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Abstract

In this paper, we generalize the classical Bonferroni inequalities and their im-
provements by Galambos to sums of type ), (~1) l£(1) where U is a finite
setand f: 2V — R. The result is applied to the Tutte polynomial of a matroid
and the chromatic polynomial of a graph.
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The classical inclusion-exclusion principle and its associated Bonferroni in-
equalities play an important role in combinatorial mathematics, probability the-
ory, reliability theory, and statistics (se¢] [for a detailed survey andl!] for
some recent developments).

For any finite family of event$ £, } .,y in some probability spacg?, &, P)
the inclusion-exclusion principlé.(1) expresses the probability that none of the
eventsE,, u € U, occurs as an alternating sumaf! terms each involving in- SE—
tersections of up tg/| many events, while the classical Bonferroni inequalities  Bonferroni-Galambos Type with

(1.2) provide bounds on this sum for each choice af Ny = {0,1,2,...}: Pol’;rﬁ’gr']‘fijfiggj olhe Tutte
Polynomial
(11) )z (ﬂ E_u> _ Z(_l)\ﬂp <ﬂ Ez) 7 Klaus Dohmen and Peter Tittmann
uelU ICU i€l
_ Title Page
1.2 —1)'P E, | <(-1) -Dp (M E ).
(1.2) (=1) (ugj >—( );( ) (Q ) Contents
[1]<r
44 44
The following bounds due to Galambaog [mprove the classical Bonferroni < >
bounds by including additional terms based on(the- 1)-subsets ot/:
Go Back
1y | <~ STl _r+l |
( 1)P<ﬂEu)§( ") (-1) P(ﬂEZ> Tl > p(ﬂE) Close
ueU ICU el ICU el i
[1]<r |I|=r+1 Quit
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In view of (1.1), the preceding improvement over.?) can also be written as

13 (1) S0 < (—1) S (=) ’”“ S

ICU ICU ICU
= HES I]=r+1

wheref(I) = P ((,.; £:) foranyI C U. This raises the question which other
functionsf : 2V — R*, whereR* = {z € R|z > 0}, satisfy the preceding
inequality (L.3) for any possible choice of € Ny, or its weaker form

(1.4) (=17 Y (DY) < (=17 Y (=) ).

ICU IcU

- I<r

Our main result provides a condition that ensure8)((and thus {.4)) to hold
for anyr € Ny, and which is easy to check. After establishing our main result
in Section2 and proving it in Sectior®, we give another characterization of the
class of relevant functions in Sectidn In Section5 our main result is used to
obtain bounds on the Tutte polynomial of a matroid which, as finally shown in
Section6, has applications to the chromatic polynomial of a graph.
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Our main result, which is proved in Secti@nis as follows.

Theorem 2.1. Let U be a finite non-empty set anfd: 2V — R be a function
such that for any disjoint subsefs K C U,

(2.1) S (=) ug)=*o.
ICK

Then, for anyr ¢ No, Inequalities of

Bonferroni-Galambos Type with
_|_ 1 Applications to the Tutte
2.2 -1 Dy <* (= 1)l T Polynomial and the Chromatic
(2.2) ( >ICZU< ) < ( >;< D) Zf ot
h [<r |I|=r+1

Klaus Dohmen and Peter Tittmann

Moreover, the theorem can be dualized by interchangirand < at the starred

(*) places. Title Page
Remark 2.1. It is easy to see that for non-disjoint subsétg’ C U the left- FES—
hand side ofZ.1) equals zero. Thus, the disjointness/adind K is not signifi-

cant. 44 44
Remark 2.2. By putting & = () we find that any function satisfying the re- < 4
quirements of Theorer.1is non-negative. Similarly, any function satisfying Go Back
the requirements of the dual version of Theoris non-positive. Thus, from

(2.2) we may deduce the weaker inequality4, respectively its dual. Close
Remark 2.3. By puttingK = {u} for someu € U we observe that any function Quit
satisfying the requirements of Theor@m is antitone. Likewise, any function Page 5 of 22

satisfying the requirements of the dual version is monotone.
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In verifying the requirements of Theorefl the following proposition is
quite helpful. The example following the proposition demonstrates this.

Proposition 2.2. Let U be a finite non-empty set, and lgtg : 2V — R* be
mappings such that for any subdet€ U,

=> g(J)

JoI

Then, f satisfies the requirements of Theorgrh

Proof. For any disjoint setd, K C U we find that

Y DUy =Y (- Y g(L)

ICK ICK LDOIuJ

— Z Z II\
LDOJICKNL

=> gLy Y (=p”
LDJ ICKNL

= > 9(L)S(E N L) >0
LDJ

whered(-, -) is the usual Kronecker delta. O

Example 2.1. For any non-empty and finite collection of evefifs, },cy in
some probability spacg, &, P), let f, g : 2V — R* be defined by

=r(0s). an=r(nEone).
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Then,f andg satisfy the requirements of Propositiar2. For the present choice
of f andg, the inequalities inZ.2) agree with those of Galambos.
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For the proof of Theoreri.1some preliminary notations and results are needed.

For any functionf : 2V — R and anyu € U define
fu:2U\{U}_>R7 fu(I) = f([)>
o2t SR ) = F(TU{u)).

Lemma 3.1. LetU be a finite set and : 2V — R be a function. Then, for any
uwe UandanyJ, K C U\ {u},

> (=Dl (f, -

ICK

(3.1) > (=DMFI U,

ICKU{u}

fIug) =

Proof. Evidently, the left-hand side oB(1) is equal to

Y EDIFIug) =Y (=M IuTu{u))

ICK ICK
= > WMraun+ >0 (=pau)
ICKU{u} ICKU{u}
u@l uel
which immediately gives the right hand side 8f1). ]

Lemma3.2.1f f : 2V — Ris a function satisfying4.1) for any disjointJ, K C
U, then the same applies 1y, f*, and f, — f* foranyu € U.

Proof. For f,, and f* the statement is immediately clear, while for— f* itis
implied by Lemma3. 1. O
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Although (L.4) is an immediate consequence of Theoizf our forthcom-
ing proof of Theoren?.1requires {.4) to be shown first.

Lemma 3.3. Under the requirements of Theoréni, (1.4) holds for anyr € N.
Proof. The proof is by induction ofl/|. Evidently, the statement holds|if | =

1. In what follows, we may assume thiat| > 1 and that the statement holds

for all proper non-empty subsets bf. Letu € U be chosen arbitrarily. By
applying Lemma3.1with K = U \ {u} andJ = () we obtain

(=17 Y _(=)f()
=(=1)" Y YILM+ YT Y (=0l

ICU\{u} ICU\{u}

By Lemma3.2both f, and f* satisfy the requirements of Theoreirl. Thus,
by the induction hypothesis, these two functions both satis#) Gnd hence,

(=07 Y DM < (=07 Y (=D,
ICU\{u} UM
G B G L A 0 C D W C S D A 0o
ICU\{u} ren\

where, of course, the conclusion fé¥ requires that > 1. However, due to
requirement?.1) (with f*in place off, K = U \ {u}, J = 0) the preceding
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inequality for f* also holds for- = 0, and so for all- € N, we find that

(=17 Y (=) f()

ICU
S C VN o L O R C O L S G SN AT 0))
A A
= (=17 > O =0 Y (=0,
which immediately gives the right-hand side &f4). O

We are now ready to prove Theoreéii.

Proof of Theoren2.1 Letu € U be chosen uniformly at random. By applying
Lemma3.1with K = U \ {u} andJ = () we obtain

D)"Y DI =00 Y Y-

Icu ICU\{u}

(3.2) ().

By Lemmas3.2 f, — f* satisfies the requirements of Theor@m. Hence, we
may apply Lemma&.3to f, — f*, which gives

33)  (—" > () (f =)
ICU\{u}
< (=07 Y0 0= )
ICU\{u}
lr<r
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By combining 8.2) and @3.3) we obtain

D)"Y DA < (=D Y D= £ )

ICU Igﬁ;{f}

= (=" D VI + (=0 > (=DM
ICU, ug¢l ICUuel
[I]<r | T|<r+1

= (=" > _(=)Mf - > f)
iTer e

= (=17 Y (=)D = > FI)(u
\II%SUT |I|I=CrU+1

wherel; denotes the indicator function éf We thus have

B4 (=0 Y (=MD < (=0 Y (=M = > f)

ICU ICU ICU
B [<r [I|=r+1

Now, (2.2) follows by taking the expectation on both sides 8. The dual
version of the theorem is finally obtained by moving frgno — f. O
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The following theorem characterizes the class of functions satisfying the re-
guirements of Theorera. 1

Theorem 4.1.The class of functions satisfying the requirements of The@rém
is the smallest class of functiofissuch that

1. all functionsf : 2V — R* where|U| = 1 belong to7,

2.if f* ¢ Fandf, — f* € F for some functiory : 2V — R*, whereU is
finite and non-empty, and € U, thenf € &.

Proof. Let D be the class of functions satisfying the requirements of Theo-
rem2.1 Then,D contains all functiong : 2V — R* where|U| = 1 and as
shown subsequently, it contains all functiofis 2V — R* whereU is finite

and non-empty and botfi* and f, — f* are inD for someu € U. Let f be
such a function. Sinc® is closed under taking sums of functions on the same
domain,f, = f“+ (f.— f*) € D. Now, in order to show that € D, we show
that 2.1) holds for all disjoint/, K C U. We consider three cases:

Case 1If u ¢ K andu ¢ J, thenJ, K C U \ {u} and hence, sincg, € D,

S oy =S rIug) 2o,

Case 2.If u ¢ K andu € J,thenK C U\ {u} andJ \ {u} C U \ {u} and
hence, sincg™ € D, we find that

Y DUy =Y (=) I U I {u}) > 0.

ICK ICK
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Case 3If u € Kandu ¢ J,thenJ C U\ {u} andK \ {u} C U\ {u}. Hence,
by Lemma3.1and the assumption th#t — f* € D, we have

Y =pauny = Y (=) fu = I U g) 0.

ICK ICK\{u}

In all three cases it turns out thate D. To establish the minimality dD, we
show thatD C J for any classF satisfying conditions 1 and 2 above. LEbe
such a class. By induction 97| we show that any : 2 — R* which is inD
must be inF. If |U| = 1, thenf € J by condition 1. LetU| > 1, andu € U.
By Lemma3.2, f*, f, — f* € D. By the induction hypothesig, f, — f* € F
and hence, by condition Z,€ . Hence,D C 7. O
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In this section, our main result in Secti@ms applied to the Tutte polynomial of
a general matroid. In the following, we briefly review the necessary concepts.
For a detailed exposition, the reader is referred to Weish [

Definition 5.1. A matroidis a pair M = (U, p) consisting of a finite s€t and
a functionp : 2V — N, (rank functior) such that for anyX,Y C U,

(i) o(X) <|X]|, Inequalities of
ii Bonferroni-Galambos Type with
(i) X CY = oX)<oY), Applcations (o he Tute.
(III) Q(X U Y) + Q(X N Y) < Q(X) + Q(Y). Polynomlalljilr;(:];r;ﬁi;hromatlc
TheTutte polynomiall'(M; x, y) of matroid M = (U, o) is defined by NES DTER ENE| (REEr MLTET
T(M;z,y) = Z(ﬂf - 1)Q(U)79(1) (v — 1)‘I|7Q(I)a Title Page
ICU
Contents
wherex andy are independent variables, and trenk polynomiaby «“ R
R(M;z,y) :=T(M;z+ 1,y +1). < >
Example 5.1.Let G = (V,U) be a finite undirected graph. For any subdet Go Back
of the edge-sdl/ of G let G[I] denote the edge-subgraph induced/bgnd let Close
n(G[I]) and¢(G[I]) denote its number of vertices and connected components, Quit

respectively. Lep : 2V — Nj be defined by
Page 14 of 22
(5.1) o(I) == n(G[I]) — (G[1]).
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Then,M(G) := (U, p) is a matroid, which is called theycle matroidof G.
Specializations of the Tutte or rank polynomial associated WitfG) count
various objects associated with, e.g., subgraphs, spanning trees, acyclic ori-
entations and propeh-colorings (see Sectiof). It is also related to network
reliability. For details and further applications, see Welsi.[

Our main result in this section is simplified by the following definition.

Definition 5.2. For any matroidM = (U, p) and anyX C U thedeletion ofX
from M is defined by\/ \ X := (U \ X, o|2Y\¥). Thecontraction ofX from

Inequalities of

M is defined bW/X = (U \ X, Qx) where the funCtiO@)X . QU\X — NO is Bonferroni-Galambos Type with
defined by () = o(XUI)—o(X) foranyl € U\ X. Finally, therestriction po|§r?§rl:qciz|“:23 olhe Tutte
of M to X is defined byW/ | X := M \ (U \ X). (Note thatV/ \ X, M/X and Polynomial

M| X are again matroids.)

Klaus Dohmen and Peter Tittmann

As the rank polynomial gives rise to shorter expressions than the Tutte poly-
nomial, the results below are stated in terms of the rank polynomial.

Title Page
Theorem 5.1.Let M = (U, p) be a matroid on some finite non-empty &gt E—
and letz, y € R such that for any disjoint subsefs K C U,
(52)  (—)Vlpe e e R (M) K, ) 2" 0. W
Then, for any- € Ny, S ’
. o(D) \1\ % Go Back
(5.3) (1) R(M;z,y) <" (=1)" Y )~ e
cuU Close
[11<r
Quit

r+1
(1) o) =o(I) IT|—o(T).

|I|=r+1

Page 15 of 22
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Moreover, the theorem can be dualized by interchangirand < in the starred
() places.

Proof. In order to apply Theorerfi.1 we write

R(M;z,y) =Y (=DM f(D),
I1CU
wheref : 2V — R is defined by
(5.4) f) = (_1)|1|x@(U)—Q(1)yII\—Q(1) (ICU).

For any disjoint subsetg K C U we find that

> D)IfIug)

ICK
_ Z IJI (IUJ)yIIHIJI—g(IUJ)
ICK
_ (_1)|J\xQ(U)—@(J)—@J(K)y\J\—Q(J) Z I»QJ(K)_QJ(I)y‘”_QJ([)
ICK

_ (= 1)o@ =eOUK) yl=e) B (M) )| K 2, y) > 0,

where the last inequality comes from conditiénd) above. Hencef satisfies
the requirements of Theoreinl, and thus %.3) follows from (2.2). Similarly,
the dual version follows by applying the dual version of Theogein O
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Remark 5.1. By using (..4) instead of 2.2) in the proof of Theorens.1 one
would, under the requirements of Theorér, obtain the weaker inequality

DD

ICU
lIT<r

(5.9) (=1)"R(M;z,y) ylti=e().

This weaker inequality is also a direct consequence of Thebrénsincef(7),
as defined ing.4), satisfies the requirements of Theor@m, it must be non-
negative due to the second remark following Theo?ehand hence,

(5.6) (—1)"% ZU .

[I|=r+1
Now, from 6.3) and (.6) the weaker inequality3(5) follows. Under the dual
requirements simply replace by > in (5.5 and 6.6). The latter inequality
(5.6) and its dual will be used in deriving the subsequent corollary.

Definition 5.3. Let M = (U, o) be a matroid. A subset C U is dependent
in M if o(I) < |I|. Thegirth of M, g(M) for short, is the smallest size of a
dependent set ifV/ if such a set exists; otherwiggM ) := +oc.

Q(U)*Q(I)ym*é’(l) < 0.

Corollary 5.2. Under the requirements of Theorénifor 0 < r < g(M),

6.7 (=1)"R(M;x,y)

< (_1>r <|[]i|)$g(U)
k=0

The corollary can be dualized by interchangirgand < in (5.2) and 6.7).

—k + (_1)r (|U| - 1)$Q(U)T1.

r
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Proof. Foranyl C U, o(I) = |I|if |I| < g(M), ando(I) < |I|if |I| > g(M).
Thus, the inequality follows from5(3) and 6.6), respectively their dual. [

Remark 5.2. Using 6.5) instead of §.3) in the proof of the preceding corollary
would, under the requirements of Theorbri, give the weaker inequality

1y Rt < 13 ()0 0 << g,

k=0

respectively its dual (under the dual requirements).
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Let G = (V,U) be a finite undirected graph, and l&f(G) denote its cycle
matroid (see Exampl®g.1). It is well-known (cf. [5]) that for any\ € N,

Pa(\) = (=1)2ONXNOT(M(G); 1=, 0) = (=12 ONDRM(G); =\, —1)

counts the number of propercolorings ofG, that is, the number of mappings
f:V —={1,...,A} such thatf(v) # f(w) if v # w andv andw are adjacent
in G. The polynomialP;(\) is called thechromatic polynomiabf G.

Theorem 6.1.LetG = (V, U) be a finite undirected graph having at least one
edge (thatis{J # (). Then, for any\ € N and anyr € N, we have

(6.1) (=1)"Pg(\) < (=1) Z(_l)lfl)\c(v,l) rtl Z AWVD),

IcU | ‘ ICU
[I|<r [T|=r+1

wherec(V, I') denotes the number of connected components of the gtagh
having vertex-set” and edge-sef.

Proof. Theorem6.1is deduced from Theoret1and its dual. For any disjoint
subsets/, K C U the left-hand side ofH.2) is equal to

(6.2) (— )IJI( A)Q(U)*Q(JUK)(_1)|-7\*9(J) (M/J)|K: =X, —1)
— (_1)Q(U)>\g( o(JUK) )\c (G/DIK]) P(G/ DK ]()\>

where is the rank function of the cycle matroid as defined5nl), G/J is
the graph obtained fro¥ by contracting all edges id, and(G/J)[K] is the
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edge-subgraph induced y in G/J. If o(U) is even, then the expression in
(6.2) is at least zero and hence, Theorgrmcan be applied. On the other hand,
if o(U) is odd, then the expression if.p) is at most zero, whence the dual
version of Theorend.1can be applied. In either case we obtain

1y N e —ery _ T (U)—e(1)
(D)"Y (=fixe@=e UlZ)\@Q.

I1CU ‘ ICU

l<r [I|=r4+1

as an upper bound fgr-1)2V)(—1)"R(M; —\, —1). By this and the definition
of the chromatic polynomial,

+1
1Y PA(N) < (—1) e —e()+e(@) _ T \e(U)—e(D)+e(G)
(—1)"Pe(N) < (=1)" Y (-1) 0] > :

1CU ICU

1< |I|=r+1
from which the result follows since(U) — o(I) + ¢(G) = ¢(V, I). O

The following result appears ir’]. Recall that thegirth of G, ¢(G), is the
length of a smallest cycle i@¢ if GG is not cycle-free; otherwiseyG) := +oo.

Corollary 6.2. Under the requirements of Theoréhi for 0 < r < g(G),

(6.3) (—1)"Pe()) < (—1 zr:(_l)k<|(é|>)\Vk _ (|U| — 1) \VI=r—1

r
k=0

Proof. Note that for anyl C U, ¢(V,I) = |V| — |I| if |I| < ¢(G) — 1, and
c(V, 1) > |V| = |I]if |I| > g(G). Thus, for0 < r < g(G), Theorem6.1gives

(—1) Pa()) < (1) 37 (=1 AVl — r+l NG
ICU ‘Ul IcU
1<r |I=r+1
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which simplifies to 6.3). O

Remark 6.1. Corollary 6.2 can also be deduced from Corollasy2and its dual
in the same way as Theoréiril is deduced from Theoreinland its dual.
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