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In this paper, we give new inequalities involving some special (resgpecial)
functions, using their integral (resg-integral) representations and a technique
developed by A. McD. Mercer inlfl]. These inequalities generalize those given
in[1], [2], [7] and [11].
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1. Introduction and Preliminaries

In [1], Alsina and M. S. Tomas studied a very interesting inequality involving the
Gamma function and they proved the following double inequality

1 I(14x)"
by using geometric method.

In view of the interest in this type of inequalities, many authors extended this
result to more general cases either for the classical Gamma function or the basic
one, by using geometric or analytic approaches (8g¢1], [12)]).

In [11], A. McD. Mercer, developed a very interesting technique which was the
source of some inequalities involving the Gamma, Beta and Zeta functions.

He considered a positive linear functioriatiefined on a subspac& (7) of C(I)

(the space of continuous functions B where! is the interval(0, a) with a > 0 or
equal to+oo, and he proved the following result:

Theorem 1.1.For f, gin C*(I) such thatf(z) — 0, g(z) — 0 asz — 0" and . is
strictly increasing, put
_L(f)
? =9y

and letF' be defined on the ranges fifand g such that the compositiorfs( /) and
F(g) each belong t@* (7).

a) If Fis convex then

(1.2) LIF(f)] = L[F(¢)].
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b) If F'is concave then

(1.3) LIF(f)] < L[F(¢)].

In this paper, using the previous theorem, we obtain some generalizations of in-

equalities involving some special apgpecial functions.
Note that fora. € R, the function

F(t) =1t

is convex ifa < 0 ora > 1 and concave i) < a < 1.
So, for f andg satisfying the conditions of the previous theorem, we have:

L(f*) > L(¢*) if a<0 or a>1 and L(f%) <L(¢*) if 0<a<l
Substituting fore this reads:

[L(g)]* [L(f)]

L(g*) L(f*)"

if a <0ora > 1(resp.0 < a < 1). In particular, if we takef(z) = z” and
g(z) = x° with 3 > § > 0, we obtain the following useful inequality:

[L(x%)]* _ [L(2")]
L(zo%) < L(zoB)’

where, we follow the notations ofL]], and = correspond to the case (< 0 or
a > 1)and (0 < a < 1) respectively.

Throughout this paper, we will fix €]0, 1] and we will follow the terminology
and notation of the book by G. Gasper and M. RahrdgnWe denote, in particular,

> (resp. <)

(1.4)
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fora € C

n—1
1—gq°
[a}q: 1_q7 (CL%Q)n:H(l—aqk), n=12...,00.
k=0

The g-Jackson integrals froiito « and from0 to oo are defined by (se®])

(L5) | e = 1= a3 faae
(1.6) /OOO f@)dge = (1—q) > fd")q",

provided the sums converge absolutely.
Theg-Jackson integral in a generic interyal b| is given by (seef])

(1.7) /abf(:v)dqoc = /Obf(:c)dq:v — /Oa f(z)d,x.
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2. The Gamma Function

Theorem 2.1. Let f be the function defined by

[TCY(1 +2)]°
rem(1+ ax)

(2.1) fz) =

then for all0 < o« < 1 (resp.a > 1) f is increasing (resp. decreasing) 00, co).

Proof. First, we recall that the Gamma function is infinitely differentiabléA-oo|
and we have

Vz €]0, +ocf, Vn e N, T™(z)= / 2~ [Log(t)]"e~"dt.
0

Now, we consider the subspa€é(/) obtained fromC'(1) by requiring its members
to satisfy:

(i) w(z) =O0(2%) (for any § > —1) as x — 0,

(i1) w(z) =O(z¥) (for any finite p) as z — +oo.

Forw € C*(I), we define

(2.2) L(w) = /000 w(z)(Log(z))* e “dx.

The linear functional. is well-defined orC*(I) and it is positive.
Then, by applying the inequality. (4), we obtain fors > § > 0,

[T (1 +6)]" [P+ 3]*
re(1+ad) =~ TCI(1+af)

(2.3)

This completes the proof. O
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In particular, we have the following result, which generalizes inequality (4.1) of

[11].
Corollary 2.2. For all z € [0, 1] we have:

[Tem(2)]° _ [Te (14 2)]"
réen(l+a) = Y1+ ar)

(2.4) < [rem)*" if a>1

and

[F(2")<2)] @
ren(1+ a)

e )

@5 [P0 < Femi o)

<

Takingn = 0, one obtains:

Corollary 2.3. For all = € [0, 1],

| (1 + 2)]° |
(2.6) Fioa) S Fiirag S0 T 020
and
2.7) At 1 if 0<a<l.

" TI'l+ar) ~T(1+4a)

if 0<a<l.
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3. The ¢g-Gamma Function

Jackson %] defined ag-analogue of the Gamma function by
(45 @)oo -
(3.1) (z)=—""—(1—¢q) 7, x#0,—-1,-2,....
o) (q%; q)oo( ) 7
It is well known that it satisfies

(8.2) I'y(z+1) = [z],Iy(x), T,(1)=1 and lim I'y(z)=T(x), R(z) > 0.

q—>17

It has the followingg-integral representation (se@)

_1
(3.3) T,(s) = /0 e B,
where
z = n(n—1) 1_qn n
@) E; = nl=i—ia.~(1- 02 = 3¢ T — (- i,
n=0 v

is ag-analogue of the exponential function (sdgdnd [6]).
In [3], the authors proved that, is infinitely differentiable on0, +oo[ and we
have

1

1—q 7 n _
(35) Vo €0, +oof, VneN, I'"(z) = /0 t°~ [Log(t)]" B, "dt.

Now, we are able to stateg@ganalogue of Theorer. 1, and give generalizations
of some inequalities studied ifd][
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Theorem 3.1.Let f be the function defined by
T8 (1 4+ )

TP (1 4 ax)
then for all0 < o < 1 (resp.a > 1) f is increasing (resp. decreasing) 00, co).

(3.6) flz) =

Proof. We consider/ = (0, ﬁ) and the subspaa€*(/) obtained fromC'(7) by

requiring its members to satisfy:

(i) w(z) =O0(x%) (for any § > —-1) as z — 0,
(17) w(x) =0(1) as = — ﬁ

Forw € C*(I), we define

1

3.7) L(w) = /0 7 (@) (Log(2))" B 9%,

L is well-defined orC*(I) and it is a positive linear functional aii*(I).
From the inequality {.4) and the relation3.5), we obtain for3 > § > 0

rm+a)]” > T+ )]

Iy (1+ad) = T +ap)
which achieves the proof. ]

(3.8)

In particular, we have the following result.
Corollary 3.2. For all = € [0, 1] we have

[rﬁﬁ”)@)} * [rg“’mu + x)} ¢
I (1+a) = TP+ az)

a—1

<[]t if ax>1

(3.9)
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and

Crass]t el

3.10 L < < . if 0<a<l.
@.10) - [1"0) I (1 +az) ~ T8(1+a)
Corollary 3.3. For all = € [0, 1],
1 Ty (1 4 x)]* :
3.11 < =4 <1, |if > 1
(3.11) T,l+a)~ T,0tar) — " “=5
and
(3.12) | < Le(l+2) if 0<a<l.

- I(l+ar) " T,(14+a)

Proof. By takingn = 0 in Corollary3.2we obtain the inequalities(11) and (3.12).
N

Inequalities for Special

and ¢-Special Functions
Mouna Sellami, Kamel Brahim

and Néji Bettaibi

vol. 8, iss. 2, art. 47, 2007

Title Page
Contents
44 44
< >
Page 10 of 16
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:mouna.sellami@ipeimt.rnu.tn
mailto:
mailto:kamel.brahim@ipeit.rnu.tn
mailto:
mailto:Neji.Bettaibi@ipein.rnu.tn
http://jipam.vu.edu.au

4. The g-Beta function

The ¢-Beta function is defined by (sed][[8])

1
245 q)co
(4.1) B,(t,s) = / xt_lﬂdqx, R(s) > 0,R(t) >0
0 (2¢% @)oo
Inequalities for Special
and we have and ¢-Special Functions
Mouna Sellami, Kamel Brahim
4.2 B _ Ly()T(s) and N&ji Bettaibi
(4.2) (L, s) = T _
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It is easy to see thdt is well-defined orC* (1) and it is a positive linear functional

onC*(I).
Then, from the inequalityl(4), we obtain forg > § > 0

B4 5.8 _ [By(1+ 5,5
B,(1+ad,s) = B,(1+ap,s)

This achieves the proof.

(4.5)

Corollary 4.2. Forall z € [0,1],s > 0

[+ s, [B,(1+ x,5)]* 1 o
GO e+ 2By(ers) = Bltams) ~ [ T *2

Proof. It is a consequence of the previous theorem and the relations:

1

B,(1,s) = 1 B,(2,5) = 1[5 + 1,

[S]q’
and
B,(1+a,s) =
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5. The ¢- Zeta Function

Forz > 0, we put

Log() . (Log()
) = Toe@ E(hgwﬂ
and

17lq
{z}q = gty

whereFE (LOgE” ) is the integer part of&

In [3], the authors defined theZeta function as follows

(5.1) s =3 {n} Z :

They proved that it is @-analogue of the classical Riemann Zeta function and in the
additional assumptloﬁm € Z, we have for alk € C such thatR(s) >

Log(q

(nt+a([n]q)

(i) = = Amf*%@M%

where for allt > 0,

0 B . F (t)(_qt _ql—t. q)oo
_ {n}qt _+q ’ )
_E e, e and T, (t) = )
_ I q( ) (_QJ _17Q)oo

Now, we consider the subspa€é(/) obtained fromC(1) by requiring its members
to satisfy:
(i) w(x) =O0(x%) (for any § > —1) as z — 0,
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(i1) w(z) = O(z¥) (for any finite p) as z — +oo.
Forw € C*(I), we define

(5.2) L(w) = /Ooow(m)Zq(a:)dqx.

L is a positive linear functional o6 (7). So, by application of the inequality. (),
we obtain for allg > § > 0,

L+0G0+8)]"  [Fa+a60+s)]

Ty(1+ ad)C(1+ad) ~ T (1 + aB)G (1 + af)
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