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ABSTRACT. In this paper, we define a symmetric function, show its properties, and establish
several analytic inequalities, some of which are "Ky Fan" type inequalities. The harmonic-
geometric mean inequality is refined.
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1. INTRODUCTION

Letz = (z1,x9,...,2,) be ann-tuple of positive numbers. The un-weighted arithmetic,
geometric and harmonic meanswfenoted by, (z) , G,.(x), H,(x), respectively, are defined
as follows

An(x) == @, Gula) = | [Jai ]+ Holo) = =
N3 i=1 2im1 z;
Assume that) < z; < 1,1 < i < n and definel —z = (1 — 21,1 — x9,...,1 — z,).
Throughout the sequel the symbols(1 — z), G,,(1 — z), H,(1 — x) will stand for the un-

weighted arithmetic, geometric, harmonic means ef .
A remarkable new counterpart of the inequality < A,, has been published ini[1].

Theorem 1.1.1f 0 < z; < 1, foralli =1,2,...,n, then

Gn(@ An(x)
Goll—2) = A(1—2)

with equality if and only if all ther; are equal.

(1.1)
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This result, commonly referred to as the Ky Fan inequality, has stimulated the interest of
many researchers. New proofs, improvements and generalizations of the ineuality (1.1) have
been found. For more details, interested readers canlseel[2], [3]land [4].

W.-L. Wang and P.-F. Wang [5] have established a counterpart of the classical inequality
H, <G, < A,. Their result reads as follows.

Theorem 1.2.1f 0 < z; < 1, foralli =1,2,...,n, then
H,(x) < Gn(z) < Ap(x) ‘
H,(1—z) = G,(1—2) = A,(1 —x)

All kinds of means about numbers and their inequalities have stimulated the interest of many
researchers. Here we define a new mean, that is:

(1.2)

Definition 1.1. Letx € R = {z|z = (z1,22,...,2,)|z; > 0,4 = 1,2,...,n}, we define the
symmetric function as follows

H(x)=H](x1,29,...,2,) = [ H (ﬁ)]

1<i1<ip<n i=1"i;

1

(%)

Clearly H(z) = H,(z) , H\(z) = G,(z), where(") = .

rl(n—r)!

The Schur-convex function was introduced by I. Schur in 1923 [7]. Its definition is as follows:
Definition 1.2. f : I — R(n > 1) is called Schur-convex if < y, then

(1.3) flx) < fy)

forallz,y € I" = IxIx---x1I (n copies)ltis called strictly Schur-convex if the inequality is
strict; f is called Schur-concave (resp. strictly Schur-concave) if the ineqyality (1.3) is reversed.
For more details, interested readers canseel[6], [7]iand [8].

The paper is organized as follows. A refinement of harmonic-geometric mean inequality
is obtained in Sectiop|3. In Sectiph 4, we investigate the Schur-convexity of the symmetric
function. Several “Ky Fan” type inequalities are obtained in Se¢tjon 5.

2. LEMMAS

In this section, we give the following lemmas for the proofs of our main results.

Lemma 2.1.([5]) If 0 < z; < i, foralli =1,2,...,n, then

Sk [H?: ] Hyz) _ Gua)

2.1 or < .
&Y St C It | YEO-0 G0
Lemma 2.2.1f 0 < z; < L foralli = 1,2,...,n+1,and Sps1 = S0 L, Sppr =
n+1
S =, then
n — i
02 S (S - 75) 2 (S —+5) 1™

Z?jll (Sn+1 — %) = H?;l <Sn+1 - f)
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Proof. Inequality [2.2) is equivalent to the following

_ n+1 (&

Sn+1 1 Hi:l (Sﬂ‘l‘l - 1_1%)
nln < n - -

Swer ~ 1 | T (S — 1)

Since0 < z; < 3, andl — z; > w;, it follows that

Q 1 1 1 1 1
S”+1 o l-z;  1-m: +-t 1-x;_1 + 1-zj41 +-ot 1—znt1
1 1 1 1 1
Sni1— = e ot AR e
1 DY 1 1 .« .. 1
> 1—x1 l-—zj_1 1—xj41 1—zp41
= 001 1 1
1 Tj—1 Tj41 Tn4+1

By the above inequality and Lem@.l, we have

n+1 n+1 n
Shn 1
n+1__ n+1 1 1—.%1 xX;

7

WE{(:%)/ ()"

e+
> nln 11 - n+1 ’
T Tn+1
or
_ n+l (&
St 1 | (Sn+1 - ﬁ)
nlnS < 1 n =
N A <5n+1 _ %>
0]
Lemma 2.3.[6, p. 259] Let f(x) = f(z1,xo,...,x,) be symmetric and have continuous

partial derivatives on/™, where! is an open interval. Theli : I — R is Schur-convex if and
only if

23) i) (55 -3 ) 20

on/". Itis strictly Schur-convex if (2.3) is a strict inequality foy # z;, 1 < i,j < n.

Sincef(x) is symmetric, Schur’s condition can be reduced as [7, p. 57]

(2.4) (m—wg(%g—gg)zm

and f is strictly Schur-convex if[ (2]4) is a strict inequality fof # 5. The Schur condition
that guarantees a symmetric function being Schur-concave is the saime as (2.3) or (2.4) except
the direction of the inequality.
In Schur’s condition, the domain ¢f{(x) does not have to be a Cartesian prodifcl_emma
[2.3 remains true if we repladé by a setA C R™ with the following properties [([7, p. 57]):

(i) Ais convex and has a nonempty interior;
(ii) A is symmetric in the sense thate A implies Px € A for anyn x n permutation
matrix P.
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3. REFINEMENT OF THE HARMONIC -GEOMETRIC MEAN INEQUALITY

The goal of this section is to obtain the basic inequalityZif{z), and give a refinement of
the Harmonic-Geometric mean inequality.

Theorem 3.1.Letx € R} = {z|z = (z1,22,...,2,)|z; > 0,4 =1,2,...,n}, then
(3.1) H™(z) < H!(2), r=1,2,...,n—1.

Proof. By the arithmetic-geometric mean inequality and the monotonicity of the fungtien
In z, we have

n 1N r+1

1<i1 < <ipgr1<n j=1"1;

= Z In

1<i1 < <tr 415N

- Z n +1 +1 lr 1
1<i1 < <ipp1<n [Zj:l ( k=1 Tiy — T )]/(T +1)

(r+1)r ]

1 — 1
(T + 1) 22—;1 xikl - Z;:l xijl

r
< E In 1
1<i1 <-<irp1<n r+1 r+l -1 1))t
=" = i (Hj:l k=1L, — Ly
_ -
r+1 r+1
| T
o Z I H r+l -1 -1
1<iy <+ <irg1<n Lj=1 £vk=1 "ig ij

r+1
Lo e
= n
r 1 r+1 -1 -1
+ 1<i1 < <ipp1<n Lj=1 k=1 L4y, i

1 n U1yeesir #J

r
= 7“—1—12 Z ln—zzzll’i—kl'

j=1 1<iy <--<ir<n

Let

7:17~~~:i'r7éj r

S; = i=1,2,...,n.

ln—zr T
1<ip<-+<ir<n k=1 "

We can easily get

gSjZ(n—ﬂ > ln—zzlxikl=(n—r)<:>lnH;(x).

1< < <ir<n

Thus

) In B (z) < 20 (”) In H' (z) = (T Z 1) In H' (z),

r+1 r+1 \r

or
H(z) < H.(2), r=1,2,...,n—1.

Corollary 3.2. Letx € R} = {z|r = (z1,29,...,2,)|7; > 0,0 =1,2,...,n}, then
(3.2) Hy(x) < H Y(z) < -+ < HY(z) < H)(2) = Gp(x).
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Remark 3.3. The corollary refines the harmonic-geometric mean inequality.

4. SCHUR-CONVEXITY OF THE FUNCTION H](z)
In this section, we investigate the Schur-convexity of the functigz), and establish sev-
eral analytic inequalities by use of the theory of majorization.

Theorem 4.1. LetR" = {z|z = (21,22,...,2,)|x; > 0,4 = 1,2,...,n}, then the function
H (x) is Schur-concave iR’} .

Proof. It is clear thatH] () is symmetric and has continuous partial derivativesRin By
Lemmd 2.8, we only need to prove

o1 (222 DY

As matter of fact, we can easily derive

rir) = Lo n—' n !
InH(x) = ) Z 1 S + Z 1 Ty T

7/ 2<i1<<ir<n =14 2<i1 <+ <ip_1<n
Differentiatingln H’ (x) with respect tar;, we have

OH'(x)  H'(x) 3 1 1

Oy B D DR

J

2<i) < <ip_1<n

_Hj(x) 1 1
0 |\

3<i1 < <tpr—1<n

+ > !

-1 -1 r—2 1
3<in<<ip_a<n <$1 +ay 2 )

Similar to the above, we can also obtain

OH:(x)  Hi(x) 3 1 1

- -1 r—1 —1 2
Ty +Z':1$z‘j T2

8:52 (n)
T 2<i1 < <tpr—1<N

CHi(@) 1 1
ERGRE | IP R v

3<i1 < <tpr—1<N

+ > !

~1 —1 r—2 -1
3<i1<<ip_o<n <$1 +xy + ijl Ly )
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Thus

(21— 2) (61;%(13:) B agiix))

H; (z) 1 1
T 9<ii < <ip_1<n ¥ j= 1$ 1

> 1 :
_ .S
2<i1 < <bp_1<n 2 + Z $2
1 1 1
Loy ()
T
3<ii<-<ir_2<n ( +ay o+ Z] 1%, ) !

WP LR, :

-1 -1 r—2
i :
112 g a<n T T2 F > o1

1+ (l’l + $2) Z;;i ]Ii;l

Z 2.2 1 r—1 1
2<i1 < <ip_1<n 3‘31352( +Z] 137 > (% +D i1 )

+

Corollary 4.2. Letx; > 0,i=1,2,....,n,n>2,and> "  x; = s,¢ > 0, then

H(c+ ) ne )
4.1 ”—>(— 1) o8 —1,2.....n,
(4.1) Ho) = s + r n
wherec + z = (c+ 1, ¢+ 29, ..., ¢+ 2y).

Proof. By [9], we have

c+x  [fct+m c+ Ty {(xl a:n>7x
nc+s \nc+s " Tne+s T s

Using Theorerm 4]1, we obtain

nc—+ s S

Or

Corollary 4.3. Letz; > 0,i=1,2,...,n,n>2,and) "  z; =s,c > s, then

H'(c—x) ne )
4.2 "—>(——1) Dor=1,2....n,
(4.2) Hr(z) — \s " "
wherec — z = (¢ — x1,¢ — 29, ..., c — xy).
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Proof. By [9], we have

c—x c— I c— Ty 1 Tn T
= e <=, =) ==
nc—s nc—s nc—s s S s

Using Theorem 4]1, we obtain

or
r 1
Hi(z) — \s
]
Remark 4.4. Letc = s = 1, we can obtain
Hr'(1—x) =
n\= > — 1) =1.,2..... n.
H;;:(x) i (n ) ) fr ) bl 7n
In particular,
RN > _ 1 n _ 1
H -~ w2V

5. SOME “K Y FAN” T YPE INEQUALITIES

In this section, some “Ky Fan” type inequalities are established, the Ky Fan inequality is
generalized.

Theorem 5.1. Assume that < z; < %, i=1,2,...,n,then

H+'(z) Hi(z) 17
1 n < n — 1,2, .n—1.
®-1) Hi(l—z) = {Hfb(l—x)} e

Proof. Set

T
_mw o (]
T H(-a) Y

1<ip<<ir<n j=1 22y

By Lemmd 2.2 and the monotonicity of the functigr= In = , we have

> =
TL J= lfxzjr
(r+1>m¢r+l: 2 S

1<i1 < <ipp1<n J=1 @i,
Zr—l—l ( 11 1 )
k=1 1—x; 1—z;.
k K
= E In ?
) / r—+1 r+1 1
1<i1 < <irp1<n z k=1 "’3% ]
Tig
1 G
r+1 N7 _ _1 | 4D
Zk—l 1—a;), 1—:!31'].
< E In ||
= ZT+1 1 1
1<i1 < <ipg1<n Jj=1 k=1 Ty "Ezj

n P1yeeeir#J Zk 11;
=1 T—a,,

:T+1Z Z 1n2211

1=1 1<i1 <<, <

= xik:
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Similar to Theorem 3|1, we can derive

n 1 1 n
(7’+1) I Gr1 < r(r+ 1)(n—r) <7“) In ¢ = r (7“—1— 1) n G-

Thus
(6)7 > Grin,
or
HrJrl(x) HT(ZE) -
n < n =1.,2.... — 1.
Hii (=) = {H:L(l—x)] I

Remark 5.2. By Theorenj5.]l, we can obtain

() Hy(x) _ Gu@)
(5-2) H2(1 —2) = HY(1—2) G,(1—2) =

An ()
A (1 —x)

This is a generalization of the “Ky Fan” inequality.
By Lemmd 2.1 and the proof of Theor¢m|3.1, we have the following

Theorem5.3.1f 0 < z; <1,i=1,2,...,n, then

Hﬂzl (i) H,(r) Gn(z) An()

_ i < < < ,
(5:3) -1 —=) = H(1—2) = G,(1—2) = A,(1—x)

The inequality[(5.8) generalizes the inequality [1.2).

Theorem5.4.1f 0 < z; < 1,i=1,2,...,n, then
H;(x) H,(2) Gh(x) An ()

A4 n < n = < =2,.
(®-4) H(—2) - H(l—2) Gi(l—2) " A,(1—a) ="
Proof. Set

Hy () Xj=t Ty |

P AL

1<i1 < <ir<n J=1 @y,

By Lemmg 2.1 and the monotonicity of the functigr= In = , we have

> i T
n jzl 1—x;.
_ E J
< ) In QST = In ~r 1
r 4 . >
1<41 < <bpp15N J= Ti;
1
| |T 1 r
J=1 1,

< > T

1<) < <irp1<n J=1 @y

1

r
]_ l—ﬂjij

= - E 5 In ——.
’r‘ —_

1<i1 << <n 5=1 Ti;
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By knowledge of combination, we can easily find

n (7))
(w115

I
Sl 3

/N
=03
I
— =
——
— &
=
1
<.
=
—

—
ﬁl»ﬂ'»ﬂ

8
S

Thus
¢r§¢1a r=2,...,n,
or
Hy(x) Gh(x)
. < =2,...,Nn.
(-5) Hr(l—z) ~ Gpo(1—x) r=2..n

The inequality[(5.p) generalizes the “Ky Fan” inequality.
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