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Abstract

We consider random numbers N, of independent, identically distributed (i.i.d.)
random variables X; and their sums Z;\;’l X;. Whereas Blum, Hanson and
Rosenblatt [3] proved a central limit theorem for such sums and Landers and
Rogge [8] derived the corresponding approximation order, a Berry-Esseen type
result seems to be missing. Using an inequality for the asymmetry of distribu-
tions, which seems to be of its own interest, we prove, under the assumption
E| X"t < oo for some 6 € (0,1] and N, /n — 7 (in an appropriate sense), a
Berry-Esseen theorem for random summation.

2000 Mathematics Subject Classification: 60E15, 60F05, 60G40.

Key words: Random number of i.i.d. random variables, Central limit theorem for ran-
dom sums, Asymmetry of distributions, Berry-Esseen theorem for ran-
dom sums.
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One of the milestones of probability theory is the famous theoreieofy-

Esseenwhich gives uniform upper bounds for the deviation from the normal

distribution in the Central Limit Theorem:
Let{X,,n > 1} be independent random variables such that

EX,=0, EX?=: 02, s2 = Za? > 0,
i=1

L2 =" EIX" < oo

=1

for somed € (0,1] andS,, = >_1" | X;, n > 1. Then there exists a universal
sup

constantCs such that
S 05 (_) y
Tz€R Sn

P (% < x> — O(x)
where ® denotes the cumulative distribution function ofA&0, 1)-(normal)
distribution (see e.g. Chow and Teicheér, p. 299]).

For the special case of identical distributions this leads to:

Let{X,, n > 1} be i.i.d. random variables witl' X,, = 0, EX? =: 0> >
0, E|X,|*" =: 42+ < oo for somes € (0,1]. Then there exists a universal

constantcs such that
Sn Cs ol 246
| (557 <o) 2] < 5 ()
Van Beek P’] showed that”; < 0.7975; bounds for other values; are given
by TySIak[ ], e.g.CO_g < 0.812; Cos < 0.863, Coas < 0.950, Coha < 1.076.
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On the other hand, there exist also central limit theorems for random sum-
mation, e.g. the theorem B8lum, Hanson and Rosenbl&tf which generalizes
previous results by Anscombeé][and Renyi [L1]:

Let {X,, n > 1} be i.i.d. random variables witt' X,, = 0, Var X,, =
1, S, == > ,X;and let{N,,n > 1} be N-valued random variables such

that V,, /n P, U whereU is a positive random variable. Then

PV L, NF(0,1).

. . . An | lity for th
Therefore, the obvious question arises whether one can prove also Berry- aeymmetry of bistibutions and

Esseen type inequalities for random sums. A first result concerning the approx- 2 Beag;ﬁz;eg ;?T?;YS? for
imation order is due thanders and RoggE?] for random variablesX,, with
E|X,|> < oo; this was generalized b@allaert andJansserj4] to the case that Hendrik Klaver and Norbert
E|X,|*™ < oo for somes € (0, 1]: Sehmitz

Let {X,, n > 1} be i.i.d. random variables witl’ X,, = p, Var X,, =

o? > 0, and E|X,,|**? < oo for somes > 0. Let{N,, n > 1} beN-valued Title Page
random variables{e,,, n > 1} positive real numbers with, — 0 where, for Contents
nlarge,n=° < e,if 6 € (0,1]andn™! < ¢, if § > 1. If there exists a > 0 « NS
such that N
P(n—:—l >an):0(\/a), < 4
then Go Back
sup | P <M < x) — ®(z)| = O(\/en) Close
zeR U\/ﬁ -
and N Quit
sup | P (Zznl(Xz - M) < x) . CI)(CU) _ O(\/a) Page 4 of 25
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Moreover, there exist several further results on convergence rates for random
sums (see e.g./] and the papers cited there); as applications, sequential analy-
sis, random walk problems, Monte Carlo methods and Markov chains are men-
tioned.

However, rates of convergence without any knowledge about the factors are
of very limited importance for applications. Hence the aim of this paper is to
prove a Berry-Esseen type result for random sums i.e. a uniform approximation
with explicit constants. Obviously, due to the dependencies on the moments of

the X,, as well as on the asymptotic behaviour of the sequéngcsuch a result An Inequality for the
H ; P _ Asymmetry of Distributions and
will necessarily be. more complex. than the original Berry-Esseen theprem. . A Berry-Esseen Theorem for
For the underlying random variablés, we make the same assumption as in Random Summation
the special version of the Berry-Esseen theorem: e e e W
Schmitz

X,, n>1, arei.i.d. random variables witB X,, = 0,
()

Var X,, = 1 andy**? := E|X,,|*** < oo for somes € (0, 1]. Title Page
_ . . Contents
Similarly as Landers and Roggd for Callaert and Jansse#i][resp. we assume
on the random indices 4« >
N,, n > 1, are integer-valued random variables apdn > 1, < 4
(R) :< real numbers withim, .., ¢, = 0 such that there exist Go Back
d, 7> 0with P(|22 — 1] > ¢,) < dV/G,. Close
Quit

As they are essential for applications, e.g. in sequential analysis, arbitrary de-
pendencies between the indices and the summands are allowed. Page 5 of 25
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A main tool for deriving explicit constants for the rate of convergence is an
inequality which seems to be of its own interest. For a smooth formulation
we use (for the different values of the moment paraméter (0, 1]) some
(technical) notation: Fo# := 2/(1 + §) andy > 1 let gs(y) be defined by

T N Y e if 6 =1

v+1 29

min {Zﬁy‘w — 14272 2\ 201yt — 1
2% — 1+ 29"/ — 1} if 5 € [1,1)
min {219y(2+2k)19 14+ Q%y(lﬂ’“*l)ﬂ 20Ty ]
oy 9y (24200 [ (452FTT)0 1}
if(Se( L1 ],k>2

L 2k+17 2k71+1 il

Theorem 2.1. Let X be a random variable witi® X = 0, Var X = 1 and
7?0 = E|X|**° < oo for somes € (0,1]. Then

P(X <0) < gs(v*™)P(X > 0) and P(X > 0) < g5;(v*°)P(X < 0).
Proof. Let X be a random variable as described above. Xet= max{X, 0},

X_ =min{X,0}, E(X;) = E(X_) =candP(X >0) =p, P(X =0) =
r, P(X <0)=1—7r—p. SinceE(X) = 0, Var(X) = 1 itis obvious that
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p,l—r—p>0. Asa = pE(|XHX > 0), we haveE(|X||X > 0) = ¢
analogouslyz(|.X | [X < 0) = ——.

Applylng Jensen’s inequality to the convex functign [0, co) — [0, 00),
fla)=x"2 * yields

346 3+

B(XIX > 0) > (;‘) " and B(X[EX < 0) > (L)

l—r—p
Defining 5. := E|X|* for z > 0 we get

Bazs = pE (|X|3%‘S|X > o) +(1—r—p)E <1X|3”\X < 0)

ss(L—r—p) = +p=
> o2 T
(p(1 =7 —p))>
and, therefore,
1446
(|) 3+ Sﬁ s (p(l_r_p)) 2

T(l—r—p)F 4

Sincey?*? < oo, we can apply the Cauchy-Schwarz-inequality 44'/? and
| X |*+%/2 and obtain

2
(BIXI'F")" < BIX| BIX [P = 2092+

hence

2
(i) o> <;—+2
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Combining () and (i) we obtain

9 3-55
146
(ﬁ¥> (p(1—r—p)) =
9~2+0 Sﬁ% 145 T
i p2 +(l=r—p)=
hence
2<i 1 lﬁﬂﬂ 1—|—:c19+ l—x%
—4 1-—r\2 ao 2 2
with
1 2 I9+2
s=T g Pmrre @ () o m=-0M
Obviouslyz € (—1,1), ¢ € [1,2).
Since
(iif) ' +yt > (x+y)* Vue (0,1, z,y >0

and0 < 1 — r < 1 it follows altogether that

9—1
) 2] < é\/ - (%) a

For large values offiz| this estimation is rather poor, so we notice, furthermore,

that
1 /1 "
<(§+x> +(§—x> ) > 20711 — 42%)1/2;
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hence

1 ap\’
\ < Zaf1=(2) .
W ol < /1= (2)
From (v) and {) it follows that
(vi) ngﬁ@—uz"?\/@ (219—1@—1)
1—7r—p ai a ai
and
a 2 a a 2
(vii) P < (—2> — 1422 (—2) 1
1—r—p a ai ai

‘i
Now we estimat@%ﬂs. Due to Jensen’s inequality we ha@aﬁ) -
1. Letd = 1. Thenfss = 0% = 1 and so22 = (7°)%. Letd € [3,1). Then
57“5 <2+, soﬁ¥ exists. Due to the Cauchy-Schwarz-inequality we have

1= (0")" < Bazsfss;

hence
1 1
Bars > > —.
T P T (e
altogether
a2
a1
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Letk € N, k > 2. Foré > ' it follows that2 + 52 < 24 6; henceﬂﬂg;ka

exists. Due to the Cauchy-Schwarz-inequality we have

212
1= (07)" < 52+12;k552—12;,j

5 2\ 2 271
() = ((52—2531) ) < (%)
forj e {1,...,k — 1}. Thisyields
ok—1 1 1
5% 2 (ﬁzflﬁf) - (ﬁ ) T 2 (72+5)2k2+<§i§f5'

Altogether we gef2 < (42+0) @429 for § € [%—ﬂrl, ﬁ)

Combining this with (i) and {ii) we obtain the assertion. O

and

Remark 1. For eachd € (0, 1] equality holds in Theorer.1iff PX = (¢, +
e_1) (Wheree, denotes the Dirac measure ir).

Proof. (i) Let X be a real random variable witRX = %(51 +e_1). Then
E(X) = 0, Var(X) = 1, ¥*7 = 1 and sogs(v*™°) = 1 for all § € (0,1].
SinceP(X < 0) = P(X > 0) = 1 we get equality.

(ii) In Theorem2.1we have

2 2

346 346

2 <oz < 5.
(272”) - T (1-r-p +p#ﬁ%
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In the first “<” there is equality iff| X |'/? and| X |'*+%/2 are linearly dependent
P-almost surely, i.eP(|X| € {0,c}) = 1 for somec > 0. As E(X) = 0, we
obtainP* = p(e.+c_.)+(1—2p)so. So the inequality is sharp iff;(7>*°) = 1.
With 1 = E(X?) = 2¢%p we obtain

1
945 o 245 _
T = dpeT = (2p)/%
The functionshs : (0,1] — R, 6 € (0, 1], defined byhs(p) = gs ( ) are An Inequality for the
strictly decreasing. Due to€ (0,1] andh; (1) = 1 we getp =1 r=0and Asayrgg;fy“g;’;ei'ﬂﬁgg‘:g;?g;’

¢ = 1, thereforePX = %(51 + 5_1)_ ] Random Summation

Since the Central Limit Theorem is concerned with sums of random vari- e <@uer and Norbert

ables (instead of single variables) we need a corresponding generalization of
Theorem2.1.

Title Page
Corollary 2.2. Under assumptionl\(), P —
246
246 44 44
' -1 2-8/2

S e T < >

Go Back

holds, and therefore,
Close

P iX»<O < &ﬂf—m P En:X->o QU
(] _gé n6/2 . 2 .

i=1 Page 11 of 25
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i=1 i=1
2445
3
<SP +3 Y Ixixil+ > XXX
=1 k;;iz-l Z;]Z;;;Z An Inequality for the
n n n Asymmetry of Distributions and
2445 2446 a Berry-Esseen Theorem for
S Z |Xi’2+6 +3 Z |X13Xz|2§ + Z |Xz‘chXl|2§ . Random Summation
=1 kl;;:il z;’lzvl;#lz Hendrik Klaver and Norbert
Schmitz
Since theX; are independent and, due ) .X;|?> = 1 and Jensen’s inequality,
E|X;|* < 1fora < 2, we obtain .
Title Page
n 246
1 1 246 3 2+ 1 2-5/2 Contents
E %;Xz §n1+5/2(n7 +(n _”)):W-I—n . » N
2 < >
From E (\/Lﬁ Sy Xi> =0, E (\/Lﬁ > Xl) = 1 and Theoren®.1 the
. Go Back
assertion follows. O
) Close
We need a bound which does not depend on the number of summands. For _
this aim we use fon < x := (4c;y?*°)?/° the asymmetry inequality of Corol- Quit
lary 2.2 and forn > k the Berry-Esseen bound (the choicexoés boundary Page 12 of 25
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Corollary 2.3. Under Assumption\()

F (i Xi < 0) < (fs(*°) =P (ix > 0) ,
where
f5(y) == max {3795@), 9 (%) + (4c5y)§‘1} +1.

Proof. (i) Let n < . Then Corollary2.2yields

P ix-<o < &JrnH/? P n X; >0
7 _96 n5/2 7 .
1

i=1

For the function: : [1,00) — [1,00) defined byh(y) := ’Y;’jgl + 2792 we
obtain

5 B B B
" — (1 e 240 1 —2-4/2 e 1— = —4/2
h"(y) 2(+2>(7 )y +(2-5 5 )y >0,

i.e., his convex. Hence the maximum of
h:{l,...,|k]} —[1,00)

is attained either fon = 1 or forn = |k]. Sincegy;s is strictly increasing this
yields

s A2+ ] 202} < max d gs(12+), g5 A2+ ] + (degry? )M
nd/2 - ' Acgy2to
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forall n < k.

(i) Let n > k, i.e. n%? > 4¢;v*+9. Then the (special case of the) theorem of
Berry-Esseen yields

and, therefore,

An Inequality for the
n n 3/4 Asymmetry of Distributions and
P Z X; <0 P Z X, >0 <+ =3. a Berry-Esseen Theorem for
— : —1/4 Random Summation
1=

Hendrik Klaver and Norbert

Combining (i) and (ii) we obtain the assertion. ] Schmitz
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The next inequality represents a quantification of Lemma 7 by Landers and
Rogge [].

Lemma 3.1. Under Assumptionl\{)

n n
P(min XZ'ST)—P<H1&X Xi§T>
pﬁnéq,il p<n<q < 1

1=

An Inequality for the

p q Asymmetry of Distributions and
< f6(72+6) P E Xi < T, E Xi > a Berry-Esseen Theorem for

Random Summation

=1 i=1
4 q Hendrik Klaver and Norbert
+P <Z X; >, Z X; < T)) Schmitz
1=1 i=1
forall p,q eNs.t.p < gand forallr € R. Title Page
Contents

Proof. Using the same notatio, «, 3, Ax) as Landers and Roggg, [p. 280],
we have to prove that 44 >»

< >
P(A) < fs(v**) (o + B).
Go Back
(i) First we show that? (AN {>" | X; <r}) < fs(4*™0) - a; for this it is =
sufficient to prove that ose
Quit
p q
P (Aﬂ {ZXl < r} N {ZXZ < r}) < (f5(72+5) —1)-a. Page 15 of 25
=1 =1
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But due to the independence of tHg and) 7 , ., X

P (Am {zx gr} . {ZX g})

< qz_: P(Ak)P(zq: Xz'SO)

k=p+1 i=k+1
q—1 q
< 2460y 1 § : P(ANP § X. >0 An Inequality for the
— (f5 (7 ) ) ( k) = Asymmetry of Distributions and
k=p+1 i=k+1 a Berry-Esseen Theorem for

Random Summation

according to Corollary.3
(fé( 2+6> ) a. Hendrik Klséig/ﬁr;igd Norbert
(i) Similarly, it follows that
§ Title Page
)z <A N {Z X; > r}) < f5(*10) - . Contents
= « >
(i) and (ii) yield the assertion. O < >
A thorough examination of the proof of Lemma 8 of Landers and Roge [ Go Back
allows a generalization and quantification of their result: o
ose
Lemma 3.2. Under Assumptionl\(), out
ul
) PSS X, <t SR X, > ) < 2 Lk Page 16 of 25
=1 i=1 nd/ Vor n
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(i) P (S, X > XX <) <

2¢5y

246
nd/2

1 k
+«T7\/g'

Proof. (ii) follows from (i) by replacingX; by — X;. Analogously to the proof
of [8], Lemma 8, we obtain

n+k

(ZX <tZX >t>

2c57°"
/2

IN

-/

206/72+6

dt

no/2

2cs

21

no/2

since

%\

NG

2+0 1 \/E
+ I
V2r Vv n

¢
B
)-+(
k
1
(dl‘l,

LN

El—S"X,
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As an important application of these inequalities we state our main result:

Theorem 4.1 (Berry-Esseen type result for random sums)Let {X,,,n >
1} be i.i.d. random variables wittlEX,, = 0, Var X,, = 1 and~*"? :=
E|X, | < oo for some’ € (0,1]; let {N,,, n € N} be integer-valued random
variables and{¢,,, n € N} real numbers withim,, ... ¢, = 0 such that there

existd, 7 > 0 with

p(N

nTt

Thert
1
(i) sup P (\/?;X < t> — O(t)
246 2+6/2 246 1 1
Syl fs™) [T %/ " 2me|nT|

+ 2f5<v”>\/ 2 {16} 420G
} 1
(ii) sup P (\/MZIX St) — (1)

1 1

|7/ " 2me|nT]|

< 05’72+6(1+22+6/2fa(’72+6>>

Y] == max{n € N:n < z}.
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+ 2f5(72+6)\/¥ max {% gn} + (3d+ 1)\/Cn

foralln € Ns.t. "% —nr¢, > 1.

Since” —nr(, — oothere exists an, s.t. 5 —n7(, > 1foralln > ny.

n—oo

Proof. (i) Letn € Nfulfill %> —n7(, > 1 and define as Landers and Rogge [
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For Contents
k k 44 44
Ap(t) - {rl?ea}f 2 X; < bn(t)} : Bp(t) : {iréllrnl 3 X; < bn(t)} p >
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follows (see Landers and Rogge p. 272]) for each € R 0=ac
Close
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and J
|nT
P(A,(t)) S P | ) X; <bu(t) | < P(Balt)).

i=1

Using the Berry-Esseen theorem and the result (3.3) of Petrg\yp[ 114], we
obtain

[n7]
sup | P ZX < b, ( ) - CI)(t) An Inequality for the
teR i=1 Asymmetry of Distributions and
a Berry-Esseen Theorem for
[n7] T Random Summation
< P Xi<ty/— | —P(t Lo
>~ ilellg \/F Z — WTJ ( ULTJ ) Hendrik K?g/ﬁr:]i;d Norbert
nrt
+sup |P (¢ — P(t
telg ( LnTJ ) ( )' Title Page
< 057%5 4 1 . Contents
= nT]o2 0\ 2melnT]
44 44
Forp(n) := |nT —n7(, |, q(n) := [n7 + n7(,] we obtain from Lemma&.1 < >
Go Back
P(B,(t)) — P(An(t))
p(n) q(n) Close
<SP P Xi<ba() <X Quit
=1 =1
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=
2
=%
2

+P Y Xi>b(t) =) X,

s
Il
—
-
|
—

According to Lemma3.2it follows that

p(n) q(n)

sup P ZX < by Z

teR i—1
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Altogether we obtain

sup
teR —
Nn
< sup |P (Z X; <by(t),N, € I, | —®(t)| + P(N, ¢ I,)
teR py
4 572t J
< P(B,(t)) — P(A,(1)) + + 2d+/ Gy
(Ba0) = P(A0) + [Ty e 20V
2105y 2t0 2+1/7 1
246 57 L
<2f5 (v )( (n7)? —i—\/ - max{n,gn}
2+6
csY 1
+ + 2d+/CGn
|nT]9/2 2me|nT| ‘
1 1
< eamy2T(1 1 92H6/2 £ (240 4
S fo(r) |nT]/2 2me|nt |

+ 2f5(72+5)\/¥ max {%, Cn} + Qd\/a.

(ii) Applying Lemma 1 of Michel and Pfanzag!] for

N,
1 - N
= Qn>y == Xi7 = b
r=Gu f \/mzizl 9=\ s
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and using the fact th%t [ 1‘ > \/C, implies |22 — 1| > ¢,, hence

d(E

we obtain from part (i)
1 &

P X, <t| —P(t

R

< 6572+6(1 +22+6/2f5(72+5>>

> Cn)<P(’__1‘><n>§d\/a:
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