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ABSTRACT. Inthe present paper, by introducing some parameters, new forms of Hardy-Hilbert’s
inequalities are given.
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1. INTRODUCTION

fp>1, 4+ =1 f(t),g(t) >0, 0<f0 JP(t)dt < oo, and0 < [ g?(t)dt < oo, then,
the Hardy-Hilbert integral inequallty is given by:

(1.) // F@9W) 4 <t _(/ 0 dt)l</ooogq(t)dt)é,

where the constant’= is the best possible (se€ [1]).
Yang [2] and [3] gazfve the following generalization pf (1.1)

(1.2 / / :r;—l—y—2a) @ty — 202

< Kp( )K (q) (/OOO (t — a)lAfp(t)dt); (/OOO (t — oz)lqu(t)dt);,

0 u;—l 1 1 1
KA(T):/ ————du=2B —,)\—— O<>\§17)\>_>07
B A G 7"

B is the beta function defined by

where

1
B(p,q) = / 2?1 —2)"dx, p,q>0
0
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2 W.T. SULAIMAN

and, for0 < T < oo,

(13)// x+y ddy
o(33) ([ -3 ]oroa)
x(/j[l—%(%)g - ”()dt)é.

In the present paper, by introducing some parameters, new forms of Hardy-Hilbert’s inequalities
are given.

2. NEW RESULTS

We state and prove the following:

Lemma2.1.LetA > 0,p,q,r > 1, >+ 2+ =1, f(t),g(t),h(t) > 0, Xi(t) > 0,7 = p,q,,
and assume that

b
0 </ No(8) f7(£)dt < oo,
ad
0< / () g (t)dt < oo
and

d
0< / AL(t)R"(t)dt < oo,

Then the two following inequalities are equivalent
b d k
f(x)g(y)h(=)
ey [ [ SRy e
b L d PR ;
gK( / Ag(t)fp(t)dt> ( / Ag(t)gq(t)dt> < / A:(t)hr(t)dt) |
whereK = K(\,p, q,r) is a constant, and
b d [k P
e 9(y)h(z) r
(2.2) a)\p (x) (/C/eh/\(a:,y,z)dydz dx
ar d R k , #
<K ( / )\g(t)gq(t)dt) ( / /\T(t)hr(t)dt) .
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Proof. Suppose|(2]2) is satisfied, then

///fhw% dudyd:
:/aAp( ( //h%”cy, ddz>d

< (/b Ag(x)fp(x)dx)p (/:A;;; Ud /j%dydz}ﬁdzg .
<K (/b Ag(t)fp(t)dt) ' (/d )\g(t)gq(t)dt> ' (/k A:(t)h?“(t)dt) N

Now, suppose thal (3.1) is satisfied, then
(] L”) 2
LR (R e) ™
<xe( [ o )(/’3 o) |
([ ([ [ itichome) ™)
~se( [ >dy)q (/ ’“w o)
([ ([ [ am) ™ a)’

+

X

therefore

(o[ [ o)™
<k (/d /\Z(t)gq(t)dt>; </k A;(t)h’“(t)dt)i ;

and the desired equivalence is proved. O

Lemma 2.2. (@) Let0 <y <1,a>0,f>0.If we define the function

y) =y~ /0 f(z)dx
theng(y) > g(1
1l o

(1).
(b) Lety > 1, a > 0, f > 0. Defining the function,

y) =y *° /Oy f(z)dz

Q=
Sl

we haveh(y) > h(1).
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Proof.  (a) Letz = 1, then

gly) =y ° /i / <t?2) at.

We observe also that
gy =y [-v*fly)] + < /
y~1

thereforey is non-increasing, which impliegy) > g(1).
(b) We obviously have

W(y) =y"fly) + (/Oyf(fr)d:r> ay*~ ! >0,
> h(1).

thereforeh is non-decreasing, and hencg))

£8.) oo

The following result may be stated as well.

Theorem 2.3. Let f(t), g(t), h(t) > 0, p,gr > L+ 14+ 1 = 1,2 < X <3,y >
pmax {p,q,r}, and

{ 1 1 1} _ {)\—1 A—1 )\—1}
max{ ——,——, —— ¢ < g < min , ) .

p g T p q r
T
0</ (t — ) fP(t)dt < oo,

T
0< / (t —a)? gl (t)dt < oo
and
T
0< / (t — ) h"(t)dt < oo,

then

(2.3) /QT /aT /aT % »
< (/aT o(t, 1, A p)(t — @)2—Afp<t)dt>i

T

<( Sl g a)z”gq(t)dtf (/ St A )t~ )

where
o(t, 1, A7)

. . . t—« ! ur 3 t—a\”
:B(A—w—l,uﬁl){B(A—Zl—w)—(T_a)”/o Wdu}—(T_a)

L A—i—2 ] U a2 o
X 1 LN T oy 1 = .
/0' (1 +U)>‘ U/O (1 +u)>\—u]—1 u, J b, q,r
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Proof. The proof is as follows. We have
T T T
/ / / F@g@h(z) ).
(x+y+ z)’\
g(y) (22)" hiz) (2)"
dxdydz
:U—l—y—l—z A/fo(gc+y+ )M (x4 y + 2)Mr

o 1
///Tfpx+y+z dudydz (/// Hyﬂ ddydz)

ur

([ )

= FEGEH?, say.

S =

Then we have

—

P [ e [ (52 © AT(<m>“p d:

14 =2 w1y — o L+ = e +y— 200

Now by Lemmd 2., we can state that

—ay Hp
/T <x+y—2a> dz
o (1+ xjy*‘ga)Aery—Qa

1+u

/\,up2
L (14 u)?
Ta
v Yy — 7/%-3 P2
———du
T—« 0 (14 u)?

z+y 2a
/ du
1—|—u
T—«
/y a

. Y 1 A—up—2
(Ve u
< |B(\— -1 1 ——dul .
pp—1up+1) — (T_a) /0 L “}
Therefore
T T (u)‘“p d
< N2=Agp T—a Yy
) A L e =
. Y 1 A—up—2
Yy (0% u
B\ — up— 1 1) — —d
T s o1 T u—HP .
_/a (x — 0)> f7(x) m/o Tt
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r—a)’ L A—pp—2
Y [B(A—up—l,mﬂrl)— <T_a> o | (HU)AdU}

= /T (x — a)2—>\fp(;p)d;p>< BA—pp—1,up+1)— /I—a wTHP
a . (

(1 4 w1
z—a\? [1urre? = Wl HP
- 1 T du
T -« o (T+u)r " J, (1 + u)r sl

-/ (e — 0 P

A=3

* U
B(A—up—l,upﬂ)_/m Wdu
T—o

) e e
- / (z — a)* 7 fP(x)de
BA—pp—1,up+1) — (/ /Ta> HA)
—<z:z>”/;a%zidu/o ]
-/ (e — 0 P

B()‘_“p_lvﬂerl){B(A—2,1—Mp)_ (a;_ay(x_a)_v

T —« T — «
= -~ z—a\? [rure?
/ u)- 1d}_( ) /—/\du
0 1 up— T—Oé o (1+u)
T — W —HP
X
(93 Oé) 0 (1 4 w)r—wr- 1]

S/a (z — a)* * fP(z)dx X [B(A—Mp—1,up+1){B()\_2’1_up)_ (x_a)V

T—«

y /1 3 p r—a\? /1 yNHp—2 " /1 WP
AU — | s _ourm
0 (1 + U)A_Mp_l T — 0 (]_ + u))\ 0 (1 + u))‘_ﬂp—l
T

X

:[B(A—up—l,up+1){B()\_Zl_up)_(;:Z>v/0 Mﬁdu}

1
r—a\? [lyr-me—2 1 "

B / —d“/ ———du| .
T -« o (T4+u)* o (14 w1
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Similarly
/ Oy, N 1, @) (y — a)* g% (y)dy,
and
T
H= [ oenmn)(z - ) W)
This completes the proof. O

Corollary 2.4. Let f(t), g(t), h(z) > 0,p,q,r > 1, .+ ; 4+ =1,2< A < 3,and

{ 1 1 1} _ {)\—1 A—1 )\—1}
max{ ——,——,—— ¢ < g < min , , .

p q T p q r
If
0< /OO (t — ) fP(t)dt < oo,
O</Oo(t ) g (t)dt < oo
and

0< / (t — a)>h"(t)dt < oo,

then we have the inequalit
A a)Q‘Af”(t)dt); s a>2-kgq<t>dt);
([T e-apwa)

K= ] BY(\=pj—1,pj+1)B(A=21- pj)

J=p,q,r

where

and

(2.5) /:0 (r — a) qz:&rﬁ (/ / r + y + 2 dxdydz) "
< K (/ (t— a)2 it )dt) " (/OO (t a)ﬂhr(t)dt) "

The inequalities (2]4)and (2.5) are equivalent.

Proof. Follows from Theorerh 2|3 and Lemrpa 2.1, on choosing 1, T = oo, and\;(t) =
(t — a) 7. We omit the details. O
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Corollary 2.5. Let f(t), g(t), h(t) > 0,2 < XA < 3,7 > 3p, and—1 < p < 224, |f
T
0< / (t —a)* A f3(t)dt < oo,

T
0</ (t —a)*g*(t)dt < oo
and
T
0< / (t —a)*h3(t)dt < oo,
then

s [ ) / ) / ' %mw
< (/ach(t,A,u,?)) a)’ A f3(t) ) (/ o(t, A, 1, 3)(t — )~ Ag?’(t)dt)S

X (/a gb(t,/\,,u,3)(t—a)Q_)‘h?’(t)dt) :
and

(27)/¢ (t, A\, 1, 3)(z — @) (// x+y+z dyd) dx
</ Ot A, 1, 3)(t — ) g () dt)s(/a qﬁ(t,/\,u,3)(t—oz)2_Ah3(t)dt)é.

The inequalities (2]6) andl (3.7) are equivalent.

Proof. Follows from Theorem 2|3 and Lemra .1, by putting= ¢ = r = 3, and\;(t) =
(t— )5 65 (t\ p.3), j = p.q.7. O

Note. In Corollary[2.5, we may take as a special case 1 — 3 to obtain

SIS

o(t, A\, 1 —X/3,3)

=B2A—=4,4—-NB(A-2,A-2) {1 _% (:tF:z)W}

F—a\2 [l 225 L HA-3
(=3 [ w
T—a 0 (1+U) 0 (1+U)
Corollary 2.6. Let f(t), g(t), h(t) > 0,2 < XA < 3,and—1 < p < 251, If

(t—a)*f3(t)dt < oo,

oo

(t — ) g*(t)dt < oo

0<

0<

T~

and
0< / (t — a)*h3(t)dt < oo,

J. Inequal. Pure and Appl. Mathb(2) Art. 25, 2004 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

ON HARDY-HILBERT' S INTEGRAL INEQUALITY 9

then

(2.8) /:O /:o /:O %dmm

<i ([ e-apran)

wl—=
wl=

([ a-arda)
« ( /a T a)QAhg(t)dt)é |

K=(B\—=3u—1,3u+1)B\—2,1-3p)

where

an

d
(2.9) /:O (z—a)2 </:O /:o %dydz)édx

< K32 ( /a (t a)QAgB(t)dt>é

X (/ (t — a)z_khzg(t)dt) .
The inequalities (2]8) andl (3.9) are equivalent.
Proof. Follows from Corollary 2.4 and Lemnja 2.1, by putting= ¢ = r = 3, T = oc. O
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