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Abstract

In the present paper, by introducing some parameters, new forms of Hardy-
Hilbert's inequalities are given.
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pr>1,llj+%:1,f(t), (t) >0,0< [;° fo(t dt<ooand0<f0 g?(t)dt < oo,

then, the Hardy-Hilbert integral inequality is given by:

(1.1) / / F@9W) 4y < T (/ fp(t)dt> ’ (/ gq(t)dt) "
o Jo T+y sin - \Jo 0

Yang [2] and [3] gave the following generalization of (1)

where the constant™ is the best possible (se€]].
1.2 d d
02 [ [ Gy

< K (0K (0 (/OOO (t - Oz)l‘kf”(t)dty

([T amea)

gl 1 1 1
K= 2 du=B(-A—-) 0<A<1,A>->0,
o (14+u) r r r

where

B is the beta function defined by

1
B(p,q) = / PN (1 — ) de, p,g>0
0

On Hardy-Hilbert’s Integral
Inequality

W.T. Sulaiman

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 3 of 20

J. Ineq. Pure and Appl. Math. 5(2) Art. 25, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:waadsulaiman@hotmail.com
http://jipam.vu.edu.au/

and, for0 < T < oo,

(1.3) /0 ' /0 ' %dmg
<0(33) ([ -3 (7) ]morom)
(L)

In the present paper, by introducing some parameters, new forms of Hardy-
Hilbert’s inequalities are given.
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We state and prove the following:

Lemma 2.1.LetA > 0, p,q,r > 1, 3 + -+ 1 = 1, f(t),g(t),h(t) > 0,
Ai(t) > 0,4 = p, q,r, and assume that
b
0< /a Ap(t) fP(t)dt < oo,
d
0< / M(t)g?(t)dt < oo On Hardy-Hilbert's Integral
c a Inequality
and d W.T. Sulaiman
0< / AL(E)R" (t)dt < oo.
Then the two following inequalities are equivalent Title Page
b rd kf( ) ( )h( ) Contents
z)g(y)h(z
2.1 2~ dxdyd
en [ [ St “« o o»
b 5 d < k g < 4
< K D D q q T T
< (/a Ao(t) f (t)dt) (/c M(t)g (t)dt) (/e AL (t)h (t)dt) , Go Back
whereK = K(\, p, q,r) is a constant, and Close
b oo d ok e Quit
e 9(y)h(z) "
(2.2) /a AT () (/C /e h/\(ac,y,z)dydz dx Page 5 of 20
qr d

ook T+
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Proof. SupposeZ.2) is satisfied, then

/ / / th (.92 dxdydz
:/a () ( / / Wz, y, 2 dydz) o

< (/abAg(x)fp(x)dx)p (/b A Ud/k %dydz}ﬁdx) )
<xe ([ g ([Ssoron) ([ o)

Now, suppose thae() is satisfied, then
[ ([ [ o) o
L1 mf’iy, ([ ) s
< i ([ “x00 <>dy) ([ vewe >d)
s e
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= (/cd)\
(e

therefore

)\ q+7"

o ([ L) )
Sk(/ N(t)g ()dt>q (/ek)\:(t)hr(t)dt)

o)’ ([ i)

q+r
//h’\xy, ddz> d:z:)

+

Q=

and the desired equivalence is proved.

S im

RS

Y

T

Lemma2.2. (a) Let0 <y <1,a >0, f > 0. If we define the function

theng(y)

> g(1).

y) =y ° /Oy f(z)dz

(b) Lety > 1, a > 0, f > 0. Defining the function,

we haveh(y)

> h(1).

n=v" [ s

)

]
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Proof. (a) Letz = 1, then

L () dt
y) =y / (;2)
yfl
We observe also that

g =y [y f(y)] + (/io fsj) dt> (—a)y 1 <0,

thereforey is non-increasing, which impliegy) > g(1).

(b) We obviously have

v = f+ ([ i) ar
>h

thereforeh is non-decreasing, and heneg))

(1).

The following result may be stated as well.

Theorem 2.3.Let f(t), g(t), h(t) > 0,p,q,7 > 1, s + o+ 7 =1,2< A < 3,

v > pmax{p,q,7}, and

{ 1 1 1} ) {/\—1)\—1 /\—1}
maxq ——,——,—— » < g4 <Imn , , .
p q T p q r
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0< /T (t — ) fP(t)dt < oo,
OCT
0< / (t— ) gi(t)dt < o

and .
0< / (t — a)>h"(t)dt < oo,

then
(2.3) / ! /aT /aT % .

: (/T oL, 1 A p)(t — @) f7(1) dt)

< [ ottura - O‘)2_qu(t)dt);

« ( /a L S AT a)ﬂzf(t)dt) ,

1
P

where

3

t—a\” [1 ur t—a\>
- | aduf -
<T—a> o (LHu)r-w-t T—a«
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Lo A—mi—2 1 uY—HI—2
x/—du/ ———— du 7 =p,q,T.
o (THwr™ Jy (w0 |
Proof. The proof is as follows. We have
T T T
[ / F@g@h(=) ) o
o Jo Hy+2)A
:/ / / 9) (2)" P (2"
:z:—l—y—l—z / Pyt oMty tapr Y

.“P

T fp
< / / / da:dydz
x+y+z

e )
(L7 Frar o

= FEGEH?, say.

S

Then we have

T T (y—a)*ﬂp d
F = _ 2—X rp / T« Y
/a (ZE a) f (Jz‘)dﬂ? . (1 + g:z>>\_ﬂp_1 Tr— o
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Now by Lemma2.2, we can state that

/T <zfy_—a2a>up dz
o (

1+x+y 2a) ZL‘—f-y—2C¥
z+y 2&
/ —du
1+u
T—a

Yy—a
< du
/ 1—|—u
00 )\,up2
\/ya 1+u

(- J’(i
< {B AN—pp—1, up+1) —

Therefore

yfoz) —HPp

Oé

(-

z )\up2
0 1—|—u

—

2 [ ]-

dy

F < /; (2 — a)2 [P (2)da /aT . +(y___a

r—o

A=l — «
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_ Y 1 A—pup—2
Y —Q U
B\ — —1 1) — —_—
X[ (A=pp =1 up+1) (T_a) /0 (1+u)Ad“}
T s o IT-x u—HP ;
T — Y 1u>\—/¢p—2
X | BA=pup—1,up+1 —( ) u“’/ —du]
[ ( ) T'—« o (

14 u)
/ (z — a)* A fP(2)dxx

T—«

B(A Lapt 1) - [T
(A —pp—1,up+ )—/0 (1 + upm1
(x_a)V/l u/\—up—Qd /‘fﬁi‘ wY—HP
o —du ———du
T—a) Jo A+u)Jo

1+ u)’\*”p*Id
T
/ (x — a)* M fP(2)dwx

00 u)\—S
BA—pup—1,up+1) —/
T—«
r—a\? [ yr-me—2 P W HP
“(7=2) [ “]

1+ w)A—wp—1 d
T
JACEO RO

B\ —pup—1,up+1) </ /T> HA)
() [

1+ u)A—mr—1
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- /aT (x — a)* fP(2)dx

B(A—pup — 1, up + 1){3(/\—2’1_“1’)_ (JJ—Oé)V (fﬁ—a>_7

T—« T—«
;ii u)‘*?’ p T — 2y 1 u)\f,u,pf2 y
) / (1 + w1 “} B (T - a> / TR
~ T—« _
X T—o o & On Hardy-Hilbert's Integral
T — B (1 + U)A—up—l Inequality
< /T(x _ a)ZiAfp(l’)dl’ W.T. Sulaiman
_ v .
X [B(A—up—l,upvﬂ){B(A—Zl—up)— <; a) e
- Contents
y /1 ur3 " T —a 2y /1 u N —HP—2 p /1 wY—HP « "
_— — S —_— u _—
o (L up T—a) Jo Gxwp™ )y Trwpe
T - | 4
= 7)\7 ) - P d 9
|t e = s S
where Close
Quit
(x, A, 11, p) = {B(A —pp— 1, up+ 1){3()\ —2,1— pup) Page 13 of 20
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r—a\ g2 1 wy P
_(ize / LARLEY / ]
T—« o (I4+u)? o (14 u)A—mr-l

Similarly
T
G= [ oA maly—af )y,
and
T
H= [ o)z - ) W)
This completes the proof. O
Corollary 2.4. Let f(t), g(t), h(z) > 0,p,q, 7 > 1, % + % +1l=1,2<X<3,
and
{ 1 1 1} . {)\—1 A—1 /\—1}
max4 ——,——,—— ¢ < (¢ < min , , .
p q T p q r
If
0</ (t —a)* A fP(t)dt < oo,
0< / (t — ) gi(t)dt < oo
and

0</ (t — ) h"(t)dt < oo,
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then we have the inequality
<x ([ - a)“fp(t)dt)’l’ ([ - @“g%dt)}’
>< ( |- a>2-kff<t>dt>l |

K= ] BY(\=pj—1pj+1)BY(A=2,1- pj)

J=p,q,"

where

and

(2.5) /a " (o — o) 56 ( / / Hyﬂ dxdydz) "
< Katr (/a (t — a)> ()dt) (/a (t — )20 (t )dt)qL.

The inequalitiesZ.4)and (2.5) are equivalent.

Proof. Follows from Theorem’_ 3and Lemma&.1, on choosingy = 1, T = oo,
and\;(t) = (t — a) 7. We omit the detalils. O
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Corollary 2.5. Let f(t),g(t),h(t) > 0,2 < A < 3,7 > 3u, and—3 < u <
AL f
3

0< /T (t —a)> A f3(t)dt < oo,

0</T(t ) A g (t)dt < oo

and T On Hardy-Hilberts Integral
0< / (t — a)**h3(t)dt < oo, Inequality
then : W.T. Sulaiman
(2.6) /aT /aT /aT %dwdydz Title Page
. 1 Contents
< ([ otermai- a)“f?’(t)dt) “« | »
1 < >
(/ $(t A, 1, 3) )2 ’ 3( )dt) Go Back
3 Close
X (/a D(t, A\, pt, 3)(t — a)Q_’\h?’(t)dt) : -
and Page 16 of 20
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o) Ag%)dt)é

(/ Ot N 13
x ( / Ol A, )1

The inequalitiesZ.6) and (2.7) are equivalent.

aQZ—Ah3@)dt>é.

Proof. Follows from Theoren2.3and Lemma2.1, by puttingp = ¢ = r = 3,
and\;(t) = (t—a) 5 ¢35 (t, \, 1, 3), j = p,q, 7. O

. A .
Note. In Corollary2.5 we may take as a special case- 1 — 3 to obtain

o(t, A, 1—)/3,3)
:B@A—&4—MBQ—ZA_Q{1_1(t_a)}

2\T — «
t—a 2y 1 ur=5 Lo y+A=3
- / T g / T
T—a«a o (I4+u)? o (IT+u)2r4

Corollary 2.6. Let f(t), g(t), h(t) > 0,2 < X < 3,and—3 < p < 274, If

0</aoo(t—

0</Oo(t a)* g3 (t)dt < oo

a)* A (t)dt < oo,
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and -
0< / (t — a)*R3(t)dt < oo,

then
o o o h
2.8) / / / F@gWhE) o
(6% (0% (03 (':C —"_ y —"_ Z))\
< K (/ (t - 05)2_/\][3 (t)dt) (/ (t - O‘)Q_)\93<t)dt> On Hardy-Hilbert's Integral
a « Inequality
% (/OO (t _ a)z_/\h?’(t)dt) s ’ W.T. Sulaiman
where Title Page
K=(B\-3u—1,3u+1)B\—2,1-3u) Contents
and « >
) | 4
(2.9) / T — ) 2(/ / x—i—y—i—z dydz) d Go Back
2 Cl
< K3/ (/ (t— a)> Ag3(t)dt) o0se
o' Quit
y (/ (t— a)QAh3<t)dt> ' Page 18 of 20
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Proof. Follows from Corollary2.4and Lemma2.1, by puttingp = ¢ = r = 3,

T = 0.

]
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