mamoru Nunokawa, Shigeyoshi Owa,
< Zf (Z) Yayoi Nakamura and Toshio Hayami
f(Z) vol. 9, iss. 2, art. 32, 2008
< G 9.44915 (z € E)
exX = J. e z .
P\ 41023 |
Title Page
. . 1
Thenf(z) is starlike for|z| < 3. S
Proof. From the assumptior?(1), we get « >
f(z)#0 (0<|z] <1). < »
From the harmonic function theory (cf. Durefj), we have Page 5 of 12
/ 1 / / Go Back
o (zf <z>> Ly (1og ‘ ¢f'(<) D CH2 s o (zf <z>)
f(2) 27 Jicl=r f(©) (—=z f(2) ). Full Screen
_ 1 (log 2'(¢) D 2y, Close
21 Ji¢=r fQ) 1) ¢—=
‘ . journal of inequalities
where|z| =r < |¢(| = R < 1,z = re? and( = Re'. in pure and applied
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It follows that
L e ) ()
27 /c| R( ‘ fm C—=z 4

e (7)) -
1 ‘gf’ H’ 2Rrsin(p — 0)

- 27r R? — 2Rrcos(p — 0) + 12
_ 7T2 1o 2Rr |sin(p — 0)]
4log3 27 J, R?—2Rrcos(p —0) + 12 4
2 R+

do

- 4log 3 ;logR—r'
Letting R — 1, we have
z2f'(2) T 1+r
ae f(z) 2log3 log 1—r
< T log 3

This completes the proof of the theorem.

Next we derive the following
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Theorem 2.2. Let f € A and suppose that

3
(2.2) 0.472367 ... = exp <__)

4
|

3
< exp (Z) =2.177... (z € E).

Then we have 2) .
z z
702) _1‘ <! ('Z' - 5)’

or f(z) is starlike for|z| < 3.

Proof. From the assumptior?(2), we have

f(z) #0 (0 < |z] < 1).

Applying the harmonic function theory (cf. Duret], we have

o () =30 fooa (o ) 50

where|z| =r < |¢(| = R < 1,z = re? and( = Re'.
Then, it follows that

S 1 (1
f(2) ! 2m |¢|=R o8

) e
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This gives us

2f'(2) 1 / f(©) 2Ry
-1 < — 1 d
f(2) ‘ 27 Jier o8 ¢ ||R%?—2Rrcos(p—0)+r? 4
< § i 2Rr d
4 27 Ji¢j=r R? — 2Rrcos(p — 0) + 12 7
3 2Rr
4 R2— 2
Making R — 1, we have
zf'(2) 3 2r 1
-1 z 1 = Z
o <irmer (Mereg)
which completes the proof of the theorem. O

For convexity of functionsf(z), we show the following corollary without the
proof.

Corollary 2.3. Let f € A and suppose that

(2.3) 0.472367--- =exp <—Z) < |f'(2)] < exp (Z) =2117... (z€E).
Thenf(z) is convex fofz| < 1.
Next our result for the convexity of functionz) is contained in

Theorem 2.4.Let f € A and suppose that

(2.4)
zf'(z)

0.778801 - - - = exp (—i) <5

1
< exp (Z) —1.28403... (z €E).
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Thenf(z) is convex fofz| < 3.

Proof. From the condition4.4) of the theorem, we have

z2f'(2) :
e # 0 inE.
Then, it follows that
'z 1 ( Cf’(C))C+z
(@5) Y8y T an /w e ) =2

where|z| =r < |¢(| = R < 1,z = re? and( = Re'.
Differentiating ¢.5 and multiplying byz, we obtain that

2"2) ), 1 QN 26
YRS T e T /M (1 81750 D - 2™

In view of Theoren?.1, f(z) is starlike for|z| < 1 and therefore, we have

Rezf’<z)>1—7" (|Z|—7’<1).

f(z) = 1+r 2
Then, we have

T T L (el ) (o)

>1—r 1/ 1 2Rr
1+7r 2 ‘C|:R4 |C_Z|2 14

_1—r 1 2Rr
147 4 R2— 2

1+ Re
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Letting R — 1, we see that
2f"(z) _1—r 1 2r

L+ Re f(z) ~ 1+r 41—72
1 1 4
T3 43
B B 1
=0 <|z] =r< 5) :
which completes the proof of our theorem. O

Finally, we prove
Theorem 2.5. Let f € A and suppose that

2
0.10583...:exp(— T )

4log 3
/ 2
< |2 exp< T ) = 0.44915... (z€E),

f(z) 4log 3
Thenf(z) is convex inz| < ro, wherery is the root of the equation
(4log 3)r* — 2(4log 3 + m*)r + 4log 3 = 0,
2 _ _ 2
1 —4log3 —m\/7 +810g3:0.15787....
4log 3
Proof. Applying the same method as the proof of Theoref we have
2f"(2) 2f'(z) 1 / < ’Cf’(C) > ( 2¢2 >
1+ Re — = Re + — log Re dy
f'(2) f(z) 21 Jig=r f(Q) (€ —2)?
S 1—r _ 2 2Rr
14+r 4log3 R?>—1r?

o =
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where|z| =r < |¢(| = R < 1,z = re? and( = Re'.
PuttingR — 1, we have

zf"(z) 1-—r 2 2r

f(2) ” 1+7r 4log3 1—r2
1

1+ Re

= —{(410g 3)r* —2(4log 3+ 7*)r + 4 log 3}

(1 —r2)4log3
>0 (2] < ro).

Remarkl. The condition in Theorem by MacGregor 2] implies that

0<Re<M)<2 (z € E).

z

However, the condition in Theorefh2 implies that

—2.117--- < Re (Lz)) <2117... (2 €E).

z
Furthermore, the condition in Theorefby MacGregor 8] implies that
0<Ref'(z) <2 (z € E).
However, the condition in Corollary.3implies that

—2.117--- < Re f'(2) <2.117... (2 €E).
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