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Abstract

This paper deals with some extensions of Hardy-Hilbert's inequality with the
best constant factors by introducing two parameters A and « and using the
Beta function. The equivalent form and some reversions are considered.
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If a, b, > 0 satisfy
0<Zai<oo and 0<Zbi<oo,

n=1 n=1

then one has two equivalent inequalities as:

(1.1) sz—i—n {Zaizlbi}

n=1 m=1 =
and
o0 o0 2 o0
Am
(1.2) ; (;m+n> <w2;ai,

where the constant factorsand 72 are the best possible. Inequality.q) is
well known as Hilbert’s inequality (cf. Hardy et all]). In 1925, Hardy P]

gave some extensions df.({) and (L.2) by introducing thep, ¢)—parameter as:

pr>1,%+§:1,an,bn203atisfy
0<) ah<oo and 0< ) b < oo,

n=1 n=1

then one has the following two equivalent inequalities:

(1.3) szm .;@ {iaz}; {ibg};

n=1m=1
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and

(1.4) g(zmn)p sm(”) Z:

p
where the constant factopsm and [m] are the best possible. Inequal-

ity (1.3) is called Hardy-Hilbert's inequality, and is important in analysis and its
applications (cf. Mitrinowt et al. [3]).

In 1997-1998, by estimating the weight coefficient and introducing the Euler
constanty, Yang and Gao/, 5] gave a strengthened version GfJ) as:

@ Y3 e

n=1m=1

S
Qe

o0 o0

s 1—7~ s 1—7
< E 7N 1 ab E 7N 1 b ,

wherel — v = 0.42278433" is the best value. In 1998, Yang][first in-
troduced an independent parameteand the Beta function to build an exten-
sion of Hilbert's integral inequality. Recently, by introducing a paramater
Yang [/] and Yang et al. §] gave some extensions of.Q) and (L.4) as: If

2 —min{p,q} < X <2, a,b, > 0 satisfy

o0 [o.¢]
0<> n'ak <oo and 0< ) n' b < oo,

n=1 n=1
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then one has the following two equivalent inequalities:

(16) ZZ m+n <]€,\ {an A n}p {inl)\bz}q

n=1 m=1
and

00 00 p
1.7 (p—1)(A-1) _ Gm dy < [k ( 1=,
a2 2 G| W0 Z”

where the constant factoks(p) = B (“2 2 gt 2) and[k,(p)]” are the best

possible B(u,v) is the 5 function). For\ = 1, inequalities {.6) and (L.7)
reduce respectively td.(3) and (L.4). By introducing a parameter, Kuang []
gave an extension ofL.(3), and Yang [ (] gave an improvement of] as: If
0 < a < min{p, g}, a, b, > 0 satisfy

0< Zn(p_l)(l_o‘)aﬁ <oo and 0< Zn(q_l)(l_“)bz < 00,

n=1 n=1

then one has two equivalent inequalities as:

@y Sy el

n=1 m=1
1
P o
nP—D- a)ap n(q—l)(l—a)bgl
O[SlIl( ) {Z ;

1
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and

1% %) p 00

a-1 am i (p—1)(1-a) ,p

D S e o] S
n=1 m=1 Q SIn P n=1

where the constant factopsw and [m} are the best possible. For

a = 1, inequalities {.8) and (L.9) reduce respectively td.(3) and (L.4). Re-
cently, Hong [.1] gave an extension ofL(3) by introducing two parameters
andoas: Ifa>1,1— =L <A <1(r=p,q),then

(1.10) ZZ mun&
<H/\a {Zn (1-X) } {Zna(l /\bg} ’

where

1 1

1 1 » 1 1 a

HA,a(p):{B(l——,)mL——l)] {B(l——,)\—i———l)} :
aq aq ap ap

ForA = a =1, (1.10 reduces to1.3). However, it is obvious thatl(10) is not
an extension ofl(.6) or (1.8).

In 2003, Yang et al. 1”] provided an extensive account of the above results.

More recently, Yang 1] gave some extensions of.() and (L.2) as: If0 <
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A < min{p, ¢}, satisfy

o0 (o]
0<> ek <oo and 0< ) n'al < oo,

n=1 n=1

then one has the following two equivalent inequalities:

1.11 L <K PoI=AGp a1App
( ) ZZ m—|— )\< ){Zn an} {ZTL " On Best Extensions of

n=1 m=1 n=1 Hardy-Hilbert's Inequality with
Two Parameters

B =
Q=

and
o o p o Bicheng Yang
(p—1)A-1 _ m 1-A
(112) D a® [ | < Y > b, |
n=1 m=1 n=1 Title Page
where the constant&, (p) = B (%, g) and[K, (p)]? are the best possible. For Contents
A=1,(1.17) and (L.12 reduce to the following two equivalent inequalities: 44 >
1 1 < 4
1.13 P=2gP =21
ORI SR e RE R o
Close
and Quit
&) © . p - P Page 7 of 35
-2 m 2
(1.14) Zn” (Z m—i—n) (£> Zn” ab
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Forp = ¢ = 2, inequalities {.13 and (L.14) reduce respectively tal(1) and
(1.2). We find that inequalitiesl(3) and (L.13 are different, although both of
them are the best extensions dfl) with the (p, ¢)—parameter.

The main objective of this paper is to obtain some extension.8f (ith
the best constant factors, by introducing two parametensda and using the
Beta function, related to the double seriesdas, > ~_, % N\ a >
0), so that inequality {.10 can be improved. The equivalent form and some
reversions are considered.
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First, we need the form of the Beta function as (cf. Wang etlal]){

(2.1) B(u,v) := /0 Wt“_ldt = B(v,u) (u,v > 0).

Lemma2.1.1fp >0 (p # 1), %—F% =1L Aa>0,¢ =¢(Na)>0(r=

D, q), satisfyp, + ¢, = A\«, define the weight functian, (z) as

00 x)\oa—qﬁr 1 1=¢r
(22) wr(:c) = /0 W (;) dy (x > 0; r=p, Q)-

Then forz > 0, eachw,(x) is constant, that is

(2.3) wp(x) = lB (@ @> (x > 0;7 =p,q).

Q a’ «

Proof. Settingu = (£)” in the integral 2.2), one hasly = Zu«~'du and

«

o] 1—o¢r
wr(z) = x’\a%/ L L Lusldu
o (x4 zou) \zul/e a

1 [ 1 or_q
== ———uo d = .
04/0 i u)Au u (r=p,q)

By (2.1), since¢, + ¢, = A, one hasZ.3). The lemma is proved.
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Lemma 2.2.1f p > 1, - + . = 1, \,a > 0, ¢, > 0(r = p,q), satisfy
bp + ¢g = A, and0 < e < ¢¢,, then one has

—1+¢q—* p
I = 460=3 dad
1 / / a:“+y )\Z/ 4 Y

(2.4) > g—B (@ L/ ) —0(1).
Q qo

a  qo

If 0 <p<land0 <e < —q¢,, with the above assumption, then one has On Best Extensions of
Hardy-Hilbert's Inequality with
Two Parameters

m a3 byt
= mzl/o ma + yo ))\y ' qdy Bicheng Yang
1o (¢ £ ¢ = 1
2.5 =-B|22-— 2+ — : Title P
(2.5) o (& ga’ qa)zlmprE e Tage
" Contents
Proof. Settingu = (£)” in the integral;, one has « Y
I, = /OO —l+¢q—% |:/OO 1 y—1+¢p_c51dy:| dx ¢ d
(o Fy) Go Back
1 1 ¢p_ e
= —/ / —— _ye T tduda Close
a (1+u)
$p _ e 1 $p _ e QUit
1 [©yo ! 1>~ @ e ga !
- _/ - —du — —/ x~ _5/ ———dudx Page 10 of 35
e Jo  (I+u) a i o (I+u)
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1 [®uye a !
(2.6) = - du-—

)y (At

By (2.1), it follows that @.4) is valid. For0 < p < 1, settingu = (£)“ in the

Y
m

integral of,, in the same manner, one hasg). The lemma is thus proved.[]

On Best Extensions of
Hardy-Hilbert's Inequality with
Two Parameters

Bicheng Yang

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 11 of 35

J. Ineq. Pure and Appl. Math. 6(3) Art. 81, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bcyang@pub.guangzhou.gd.cn
http://jipam.vu.edu.au/

Theorem 3.1.1f p > 1,1+ 1 = 1, Aa > 0,0 < ¢ < 1(r = p,q),
®p + ¢4 = Aa anda,,, b, > 0 satisfy

oo oo
0< > = lgk <00 and 0< Y nl ) Ih < oo,
n=1

n=1

then one has .
On Best Extensions of

Hardy-Hilbert's Inequality with

Two Parameters
ey Y |

Bicheng Yang

n=1 m= 1
1 1
<lp (o Z a3 o1 U Title Page
O[ — n — n Y
- " Contents
where the constant factdrB (%, %) is the best possible. <« 33
Proof. By Holder’s inequality with weight (se€l.]), one has < 4
o o Go Back
H(am, by) = Z M

X 1 m(lfd)q)/q n(lfd)p)/P QUIt
N Z Z (me 4 n>)A n(1—ép)/p m m—04)/q" " Page 12 of 35
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IA
—N—
NgE
| — |
]2
IE
7
2 e
=
3
Tl =
&
| I — |
3
S
e
—
=

(3.2) X {i

Since),a > 0, andl — ¢, > 0

(r =p,q), inview of (2.2), we rewrite 8.2) as

q

H (@, bn) {Zw ymP=a)= } {Zw nfl(l—qﬁp)—lbz} ’

and then by %.3), one has{.1). For0 < ¢ < q¢,, settinga,,andt/, as: a, =
n s B = n %74 n e N, then we find

1
00 [e's) q 00 1
(3.3) {an(lcﬁq)lag} {an(l%)lbg} :1+Zn1+5
n=1 n=1 n=2
1 o d
<1+ 1 t1+st

= g(l +e).

3 =

If the constant factonj;B (%P, %) in (3.1) is not the best possible, then there

a’) «

exists a positive constaht(with £ < éB <¢—P ﬁ)), such that8.1) is still valid
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if one replaceéB (E” f) by k. In particular, by 2.4) and 3.3,

1p (@— € % —)—50(1)
e a  gqo a  qo

<ely
< eH(a

bl

m7 ’T'L)

0 s ( oo 3
< ek E np(l_%)_lag E nq(l_%)_lbg On Best Extensions of
n=1 n=1

Hardy-Hilbert's Inequality with
Two Parameters

=k(1+¢),

Bicheng Yang

a’l «

and thent B( ¢q> < k (¢ — 0"). This contradicts the fact thdt <

ip (%”, %) . Hence the constant factér3 (d;—f’, %) in (3.1) is the best possi- Title Page
ble. The theorem is proved. n Contents
Theorem 32.1f p > 1,1+ 1 = 1, \a > 0,0 < ¢ < 1(r = p,q), < >
¢p + ¢, = Aa anda, >0 satis?y < >
0< an(1—¢q)—1ap < 00, Go Back
n=1 " Close
then one has Quit
00 . p Page 14 of 35
ppp—1
(34) Zl n lz—l me + nOé))\] J. Ineq. Pure and Appl. Math. 6(3) Art. 81, 2005

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bcyang@pub.guangzhou.gd.cn
http://jipam.vu.edu.au/

<

- (% ¢q)} anl bq)—

P . .
where the constant factgr: B (‘Z—”, %)} is the best possible. Inequalitg.¢)
is equivalent to §.1).

Proof. Set

0o p—1
— npP¥r—1 g , On Best Extensions of
1 mo‘ —|— no‘ Hardy-Hilbert’s Inequality with
m=

Two Parameters

and use §.1) to obtain .
Bicheng Yang

(35) 0< an“*%)*lbg
n=1

Title Page
; oo a P Contents

e np p—1 _.m
= - ambn | >
; m=1 (ma + na)/\ Go Back

AN
QIr

() Erraf (Boeraf -
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and

00 3
0 < nQ(1_¢p)_1bgL}

>
{;np¢pl [mZ:l ma—i—na ] p}
é (ﬁf a;q) Z p(l—%)-lag}p < .

n=1

(3.6) <

It follows that (3.5) takes the form of strict inequality by using.(); so does
(3.6). Hence, one has3(4).

On the other hand, if3 4) is valid, by Holder’s inequality, one has

mbn
3.7) 221 z:l (m‘f—l— ne)A
oo 9 né 1+¢>pam g1
- ; m=1 (mo‘ + na)/\ [nl qbn]
[ Eto] )

By (3.4), one has{.1). It follows that inequalities3.4) and @3.1) are equivalent.
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Hence the constant factor i.6) is still the best possible. Thus the theorem is

proved. ]

Theorem 3.3.1f 0 <p < 1, le +1

=1,
q

A={N\a); \,a>0,0<¢, <1(r=p,q), ¢ + ¢ = Aa} # P,
anda,, b, > 0 satisfy

oo o0
0< an(l_¢q)_laﬁ <oo and 0< an(l_¢P)_leL < 00,
n=1

n=1

then for(\, «) € A, one has

(3.8) ZZ TR

n=1 m=1

1 Op O R v e ‘
Bl X 1 — p(1=dg)—1,p a(1=¢p)—1pq
> (a’ a) { E [1—0,(n)n an} {iln bi o,

n=1

where0 < 6,(n) = O (=) < 1;the constant B ( 2 ) is the best possible.

Proof. By the reverse of Holder’s inequality (se&), following the method of
proof in TheorenB.1, sinced < p < 1 andg < 0, one has

(3.9) H(am,by,) {Zw 1=¢0)~ } {Zw d)”)_lbi}q,

B =
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wherew,(n) is defined as in4.2) and

& nre—op 1 1-¢p
(310) wp(n) = kz—; (nO‘—|——ko‘))\ (E) (n € N)

Defined,(n) as

A | 1'%
(3.11) 0y(n) = () /0 e 1 o) (—) dy (n € N).

1 Aa—¢ 1-¢p
n P 1
wy(n) > — (- dy,
(1) /0 (n* +y«)* (y)

then we find) < 6,(n) < 1, and

Since

00 pra—dp 1=¢p
1) > [T (D) =) - g0,

By (3.12, (2.3) and @.9), one has{.8). Since

L NS RN 1 1
3.13 0<b,(n) < / (—) dy = C—
( ) p( ) wp(n) 0 n)\a y y wp(n)(bp nd)p

andw,(n) is a constant, we havi(n) = O () (n — o).
For0 < & < min{q(¢, — 1), —q@,}, settinga,, andb/, as:a), = n~""% ",
b, =n""""4 n e N, sincep, > 0, then

iO (Wl) =0(1) (e —0%),

n=1
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and

(3.14) {Z[l — Gp(n)]np(l_d’q)_lag’} {Z nq(l_%)_lbﬁf}
n=1

n=1
1
00 00 1 P
Z 1 1 Zn:l O n®p+lte
- l+e - &S 1
n=1 n anl nlte
(X) .
1 1 On Best Extensions of
= E 1 (1 — 0(1)) P, Hardy-Hilbert’s Inequality with
1 te Two Parameters

Bicheng Yang

If the constant—B <¢P ) in (3.8) is not the best possible, then there exists a

positive numbe (with K > 1B (%, %)), such that8.8) is still valid if one Title Page
replacest B (%, %) by K. In particular, by 8.14) and ¢.5), one has Contents
0o <4< 44
KY o {1- o)} | >
" 00 Go Back
=K {Z[l - ep(n)]”p( - /p} {Z n?=%) lb,q} Close
< H Z, 2@) i
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and thenk < lB <

that the constan%B (gp ) in (3. 8) is the best possible. Thus the theorem is

proved. O
Theorem3.4.1f0 <p<1,1+1=1,

A={(Na)A\a>0,0<¢, <1(r=p,q), op+ oy = Ao} # P,
anda,, b, > 0 satisfy

o0
0< an(l_%)_laﬁ < 00,

n=1
for (A\,a) € A, one has

00 p

3.15 E pop—1 E _ Gm
P o0
! (% ¢q)1 le_ )=o) -1

where0 < 6,(n) = O (=) < 1, and the constant factor: B (Ep %)}p is
the best possible. Inequalit.(L5 is equivalent t0 §.9).

Proof. Still setting

b = np¢p 1 [Z —+ )
me 4+ n¢

m:l
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by (3.8), one has
(3.16) 0< an“*d’p)flbg

o0

_ an¢p—l [Z ﬁna))\
ST S ——

n=1

1
o q
% {Z nq(1_¢p)_lb§L}
n=1

and
0 < an(l—sﬁp)—lbg}
{n:l
oo oo Py »

n=1 m=1 ma—|—nO¢

INERAYAS ’
3.17 > P 74 [1-6 1=¢a)=1gp L
e 2 n(35) {Srowrons

If > " nil=e) =1y < oo by using B.8), (3.16) takes the form of strict in-
equality; so does3(17). If Y >0 nal=é)-1pt = oo, (3.17) takes naturally
strict inequality. Hence we havé.(5).
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On the other hand, if 15 is valid, by the reverse of Holder’s inequality,

(3.18) ZZ e ]

n=1 m=1

1ty
_Z o no " ay, ('~ % ab,]
ma+n0‘)
0o p % 00 %
dp—1 m (1—¢p)—1
T R

Hence by 8.15, one has §.8). If the constant factor in3(15 is not the best
possible, we can conclude that the constant factds.f) (s not the best possible
by using 8.18. The theorem is proved. H

Note: In view of (3.2), if ¢, = ¢,.(\, ) (r = p, q) satisfy

m
sin <E> ’
p
andr¢,.(1,1) = 1 (r = p,q), one can get a best extension df.3); if

B(¢p(1,1),0,(1,1)) = eI (or%),andr¢.(1,1) # 1 (r = p, q), one can get
a best extension ofi(1) but not a best extension of.3). For example, setting
¢r = [Ha—=2)+1] X (r = p,q), thenr,(1,1) = r — 1 # 1, by Theorems
3.1- 3.4, one can get a best extension fi(3 and (L.1) as follows:

B(Cbp(lv 1)a ¢q(1a 1)) =
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Corollary 3.5. If p > 1, J42 = 1,A > 0,a > 2—min{p, ¢}, [;(a =2) + 1] A <
1(r=p,q), apnb, >0, satlsfy

0 < an[lf)\(afl)]+(af2))\flaz < 00

n=1
and
o
0 < Z nq[l—)\(04—1)]-1-(04—2)/\—1b7q1 < 00,
. . n=1 . On Best Extensions of
one has equivalent inequalities as: Hardy-Hilbert's Inequality with
Two Parameters
3.19 < K Bicheng Yang
oo v Title Page
pl-A(a—1)]+(a—2)A-1_p
% Z " @n Contents
n=1
o0 3 <4< >
q[1=Xa—=1)]+(a=2)A-11¢
That a4 R
n=1
and Go Back
00 00 P Close
(p+a—2)A—1 )
(3.20) Z n [Z s + o) Quit
n=1 m:l
o0 Page 23 of 35
< [K,\,a(p)]p Z np[l—A(a—l)}+(a—2)A—1a?r)L’
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where

1 p+a—2 q+a—2
KA’Q(M_EB(A p Y o )

and[K, .(p)]" are the best possible. In particular,

(i) fora =1, 0ne had) < A < min{p, ¢} and (L.17);

(i) for A =1, 0ne ha® — min{p, ¢} < o < 2 and

0o 0o On Best Extensions of
3.21 ambn Hardy-Hilbert's Inequality with
( . ) o o Two Parameters
me+n
n=1 m=1

Bicheng Yang

n=1 n=1 Title Page
and Contents
o) o) a p 44 42
+a—3 m 1H(2—a)
022 St |3 | < S <>
Go Back
If0<p<1, for(\a)=(1,2) € A(# @), by (3.9), (3.15 and 3.13,
one can obtain two equivalent reversions as Close
i i Quit
(3.23) ZZ i 1_3 an ’ ib_% ' Page 24 of 35
. n=1 m=1 m2 + Tl2 n=1 T n n=1 n
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and

S 0 p o0
2\ aP
3.24 po1 |5 A (f)p 12 )%
( ) ;n mZ: m2 + n? - 2 ; ™m) n’

where the constant factors in the above inequalities are the best possible.
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1.3

Settingg, = 22 (r = p, q), by Theorems3.1- 3.4, one has

T

Corollary 4.1. If p > 1, 1lo —|—% =1, \a >0 \a < min{p,q}, a,,b, > 0,

satisfy

0< Zn(p_l)(l_)‘“)afl <oo and 0< Zn(q_l)(l_)‘a)bz < 00,

n=1 n=1

then one has the following equivalent inequalities:

oo 00 ambn
(4.1) sz

n=1m=1
K,\(p) = (p—1)(1— s —1)(1— !

< p—1)(1-Aa) .p (a—1)(1-Ae) pq
0 {5 ool (5 oo

n=1 n=1

and

0 ) a p K (p) p o0

42 Aa—1 m A (p—1)(1-2a) ,p

whereK,(p) = B (& A) . In particular,

p’q

(i) fora = 1, one had) < A < min{p, ¢} and the following two equivalent

On Best Extensions of
Hardy-Hilbert's Inequality with
Two Parameters

Bicheng Yang

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 26 of 35

J. Ineq. Pure and Appl. Math. 6(3) Art. 81, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bcyang@pub.guangzhou.gd.cn
http://jipam.vu.edu.au/

(ii)

inequalities:

(4.3) 22 m+n
< Kx(p {an n(1- /\)ap}

=

7 ( o 7
Zn(q*)(l*”bg
n=1

and
0o (o) p
A—1 Am (p—1)(1—X) P,
(4.4) ; n LZZl (m+ ) Z n ab
for A = 1,0 < o < min{p, ¢} one has two equivalent inequalities as:

@5 3 et

n=1 m=1

e Sl

p

1

5 ( o 7
Zn(qfl)(lfa)bg
n=1

2 n(pl 1a
OéSln( )
p

and

o0

(4.6) . a—ll _ Om

where the constant factors in the above inequalities are the best possible.
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Note: Since for0 < p < 1, ¢, = %‘l < 0,thenA = &. It follows that both

(4.1) and @.2) do not possess reversions. Setting= 2% + 1 (r = p, q), by
Theorems3.1- 3.4, one has

Corollary 42. If p > 1, L+ 2 = 1, \,a > 0, 1 —Qmm{l %} < da <

1+2mm{1 1} an, b, > 0, satisfy

0<z:n2(1 AP < 0o and 0<Zn%1 AP < oo,

On Best Extensions of

n=1 n=1 Hardy-Hilbert's Inequality with
then one has the following equivalent inequalities: Two Parameters
Bicheng Yang
@n Yy
mOL + na
n=1 m= 1 Title Page
p A — p~|—2 g o — q + 2
_B Contents
2pa 2qa
i o : <4< 44
n=1
and Go Back
0 p Close
Z(ha—1) am .
(4 8) Z n2 [Z:l (ma + na))\ dy Quit

Page 28 of 35
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In particular,

(i) for « = 1, one hasl —Qmm{l ;} <A< +2m1n{l l} and the
following two equivalent inequalities:

PA—p+2 gA—q+2
(4.9) ZZ m+n B( ’ 2q )

n=1m=1 2p

1
q
D q
§ ns(- A)alfZ E n2(1=Np n On Best Extensions of
n=1

Hardy-Hilbert's Inequality with
Two Parameters

and
Bicheng Yang
p
(4.10) nz=1 dy
Z mX:l (m + n)* Title Page
< B(p/\ p+2 qA—q+2>} Zn B(1-ha) Contents
44 44
(i) for A = 1, one hasl—Qmin{%,%} <a< 1+2mm{113 l} and two < 4
equivalent inequalities as: Go Back
(4.11) ii b <lB pa—p+2 gu—q+2 Close
' feLmS Y 2pac T 2q« Quit

0 5 ( oo 3 Page 29 of 35
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and

00 P
B( Qo
412 219 — | d
(4.12) Zn [;mwrna y
1 pa—p+2 gu—q+2\]" =\ B
~B § (1=a)p
< |:a ( 2pCY 9 2qa £ n2 afn?

where the constant factors in the above inequalities are the best possible.

Note: Since for0 < p < 1, we find On Best Extensions of

Hardy-Hilbert's Inequality with
Aa—1 1 Two Parameters
—i—;gl(r:p,q) =@,

A= {()\,Oé); Aa>0,0<

Bicheng Yang

it follows that both ¢.7) and @.8) do not possess reversions. Settifjg =
(1-1)(Aa—=2)+1(r=p,q), by TheoremS.1-3.4 one has

. Title Page
3. 42 = — mi <
Corollary 4.3 . Ifp > 1,1 st =1LXAa>02 min{p, ¢} < Aa < 2, Contents
an, b, > 0, satisfy
> > 44 (44
0<;n a? < oo and O<Z;n bl < oo, p R
then one has the following equivalent inequalities: Go Back
1 Ao — 2 A — 2 Close
(4.13) ZZ _B<p+ « 7q—|— Q ) -
(m« + no)A e} joe’ qo Quit

nlml

o0 5 ( oo A Page 30 of 35
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and

00 00 p
—-1)(Aa—1 am
(414) Z n(p ) ) [Z m]
n=1

m=1
P o0
< |:lB (p+)\0é—2’q+>\06—2)‘| ani)‘aaﬁ,
(0] pa qo 1

where the constant factors in the above inequalities are the best possible.

If 0 < p < 1,0onehaga/2,«a) € Aandtwo equivalent reversions as:

1 1
> 1 \1 i | !
(@ 15)22 ma+na )3 >ka{z (1_/%1_7”&) Eag} { - Ebz}

n=1 m=1 n=1 n=1
and

o) 00 p 0 1 1

4.16 p-1 > kP —aP

w0 S8 ] 0 (-ik) b

wherek, = éB (é, 5) , and the constant factors are the best possible.

Proof. For0 < p < 1,

by = <1—1> Aa=2)+1<1  (r=p,q),

r

we obtain\a = 2 and¢, = 1. By (3.13, we find

0<0,(n)< ! L
Tt wp(n)p, n%  kan’
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Hence by 8.8) and 3.15, one has4.15 and @.16). The corollary is proved.
0
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Remark 1.

() Fora = 1, by (4.13 and @.14), one has 1.6) and (1.7); for A = 1,

(ii)

(iii)

by @4.13 and @.14), one has 1.8) and (L.9). It follows that ¢.13 is an
extension of.6) and (L.8), which is an improvement of (10), and @.14)
is an extension ofl(7) and (L.9). (4.11) and @.12) are extensions of3(23
and (3.29).

Inequalities (.6), (4.3) and @.9) are different extensions of (3) with a
parameter); inequalities (.8), (4.5 and @.11) are different extensions
of (1.3 with a parametera and inequalities 4.1), (4.7) and @.13 are
different extensions of.(3) with two parametera anda.

Inequalities (..7), (4.4) and @.10 are different extensions of () with a
parameter); inequalities (.9), (4.6) and @.12 are different extensions
of (1.4) with a parametera and inequalities 4.2), (4.8) and @.14) are
different extensions of.(4) with two parameters anda. Since the above

inequalities and some reversions are all with the best constant factors, one

gives some new results.
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