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The Equal Variable Method (called also— 1 Equal Variable Method on the
Mathlinks Site - Inequalities Forum) can be used to prove some difficult symmet-
ric inequalities involving either three power means or, more general, two power
means and an expression of foiftw:) + f(z2) + - - + f(zn).

Equal Variable Method
Vasile Cirtoaje
vol. 8, iss. 1, art. 15, 2007

Title Page
Contents
44 44
< >
Page 1 of 41
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All ights reserved.


http://jipam.vu.edu.au
mailto:vcirtoaje@upg-ploiesti.ro
http://jipam.vu.edu.au
mailto:vcirtoaje@upg-ploiesti.ro
mailto: bullen@math.ubc.ca

Contents

1 Statement of results 3
2 Proofs 8
3 Applications 16

Contents

Title Page

REL
KN
Page 2 of 41
Go Back

Full Screen

Close



http://jipam.vu.edu.au
mailto:vcirtoaje@upg-ploiesti.ro
http://jipam.vu.edu.au

1. Statement of results

In order to state and prove the Equal Variable Theorem (EV-Theorem) we require
the following lemma and proposition.

Lemma 1.1. Leta, b, ¢ be fixed non-negative real numbers, not all equal and at most
one of them equal to zero, and leK y < z be non-negative real numbers such that

Equal Variable Method

r+yt+z=a+b+ec, 2PH+yP+2X=a"+0"+,

Vasile Cirtoaje

wherep € (—o00,0] U (1,00). For p = 0, the second equation isyz = abc > 0. . G (5, 2, i 15, 2007
Then, there exist two non-negative real numberand z, with x; < x5 such that
x € [x1, z5]. Moreover,

Title Page
l.ifz=xandp <0,thend <z <y = z; Contents
2. ifx=x;andp > 1,theneithe =z <y <zor0 <z <y =z « >
3.ifz € (x1,29), thenz < y < z; p N
4. if x = x9, thenz =y < z. Page 3 of 41

Proposition 1.2. Leta, b, c be fixed non-negative real numbers, not all equal and at Go Back
most one of them equal to zero, anddet = < y < z such that

Full Screen

r+yt+z=a+b+c, P4y +2X=a"+0"+,
Close

wherep € (—o0,0] U (1,00). For p = 0, the second equation iz = abc > 0. Let
f(u) be a differentiable function off), o), such thatg(z) = f’ (xp%l> is strictly journal of inequalities

in pure and applied
convex on0, co), and let mathematics

Fy(z,y,2) = f(x) + f(y) + f(2). issn: 1443-575k
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1. If p <0, thenF; is maximal only fol0 < x = y < z, and is minimal only for
O<z<y=z;

2. If p > 1 and eitherf(u) is continuous at; = 0 or hm f(u) = —o0, thenF}
is maximal only fol) < x =y < z, and is minimal only for either = 0 or
O<zr<y=-=z.

Theorem 1.3 (Equal Variable Theorem (EV-Theorem)).Letay, as, ..., a, (n >
3) be fixed non-negative real numbers, andlet z; < z, < --- < z,, such that

Equal Variable Method
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T _|_x2 _|_ e +xn =a —|—(12 + e +an’ vol. 8, iss. 1, art. 15, 2007
i +ab 4+ +al =dl +adb+ -+,
wherep is a real numberp # 1. For p = 0, the second equation igzs - - -z, = Title Page
aas - --a, > 0. Let f(u) be a differentiable function of0, co) such that —
_1
g(z) = [ (Ip‘l) «“ 33
is strictly convex on0, co), and let < >
Fo(wy, 29, .. 20) = fz1) + f(22) + - + fl2n). Page 4 of 41
1.If p <0,thenF, is maximal for0 < x1 = 29 = --- = 2,1 < x,,, and is Go Back
minimal for0 < z; < a9 =23 = -+ = x,;
. Full Screen
2. If p > 0 and eitherf(u) is continuous at, = 0 or hm f(u) = —o0, thenF,,
is maximal for0 < z; = 29 = -+ = 2,1 < Ty, and is minimal for either Close
zp=00r0< oz <9 =23="++=2a,. . : -
. o ' journal of inequalities
Remarkl. Let0 < a < f. If the function f is differentiable on(«, 3) and the in pure and applied
function g(z) = f’ (mﬁl> is strictly convex on(a?~1, 37~1) or (37!, a?~1), then mathematics
issn: L443-575k

the EV-Theorem holds true fon, xs, . .., z, € («, ).
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By Theoreml.3, we easily obtain some particular results, which are very useful
in applications.

Corollary 1.4. Letay,as,...,a, (n > 3) be fixed non-negative numbers, and let
0<z <z9 <--- <uz,suchthat

Ti+ 2o+ +xy,=ar+ay+ -+ ay,

2 2 2 2 2 2
ity +---+x,=a7+ay+---+a,. Equal Variable Method
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Let f be a differentiable function of), co) such thaty(z) = f'(x) is strictly convex

on (0, 00). Moreover, eitherf () is continuous ak = 0 or lim f(z) = —cc. Then, VoL B fSs. et 45, 2007
xTr—

Fy= f(z1) + f(w2) + -+ f(2n) Title Page
is maximal for0 < zy = 29 = --- = 2,1 < z,, and is minimal for either; = 0 Contents
or0<r; <x9g=x3="+-+=17,.
<4< >
Corollary 1.5. Letay,as,...,a, (n > 3) be fixed positive numbers, and let<
11 < 39 < --- <z, such that < >
T+ xo+ Ty, =ay+ay+ -+ ay, Page 5 of 41
1 1 1 1 1 1 Go Back
_t — 4+ — = — 4 — 4 —.
T T2 O On Full Screen
Let f be a differentiable function of0, co) such thatg(z) = f’ <\/L5) is strictly Sl
convex on0, co). Then,
journal of inequalities
Fo= f(z1) + f(a2) + -+ f(2n) in pure and applied
. . . . th fi
ismaximal for0 < oy =2, = --- = 2,1 < x,,, and is minimal fol0 < z; < x, = maiematics

issn: 1443-575k
Ty =+ = Tp.
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Corollary 1.6. Letay,as,...,a, (n > 3) be fixed positive numbers, and let<
11 < 39 < --- <z, such that

T1+To+ - F+Tp=a1+ a2+ -+ Ay, T1To: Ty = Q1071 Gy

Let f be a differentiable function oft), oo) such thaty(z) = f’ (1) is strictly convex
on (0,00). Then,
= f(o1) + f(@2) + -+ f(x)

is maximal for) < z; = 29 = -+ = x,,_1 < x,,, and is minimal fol0 < x; < x5 =
Ty ="++ = Ty.
Corollary 1.7. Letay,as,...,a, (n > 3) be fixed non-negative numbers, and let

0<xz <zy <--- <z, suchthat

Tyt Tyt Ty =artaxt et ap,
i +ab 4+l =dl +db+ -+ db,

wherep is a real numberp # 0 andp # 1.

(@ Forp<0,P=x129---x,isminimalwhe) < 1 =29 = -+ =2, 1 < T,
and is maximalwhefl < z; < z9 = 23 = - - - = @,,.
(b) Forp > 0, P = x125 - - -z, ismaximalwhe) < xy =20 = -+ = 2,1 < x,,
and is minimal when either; = 00r0 < z; < x9 = 23 = --- = @,,.
Corollary 1.8. Letay,as,...,a, (n > 3) be fixed non-negative numbers, (e

1 < 9 < --- <z, such that

Ti+ 2o+ +xy=a;+ay+ -+ ay,
+ab+- o+ =d +di+ - +adb,

and letE = 29 + 2 + -+ + 9,
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Casel. p <0 (p=0yieldszyzy - x, = a1as - - a, > 0).

(@) Forq € (p,0) U (1,00), E is maximal wher) < z; =z = -+ = 2,1 < T,
and is minimalwhe < z; < xy = 23 = -+ = x,,.

(b) Forg € (—o0,p)U(0, 1), EFis minimalwher) < z;y = a9 =--- =2, 1 < x,,
and is maximalwhefl < z; < a9y =23 = -+ = x,,.

Case2. 0 <p< 1.

(@) Forg € (0,p) U (1,00), E is maximal wher) < z; = x9 = -+ = 2,1 < T,
and is minimal when either; = 00or0 <z < a9 =23 = --+ = 1.

(b) Forg € (—o0,0)U(p, 1), Eisminimalwher) < z; = a9 = -+ = x, 1 < xp,
and is maximal when eithar; =00or0 <z < 29 =23 =--- = 2.

Case3. p > 1.

(@) Forq € (0,1) U (p,00), Fis maximal wher) < z; =xy =+ = z,,_1 < T,
and is minimal when either; = 00r0 <z < a9 =23 = -++ = 1,,.

(b) Forg € (—o0,0)U(1,p), Eisminimalwher) < z; = a9 = -+ = 2,1 < xp,
and is maximal when eithar; =00or0 < x; < a9 =23 =--- = x,,.
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2. Proofs

Proof of Lemmad..1. Leta < b < c. Note that in the excluded cases- b = c and
a = b= 0, there is a single tripléz, y, z) which verifies the conditions

r+y+z=a+b+c and 2P +y’+ 2 =a’ + 0"+ .

Consider now three cases= 0, p < 0 andp > 1.

A. Casep = 0 (zyz = abc > 0). Let S = ¢4 and P = V/abc, whereS > P > 0
by AM-GM Inequality. We have

r4+y+z=39, xyz:Pg,
and from0 < x <y < z andz < z, it follows that0 < xz < P. Now let
f=y+2—-2/yz.

It is clear thatf > 0, with equality if and only ify = z. Writing f as a function of

Z,
P
flz) =35 —z — 2P\/;,
f’<x>:§\/§—1>o,

and hence the functiofi(x) is strictly increasing. Sincg(P) = 3(S — P) > 0, the
equationf(z) = 0 has a unique positive roaf;, 0 < z; < P. From f(z) > 0, it
follows thatz > ;.

Sub-caser = z;. Sincef(z) = f(x;) = 0 andf = 0 impliesy = z, we have
O<z<y=-=z

we have
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Sub-case: > ;. We havef(z) > 0 andy < z. Consider now thay andz depend
onz. Fromz + y(z) + z(z) = 3S andz - y(z) - 2(z) = P3, we getl + ¢/ + 2/ =0
and! + £ 4 Z = 0. Hence,
, ylx —=z) 2(y — )

==y Y Ty
Sincey/(z) < 0, the functiony(z) is strictly decreasing. Sinagz;) > x; (see sub-
caser = x1), there exists; > z; such thaty(xs) = 9, y(x) > z for z; < z < x9
andy(z) < x for x > z,. Taking into account thag > «z, it follows thatz; <
x < z5. On the other hand, we see thétr) > 0 for z; < = < x5. Consequently,
the functionz(z) is strictly increasing, and hencgz) > z(z1) = y(x1) > y(z).
Finally, we conclude that < y < z for x € (z1,x2), andzx = y < z for z = .

1
B. Casep < 0. DenoteS = “2t¢ andR = (““%+<)»_ Taking into account that
r+y+2=235 2’ +y’+ 2’ =3R",

from0<x§y§zandx<zwegetr<5and3%R<a:<R. Let

p p %
h:(y—l—z)(y +Z) - 2.

2
By the AM-GM Inequality, we have

h>2\/yz
VIR

with equality if and only ify = z. Writing now h as a function ofr,

mm:@s—@(yifﬁ);—z

—2=0,
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from

o=t () (B E) ]

it follows thath(x) is strictly increasing. Sincg(z) > 0 andh (B%R) = —2, the
equatiomi(z) = 0 has a unique root; andz > z; > 3 R.

Sub-caser = ;. Sincef(x) = f(z1) = 0, andf = 0 impliesy = z, we have
O<zx<y==z.

Sub-caser > ;. We haveh(z) > 0 andy < z. Consider now thag andz depend
onz. Fromz+y(z)+2(z) = 35 anda?+y(x)P+2(x)? = 3R?, we getl+y'+2' =0
anda?~! + yP~ 1y + 22712 = 0, and hence

Pl _ op—1 pP—1 _ p—1

y'(z) = ma Z(x) = ey
Sincey/(x) > 0, the functiony(z) is strictly decreasing. Sinagz,) > x; (see sub-
caser = 1), there exists, > x; such thaty(z2) = 2, y(x) > z for z; < x < x,,
andy(z) < z for x > x5. The conditiony > z yieldsz; < =z < x,. We see
now thatz'(z) > 0 for x; < x < xo. Consequently, the function(z) is strictly
increasing, and hencgz) > z(z1) = y(x1) > y(z). Finally, we haver < y < z
for x € (z1,29) andz = y < z for x = x,.

C. Casep > 1. Denoting$S = ¢+< andR = (W)% yields

r4+y+2=35 o +y"+ 2 =3R".

By Jensen’s inequality applied to the convex functign) = «?, we haveR > S,
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and hence < S < R. Let

he 2 (y“rzp);—l.
y+z 2

By Jensen’s Inequality, we gét> 0, with equality if only ify = z. From

9 [3RP—aP\7¥
_ 1
W) 35 —x ( 2 >

1-p

) "(RP — SaP Y > 0,

and

P _ P
W(z) = 3 (3R x

(35S —z)? 2
it follows that the functior(x) is strictly increasing, anél(z) > 0 impliesz > z;.
In the case(0) > 0 we haver; = 0, and in the casg(0) < 0 we haver; > 0 and
Sub-caser = zy. If h(0) > 0, then0 = 21 < y(z1) < z(z1). If A(0) < 0, then
h(z1) = 0, and sincér = 0 impliesy = z, we haved < x; < y(z1) = z(x1).
Sub-caser > z;. Sinceh(x) is strictly increasing, for: > z; we haveh(z) >
h(xzy) > 0, henceh(x) > 0 andy < z. Fromz + y(x) + 2(z) = 35S anda? +
yP(x) + zP(z) = 3RP, we get

xp—l _ Zp—l yp—l _ xp—l

/ _ / _
Yy (l’) - =1 _ yp,17 z (.’L‘) - =1 _ yp,1 :
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Sincey’'(z) < 0, the functiony(z) is strictly decreasing. Taking accountufr,) >
x1 (see sub-case = ), there exists, > x; such thaty(zy) = z», y(z) > z for
xr1 < x < 9, andy(x) < x for z > x,. The conditiony > x impliesz; < z < xs.
We see now that’(z) > 0 for z; < = < x,. Consequently, the function(z) is
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W
strictly increasing, and hencgz) > z(z1) > y(x;) > y(z). Finally, we conclude I M
thatr < y < zforx € (z1,22), andzx =y < zforz = z,. 1

Proof of Propositionl.2. Consider the function P A
F(z) = f(z) + f(y(2)) + [(2(z))

defined onr € [z, z5]. We claim thatF'(x) is minimal forz = x; and is maximal
for z = x,. If this assertion is true, then by Lemmal it follows that:

Equal Variable Method
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(@) F(z)is minimal for0 < x = y < z in the case < 0, or for eitherr = 0 or vol. 8, iss. 1, art. 15, 2007
0<z<y=zinthecase > 1;

(b) F(z)is maximal for0 < z =y < z. Title Page
In order to prove the claim, assume that (z,z,). By Lemmal.l, we have Contents
0<z<y<z From <« Y

z4+ylx)+z(zr)=a+b+c and < >

a? +yP(x) + 2P (x) = " + 0" + 7, Page 12 of 41

we get Go Back
y/—|—Zl — _1’ ypflyl + prl I _xpfl’
h Full Screen

whence

, apmh— gt , Pty Close

y = prl___ypfl’ z = ypfl___zpfl'

journal of inequalities
in pure cnq applied
Fl(x) = f'(x) + ¥ f (y) + 2 f(2) mathematics

issn: 1443-575k

It is easy to check that this result is also valid fox 0. We have

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:vcirtoaje@upg-ploiesti.ro
http://jipam.vu.edu.au

and

F'(x)
@ T )
gz 1) gy
B e B Ve e )
g(zp_l) Equal Variable Method
(2Pl — gp=1) (2P~ 1 — ypfl)‘ Vasile Cirtoaje

Sincey is strictly convex, the right hand side is positive. On the other hand, Vol 815 1, art 46, 2007

(Pt — P (2Pt — 2P > 0.

Title Page
Thesg results imply”’(z) > 0. Qonsequent_ly, the functiof'(x) is strictly in- e —
creasing forx € (x1,z,). Excepting the trivial case whem > 1, x; = 0 and
lir% f(u) = —o0, the functionF'(z) is continuous otz , x5], and hence is minimal < »
only for x = z1, and is maximal only for: = x5. & < >

Proof of Theorem..3. We will consider two cases.
Casep € (—o0,0] U (1,00). Excepting the trivial case when> 1, z; = 0 and

Page 13 of 41

lim f(u) = —oo0, the functionF,, (1, z,, . . ., z,,) attains its minimum and maximum Go Back
values, and the conclusion follows from Propositib above, via contradiction. Full Screen

For example, let us consider the case 0. In order to prove that,, is maximal e
for0O<zy=20="---=1x,1 <z, We assume, for the sake of contradiction, that

I, attains its maximum aty, by, ..., by) With by < by < --- < b, andb; < b,_;. journal of inequalities
Letzy, x,,_1, x, be positive numbers such that+ z,,_, + x,, = by + b,,_1 + b,, and in pure and applied
o+ 2P +aP =00+ 0P, + bP. According to Propositiori.2, the expression mathematics

F3(xl>$n—1>$n) = f(xl) + f(g;n_l) + f(l’n) issn: 1443-575k
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is maximal only forx; = z,_1 < x,, which contradicts the assumption thiat
attains its maximum &, b, . .., b,) with by < b,,_;.

1

Casep < (0,1). This case reduces to the case 1, replacing each of the; by a”,

each of ther; by 7, and therp by 110 Thus, we obtain the sufficient condition that
h(z) =z f’ (xﬁ> to be strictly convex or0, co). We claim that this condition is

equivalent to the condition thagtx) = f’ (a:p%l> to be strictly convex orf0, co).

Actually, for our proof, it suffices to show that df(z) is strictly convex on(0, oo),
thenh(z) is strictly convex on(0, ). To show this, we see that() = Lh(z).
Sinceg(z) is strictly convex on0, o), by Jensen’s inequality we have

w (3)+0s(5) > et (ui)

foranyz,y, u,v > 0 with  # y. This inequality is equivalent to

U v U v u+v
—h(x)+-h(y) > (—+—-]h .
MO ( y) (%5)

Substitutingu = tz andv = (1 — t)y, wheret € (0, 1), reduces the inequality to
th(z) + (1 = t)h(y) > h(tx + (1 —t)y),
which shows us thdi(z) is strictly convex on0, co). 1

Proof of Corollary1.7. We will apply Theoreml.3 to the functionf(u) = plnu.
We see thalin% f(u) = —oo forp > 0, and

=2t = () et o= et
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Sinceg”(z) > 0 for = > 0, the functiong(x) is strictly convex on0, co), and the
conclusion follows by Theorem.3. g

Proof of Corollary1.8. We will apply Theoreml.3to the function

f(u) =q(q—1)(qg — p)u?.

Forp > 0, it is easy to check that eithgi(w) is continuous at: = 0 (in the case
q > 0)or hn% f(u) = —oc (in the case < 0). We have

fw) =q*(g—1)(qg—pu®’

and

q—1

g(x) = [ (-’L’f> =q*(¢—1)(g —p)zrr,
nipy = Cla=1%g—p)° 2=
gz = (p—1)2 '

Sinceg”(x) > 0 for x > 0, the functiong(z) is strictly convex on0, co), and the
conclusion follows by Theorem.3. g
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3. Applications

Proposition 3.1. Letz, y, z be non-negative real numbers such that y + z = 2.

If ro < < 3, wherer, = 22— ~ 1.71, then

y+z2)+y(z+z)+ 2" (r+y) <2

Proof. Rewrite the inequality in the homogeneous form

IT+1 _|_ yr+1 4 Zr+1 4 2 < 2 >

c4y+z\""
L) > (v+y+2)a +y +2),
and apply CorollaryL..8 (casep = r andg = r + 1):

If 0 <2 <y < zsuchthat

x +y+ z = constant and
2" 4y + 2" = constant
then the sum™! + ¢! + 27! is minimal when either = 0 or0 < x <y = 2.
Caser = 0. The initial inequality becomes
ya(y ) <2,

wherey + z = 2. Since0 < r — 1 < 2, by the Power Mean inequality we have

r—1

yrfl_i_zrfl (y2+z2> 2

<
2 - 2

Thus, it suffices to show that
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Taking account of

2 2 2 2 .
y+z:2(y+z)21 and uﬁl,
2 (y +2)? 2
we have
2 2\ 5 2 2
Yy +z 2 Y+ z
1 - >1—
e (557) 2 (B
)t oyt 2
16 2
(y—2)*
=" >0.
16 -

Case0 < = < y = z. In the homogeneous inequality we may leave aside the
constraintz + y + z = 2, and consideyy = z = 1, 0 < z < 1. The inequality

reduces to
e

r+1

<1+—) 2"~z —1>0.
2

Since (1 + 5)7‘ IS increasing and:" is decreasing in respect tq it suffices to

considern = rg. Let

+1

2
We have
1 7
ey =" (14 2)" = -1,
1., 7“0+1( T\ 1rog—1
= _ 1 _> _
rof (z) 4 2 x?-ro
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Sincef”(x) is strictly increasing ort0, 1], f”(04) = —oc and

1., +1 /3\"
— )y =2 (—) —ro+1

To 4 2
To + 1 3 — To
= — 1= >0
2 To + 92 3

there existsr; € (0,1) such thatf”(z;) = 0, f”(x) < 0 for x € (0,z1), and
f"(x) > 0forxz € (xy1,1]. Therefore, the functiorf’(z) is strictly decreasing for
x € |0, z1], and strictly increasing far € [z, 1]. Since

f'(0) = r02_1 >0 and f'(1)= TO;FI Kg)m —2} =0,

there exists:, € (0, z1) such thatf’(z5) = 0, f'(x) > 0forx € [0, z5), andf'(x) <
0 for = € (z,1). Thus, the functiory(z) is strictly increasing for: € [0, x5], and
strictly decreasing fox: € [z, 1]. Sincef(0) = f(1) = 0, it follows that f (z) > 0
for 0 < z < 1, establishing the desired result.

Forz < y < z, equality occurs when = 0 andy = z = 1. Moreover, for
r = 19, equality holds again when=y =2 = 1. 1

Proposition 3.2 ([12]). Letx, y, z be non-negative real numbers such that+ iz +
zx = 3. 1f1 <r <2, then

2 (y+2)+y(z+x)+2"(x+y) >6.

Proof. Rewrite the inequality in the homogeneous form

r+1

xy—l—yz—l—zx) 2

P+ 0+ o) 2 6 (P
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For convenience, we may leave aside the constraint yz + zz = 3. Using now
the constraint: + y + z = 1, the inequality becomes

r+1
1—a? —y?— 2%\ 2

6

To prove it, we will apply Corollaryl.4 to the functionf(u) = —u"(1 — ) for
0 <u < 1. We havef’(u) = —ru™ + (r + 1)u" and

mr(1—$)+yr(1—y)+zr(1—z)26(

g(@) = fl(z) = —ra" P+ (r+Da", ¢'(x)=rFr—1)2"?[(r+ 1z +2—r1]

Sinceg”(z) > 0forx > 0, g(z) is strictly convex orf0, co). According to Corollary
1.4,if 0 <z <y < zsuch thatr +y + 2z = 1 andz? + y? + 2? = constant, then the
sumf(z) + f(y) + f(z) is maximal for0 < z =y < z.

Thus, we have only to prove the original inequality in the case y < z. This
means, to prove that< = < 1 < y anda? + 222 = 3 implies

2 (x+z2)+ 22" > 3.

Let f(x) = " (x + 2) + x2" — 3, with z = 32°,

2x
Differentiating the equation? + 2zz = 3 yieldsz’ = =“*2)_Then,

fllx)=(r+Da" +ra" e+ 2" + (2" +roz" )7
=@ =2 Yz +(r—1)z] <0.
The functionf(x) is strictly decreasing of0, 1], and hencef(x) > f(1) = 0 for
0 < x < 1. Equality occursifandonly it =y =2 = 1. §
Proposition 3.3 (B]). If z1, xs, ..., x, are positive real numbers such that
1 1

1
Tt Tyt Ty = — A — e —,
T T Tn
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then

1 1 1
1+ (n—1)a * 1+(n—1)x2+'“+ 1+ (n—1)z, =1
Proof. We have to consider two cases.
Casen = 2. The inequality is verified as equality.
Casen > 3. Assume that < z; < 2, < --- < x,, and then apply Corollary.5to

the functionf (u) = m for u > 0. We havef’(u) = % and
1 —(n— 1Dz
xr) = _— = s
7 f(ﬁ) (Vatn—1)
3(n —1)?
o) (n—1)

2z (Vo+n—1)"
Sinceg”(z) > 0, g(x) is strictly convex on(0, co). According to Corollaryl.5, if
0< o <x9 <--- <1, suchthat

x1 + x9 + -+ x, = constant and

1 1 1
— + — 4.+ — = constant
T i) Tn
then the suny (z1) + f(x2) + -+ + f(x,) is minimal when0 < z; < 29 = 23 =
00 — xn_
Thus, we have to prove the inequality
1 " n—1 -1
l+(n—1z 1+n-1)y "
under the constraints< = < 1 < y and
1 n-1
r+n—1Dy=—+ :
z Y

Equal Variable Method
Vasile Cirtoaje

vol. 8, iss. 1, art. 15, 2007

Title Page
Contents
44 44
< 14
Page 20 of 41
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: L443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:vcirtoaje@upg-ploiesti.ro
http://jipam.vu.edu.au

The last constraint is equivalent to

y(1 —2?)
(”—1)(9—1)—m~
Since
1 + n—1 1
I+(n—1z 14+ (n—-1)y
1 1 n—1 n—1

1+(n—1)$_ﬁ+1+(n—1)y_ n

C@m-D-2) (121
n[l+(n—1z] n[l+(n—1)y

_ (=D —x) (n—1)y(1 —2?)

T all+(n—1z] nz(+y)[1+ (n—1)y]

we must show that

z(1+y)[1+ -1yl >yl +2)1+(n—1)],
which reduces to
(y —x)[(n — Day — 1] > 0.
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Full Screen
—1Day > 1.
(n )ij - Close
Indeed, fromz + (n — 1)y = 1 + ”7‘1 we getry = gig’;jgi and hence

journal of inequalities
n(n — 2)x
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Proposition 3.4 ([LQ]). Letaq, as, ..., a, be positive real numbers such that; - - - a,, =
1. If m is a positive integer satisfying > n — 1, then

m m m 1 1 1
al'+ay' +---+a'+(m—-—1)n>m|—+—+---+—|.

(431 a2 ap

Proof. Forn = 2 (hencem > 1), the inequality reduces to

m m Equal Variable Method
al + ay' +2m — 2 > m(a; + ag).

Vasile Cirtoaje

We can prove it by summing the inequaliti€g > 1 + m(a; — 1) andal > 1 + vol. 8, iss. 1, art. 18, 2007
m(ay — 1), which are straightforward consequences of Bernoulli's inequality. For
n > 3, replacingay, as, . . . , a, by - PR SRR i respectively, we have to show that Title Page
1 1 1 C
e — (= D) > m a2 ontents
oo Tn «“ 3
forxyze - 2, = 1. Assume) < z; < x5 < --- < x,, and apply Corollaryi..8 (case < >
p=0andg = —m):
If0 <2y <x9 <--- <z, suchthat Page 22 of 41
x1 4+ x9 + -+ + 2, = constant and Go Back
TiTy Xy = 1, Full Screen
then the summ + = L. + — is minimal when) < 1 = x5 = =2, < Typ. Close
Thus it sufflces to prove ‘the inequality foy = 20 = --- = 2,1 =z < 1, _ . -
= y andz" 'y = 1, when it reduces to: journal of inequalities
in pure and applied
n—1 1 mathematics
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By the AM-GM inequality, we have

-1
L m-n+1)> ml
xm "

= my.

Then, we have still to show that

1
y—m—lzm(n—l)(x—l).

This inequality is equivalent to
2™ —1—m(n—1)(z—1) >0
and
(z— D™ ™= 1)+ (@™ ™ 2= 1)+ 4 (x —1)] > 0.
The last inequality is clearly true. Far= 2 andm = 1, the inequality becomes
equality. Otherwise, equality occurs if and onlyiff=a, = --- =a,, = 1. 1
Proposition 3.5 ([6]). Let zy,xs,...,x, be non-negative real numbers such that

r1+ 1z + .-+ 1z, = n. If kis a positive integer satisfying < k£ < n + 2, and
r= (%)k*1 — 1, then

ek —n >l —ma - 2y).

Proof. If n = 2, then the inequality reduces &§ + 2% — 2 > (2F — 2)z,2,. For
k = 2 andk = 3, this inequality becomes equality, while fbr= 4 it reduces to
6x172(1 — x129) > 0, Which is clearly true.

Consider nown > 3 and0 < z; < 2 < --- < z,. Towards proving the
inequality, we will apply CorollaryL..7(casep = k£ > 0): If 0 < x; <z < --- < 1z,
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suchthatr; + a9+ - -+, = n andz? + 2% + - - - + 2% = constant, then the product
T1%o - - T, IS minimal when eitherr; =00r0 <z < a9 =23 = -+ = 1,,.
Caser; = 0. The inequality reduces to

nk

(n— k=1’

with z, + - - - + z,, = n, This inequality follows by applying Jensen’s inequality to

the convex functiorf (u) = u*:

ah 4+ 2k >

k
+oet
Bk sy (P2 T
Ty 4+ x> (n—1) —
Case) < x1 < a9 =23 =--- =z, Denotingr; = xandz, =23 =--- =2, =
y, we have to prove that far < z < 1 < y andz + (n — 1)y = n, the inequality
holds:
"+ (n— D)y* +nray™™t —n(r+1) > 0.

Write the inequality ag'(z) > 0, where

flx) = F + (n— 1)ylC + nray™ ! — n(r+1), with y= n-e

n—1
We see thaf' (0) = f(1) = 0. Sincey’ = —%, we have
fl@) = k(@ =) + iy 2y — )
= (y—2)nry"? = k(" +y P+ 42"

= (y —x)y" *[nr — kg(z)),
where
1 x k2
g<x):: ynfk +_ynfk+1 +_‘.'+-ynf2'
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Since the functiony(xz) = “=% is strictly decreasing, the functiof(x) is strictly
increasing foR < k < n. Fork =n + 1, we have

(ﬂ2 aﬁz—l
g@) =y+r+—+ -+ ——
Y
(n—2)x+n 2? 1
=+t =+ —,
n—1 Y y"

Equal Variable Method

and fork = n + 2, we have Vasile Cirtoaje

vol. 8, iss. 1, art. 15, 2007
3 n

g(x) =y +yz+= AR =
~ (n*=3n+3)2*+n(n—3)x+n> 2° " Title Page
B (n—1)2 - m Tt Y2’ Contents
Therefore, the function(x) is strictly increasing fo2 < k < n+2, and the function 4 44
h(z) =nr — kg(x) 5 4
is strictly decreasing. Note that Page 25 of 41
Go Back
f(@) = (y = )y 2h(z). —
Full Screen
We assert thak(0) > 0 andh(1) < 0. If our claim is true, then there exisis €
(0,1) such thati(x;) = 0, h(x) > 0 for z € [0,z,), andh(z) < 0 for x € (xy,1]. Close
Consequentlyf(z) is strictly increasing for: € [0, 4], and strictly decreasing for ; . .
z € [z1,1]. Sincef(0) = f(1) = 0, it follows that f(z) > 0 for 0 < z < 1, and the feltlislell @) [z g uellitzs

in pure and applied
mathematics
issn: 1443-575k

proof is completed.
In order to prove thak(0) > 0, we assume thdt(0) < 0. Then,h(z) < 0 for
€ (0,1), f'(z) < 0forz € (0,1), and f(z) is strictly decreasing for € [0, 1],
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which contradictsf(0) = f(1). Also, if A(1) > 0, thenh(xz) > 0 for z € (0,1),
f'(z) > 0forz € (0,1), and f(z) is strictly increasing for: € [0, 1], which also
contradictsf (0) = f(1).

Forn > 3andx; <z, < - § Ty equality occurswhemy =z, =--- =z, =
1, and also when; = 0 ande = =Tn =51

Remark2. Fork = 2, k = 3 andk = 4, we get the following nice inequalities:

) ) ) Equal Variable Method
(n—1)(z] + 23+ -+ 22) + nz129 -+ T, > 07,

Vasile Cirtoaje
2/..3 3 3 vol. 8, iss. 1, art. 15, 2007
(n—1)%a% + 23+ +22) +n2n — Dz -2, > 0P,

(n—13@f +ay+ - +22) +n(3n® = 3n+ Dayay -, > n'.

. . ) . . Title Page
Remark3. The inequality fork = n was posted in 2004 on the Mathlinks Site -
Inequalities Forum by Gabriel Dospinescu ardli€ Popa. Contents
Proposition 3.6 ([11]). Letxy, zs,...,z, be positive real numbers such thé{+ 4 44
1 1 _
1+ xe+tx,—n<e,q(r122- 1, — 1), Page 26 of 41
wheree,,_; = (1+ %)"71 <e. o 2ER
Full Screen
Proof. Replacmg each of the, by -, the statement becomes as follows:
If a1,as,...,a, are positive numbers such that+ as + - - - + a,, = n, then Close
1 1 1 . . "
aras - ap | —+ — 4+ ——n+e, 1| <e,. journal of inequalities
ay  a (% in pure and applied
mathematics

It is easy to check that the inequality holds for 2. Consider now, > 3, assume

that0 < a1 < ay < --- < a, and apply Corollary..7 (casep = —1): If 0 < a; < LSS A SETSE
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gy < - -+ gansuchthatz1+a2+---+an:nanda—ll+é+---+%:constant,
then the productas - - - a,, iIs maximal wherd) < a; < ay = az =--- = a,.

Denotinga; = =z anday, = a3 = --- = a,, = y, we have to prove that for

0<x<1<y< 7 andz + (n — 1)y = n, the inequality holds:

Y (n—Day"? — (n—ep)ry" < et

Letting
f(z) = Y4 (n— 1):By"_2 —(n— en_l)xy"_l —ep_1, With
n—x
y - n — 17

we must show thaf(z) < 0for0 < z < 1. We see thaf(0) = f(1) = 0. Since
y' = =4, we have
"z
P == 2= 00— 0] = - Dbl
where
n—=x

h(x):n—Z—(n—en_l)n_l

is a linear increasing function.

Let us show that(0) < 0 andh(1) > 0. If ~(0) > 0, thenh(z) > 0 for
z € (0,1), hencef’'(x) > 0 for x € (0,1), and f(z) is strictly increasing for
x € [0, 1], which contradicts/ (0) = f(1). Also, k(1) =¢e,—1 —2 > 0.

Fromh(0) < 0 andh(1) > 0, it follows that there exists; € (0,1) such that
h(zy) = 0, h(z) < 0forz € [0,z;), andh(z) > 0 for z € (z1,1]. Consequently,
f(x) is strictly decreasing fox € [0, z,], and strictly increasing fox € [z, 1].
Sincef(0) = f(1) = 0, itfollows that f(z) < 0for0 <z < 1.

Forn > 3, equality occurs whem; =z, =--- =2, = 1. 1
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Proposition 3.7 (9]). If x4, xo, ..., x, are positive real numbers, then

y+ay+ -2l +n(n—1Drxe - x,

11 1
> aizycap(T b ar e w) (b — )
1 2 n

Proof. Forn = 2, one has equality. Assume now that> 3,0 < z; < x9 < -+ <

x,, and apply CorollaryL.8(casep = 0): If 0 < 2 < a5 < --- < 2, SUCh that Saual Variable Method

Vasile Cirtoaje
T+ a9+ ---+x, = constant and vol. 8, iss. 1, art. 15, 2007
T1x9 - - - T, = CONstant

. .. . . Title Page
then the sumf + % +- - -+ 27, is minimal and the surd-+ L +- - - + -1 is maximal ?
when) <z <xzy =23 ="+ = x,. Contents
Thus, it suffices to prove the inequality for< z; < 1 andzy, = 23 = -+ =
: ) <« »

x, = 1. The inequality becomes

" 9 < 14
i+ (n—2)x; > (n — 1),
Page 28 of 41
and is equivalent to

Go Back
zy(ey — D[ =)+ @ =D+ + (11 = 1)] >0, Cul Sereen
which is clearly true. Fon > 3, equality occursifandonlyif; =z, =--- = x,. 1 e
Proposition 3.8 ([L4]). If x1, x4, ..., x, are non-negative real numbers, then

journal of inequalities
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bl o - mathematics
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Proof. Forn = 2, one has equality. Far > 3, assumethdi < z; < xy < --- < 1z,
and apply Corollary..8(casep = n andg = n — 1) and Corollaryl.7 (casep = n):
If0<a; <y <--- <2z, such that

x1 +x9 + -+ x, = constant and
xy +xy + -+ x;, = constant

then the sum}~! + 257! + ... + z»~ ' is maximal and the produat,z; - - - z,, is
minimal when either; =00r0 <z, <zy =23 =+ = z,,.
So, it suffices to consider the casgs=0and0 < z; < 9 = 23 = - - - = T,,.

Caser; = 0. The inequality reduces to
(n—1)(x5 +-+a") > (o + - +x,) (@ + - a2,

which immediately follows by Chebyshev’s inequality.
Casel) < 1 < 29 = 23 = --+ = x,. Settingzy = 23 = --- = x, = 1, the
inequality reduces to:

(n—2)a? +2, > (n—1)at .
Rewriting this inequality as
wi(wn = Dt (o — 1) + 2y @ = 1)+ + (272 = 1)) > 0,

we see that it is clearly true. Far > 3 andz; < z, < --- < z,, equality occurs
whenz; =29 =---=x,,andforr; = 0andzy = --- = x,,. 11

Proposition 3.9 ([8]). If z1, zo, ..., x, are positive real numbers, then

1 1 1 1
(x1+z9+- - +x,—N) (— +— 4+ — = n) +r1T9 X+ ———— > 2.
T i) Tn MRS R )
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J
Proof. Forn = 2, the inequality reduces to “\ ™M

(1 —21)%(1 — 29)? >0 - #*j

T1T9 - p A
Forn > 3, assume thal < z; < 2, < --- < z,,. Since the inequality preserves its
form by replacing each number with xi we may consider;z, - - - x,, > 1. So, by
the AM-GM inequality we get '

Equal Variable Method

x1+x2+-~~+mn—n2nm—n20, Vasile Cirtoaje
and we may apply Corollary.8(casep =0andg = —1): f0 <z <2, < -+ < vol. 8, iss. 1, art. 15, 2007
x,, such that
r1 + 29+ .-+ x, = constant and Title Page
T1xo - - - T, = COnstant —
then the sum— + - L. -+ — is minimal wher) < z; = x5 = = Tpo1 < Tp.
Accordlng to thls statement it suffices to consider= 2y, = --- =2, = x oh e
andz, = y, when the inequality reduces to < >
(n—1z+y—n) (n_l—i—l—n)—l-x”_ly—t- — > 2, Page 30 of 41
Yy "y
or Go Back
(:1:”_1 . n—1 B n) y+ { nlil +(n— D)z — n} 1 > n(n—1)(x — 1)2‘ Full Screen
x z Yy x Close
Since
o1 n—1 r—1_ . "2 journal of inequalities
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and

r—1)? 1 2
nfl—i-(n—l)x—n:( ) { +
T T

it is enough to show that

xn—2 + xn—3

2" 24+ 22" 3+ (n— Dy + {

This inequality is equivalent to

1 1
(:c”y +— - 2) +2 (:c"?’y +—— - 2)
"ty "y

1
—|—~~'—|—(n—1)<y+§—2) >0,

or

"2y —1)2 2>z 3y —1)2 n—1)(y—1)>2

@y =1 2Py =1 D=1

rn 2y xrn 3y Yy

which is clearly true. Equality occurs if and onlyrif- 1 of the numbers; are equal
tol.n

Proposition 3.10 ([L9]). If z1, zs, ..., x, are non-negative real numbers such that
x1+x2+~~+xn:n,then

(xlxg---xn)ﬁ(xf+x§+--~+x2) <n.

n) —

Proof. Forn = 2, the inequality reduces t&(z,z, — 1)? > 0. Forn > 3, assume
that) < z; < 29 < --- <z, and apply Corollaryl.7 (casep = 2): If 0 < 27 <
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1y < --- < x,suchthatr; + x5 +--- +x, =nandz? + 22 +--- + 22 = constant,
then the productz; - - - z,, is maximalwhe) < zy =2z, = - = x,,_1 < x,,.

Consequently, it suffices to show that the inequality holdscfos 2o = --- =
ZTn—1 = x andz, = y, where0 <z <1 < yand(n — 1)z +y = n. Under the
circumstances, the inequality reduces to

wvn*lywjﬁ[(n —1)2* + % < n.

Equal Variable Method
Forz = 0, the inequality is trivial. For: > 0, it is equivalent tof (z) < 0, where Vasile Cirtoaje
vol. 8, iss. 1, art. 15, 2007

1
r)=vn—1lnz+ Iny + In[(n — 1)2? + %] — Inn,
f(@) = V=T 4 Iy £ Inf(n = 1)2° + 57 —
with y=n—(n—1)z. e g8
Contents
We havey’ = —(n — 1) and
, <« >
flo) 1 1 2vn-1a—y) @-o)Vn-lo—y" _,

Vi1 @y -2ty ayle-Da2 g T —
Therefore, the functiorf(z) is strictly increasing oi0, 1] and hence (z) < f(1) = Page 32 of 41
0. Equality occursifandonly ity =zo = --- =z, = 1. & Go Back
Remarkd. Forn = 5, we get the following nice statement: Full Screen

If a,b, c,d, e are positive real numbers such that v*> + c? + d? + 2 = 5, then |
Close

abede(a® +b* + ¢* + d* + €*) <5.

journal of inequalities
in pure and applied
9 — nd mathematics

ny —1m

> ~(0.738. issn: 1443-575k
=3

Proposition 3.11 (f]). Letx, y, z be non-negative real numbers such that+ 3z +
zx = 3, and let
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Then, N M

P +y? 4 2P > 3.

Proof. Letr = n9=In4 By the Power-Mean inequality, we have P A

R (xr+y7“+zr)f
3 - 3 '

Equal Variable Method
Thus, it suffices to show that
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4y 42" >3

Letz <y < z. We consider two cases.

Title Page
Caser = 0. We have to show that" + 2" > 3 for yz = 3. Indeed, by the AM-GM
inequality, we get Contents
Y2 > 2y2) =237 =3, < »
Casex > 0. The inequalityz” + y" + 2" > 3 is equivalent to the homogeneous < N
inequality
xyz\z (1 1 1 3 Page 33 of 41
xr+y’“+z’“23(—) (—+—+—) :
3 x Yy =z Go Back
Settingxr = ar, Y= b,z =cr (0 < a <b < c), the inequality becomes Full Sereen
1
be 2 _ _ i\ L Close
a+b+c>3 (%) (aTl+le +c71)2.
journal of inequalities
Towards proving this inequality, we apply Corollatys (casep = 0, ¢ = =2): If in pure and applied

mathematics
issn: 1443-575k

0 <a glb < clsuch thata + b + ¢ = constant andibc = constant, then the sum
a® +b7 + ¢+ ismaximal wher) < a < b = c.
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So, it suffices to prove the inequality for< a < b = ¢; that is, to prove the
homogeneous inequality in y, z for 0 < z < y = z. Without loss of generality,
we may leave aside the constraint+ yz + zz = 3, and considey = z = 1 and
0 < z < 1. The inequality reduces to

2+ 1\2
:c'“+223(x; )

Denoting
rr+2 r. 2x+1
=1 — =1
we have to show thaf(x) > 0 for 0 < = < 1. The derivative
, ro’ ! r r(z — 227"+ 1)
f (I) s o = (o
r+2 2x+1 ot r(a"+2)(2z+1)
has the same sign g$r) = = — 22!~ + 1. Sinceg/(z) = 1 — 222 we see that

¢ (r) < 0forz € (0,z,), andg’(z) > 0 for z € (x1, 1], wherez; = (2 — 2r)'/" ~
0.416. The functiong(x) is strictly decreasing ofb, z;], and strictly increasing on
[z1,1]. Sinceg(0) = 1 andg(1) = 0, there exists; € (0, 1) such thaty(zs) = 0,
g(x) > 0forz € [0,29) andg(x) < 0 for z € (xq,1). Consequently, the function
f(z) is strictly increasing o0, z»| and strictly decreasing dn,, 1]. Sincef(0) =
f(1) =0, we havef(z) > 0 for 0 < = < 1, establishing the desired result.

Equality occurs for: = y = z = 1. Additionally, forp = 23=24 andz < y < 2,
equality holds again far = 0 andy = z = /3. &

Equal Variable Method
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Proposition 3.12 ([7]). Letz, y, z be non-negative real numbers such thaty+z =

In9—In8& ~_
3,and letp > 2328 ~ (.29. Then,

2P +yP + 2P > xy +yz + 2w
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Proof. Forp > 1, by Jensen’s inequality we have

x+y+z)p

xp+yp+zp23( 3

1
:3:§(x+y+z)2213y+yz+zx.

Assume nowp < 1. Letr = 23=28 andz < y < z. The inequality is equivalent to

the homogeneous inequality
r+y—+z
3

By Corollary1.8(cased < p < 1andg = 2),if x <y < zsuchthatt +y + z =
constant and? + y? + 2 = constant, then the sunt + 3> + 2% is minimal when
eitherr =0or0 <z <y ==z

Caser = 0. Returning to our original inequality, we have to show thfat- 2z > yz
for y + z = 3. Indeed, by the AM-GM inequality, we get

2—p
2(a:p+yp+zp)< > +22+ P+ 22> (4 y+2)>%

Yy + 2P —yz > 2(yz)g —yz
P 2-p
= (y2)2[2 — (y2) 2 |

()]

M|

> (y2)
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Case0 < =z < y = z. In the homogeneous inequality, we may leave aside the

constraintz + y + z = 3, and considey = z = 1 and0 < x < 1. Thus, the
inequality reduces to

T+ 2

(:cp+2)( )2_p22x+1.

To prove this inequality, we consider the function

T+ 2

fx)=In(a"+2)4+(2—p)In —In(2z + 1).

We have to show that(z) > 0for 0 < x < 1 andr < p < 1. We have

Equal Variable Method
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Title Page
—1
fl(z) = bt 2-p - 2 = 29(x) Contents
P+ 2 r+2 2x+1 ztPaP+2)2x+1)
44 4
where
g@) =2+ 2p— 1o +p+2(1 —p)z*? — (p+2)z' 7, < >
and Page 36 of 41
Jd@)=20+2p—1+2(1—p)2—p)z" P = (p+2)(1 —p)a~?, Go Back
g'(x) =2+2(1— p)2(2 —p)z P +plp+2)(1— p)x*pfl_ Full Screen
Sinceg”(x) > 0, the first derivativey’(z) is strictly increasing or0, 1]. Taking into Clazz

account thay’(0+) = —oo andg’(1) = 3(1—p)+3p* > 0, there isr; € (0, 1) such
thatg'(z,) = 0, ¢'(z) < 0forz € (0,z1)andg’(z) > 0 for z € (z1,1]. Therefore,
the functiong(x) is strictly decreasing of0, z;] and strictly increasing ofi4, 1].
Sinceg(0) = p > 0 andg(1) = 0, there isxy € (0,z1) such thatg(xs) = 0,
g(x) > 0forz € [0,22) andg(z) < 0 for x € (z3,1]. We have alsgf’(z2) = 0,
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f'(z) > 0forz € (0,z7) andf’(z) < 0 for x € (a9, 1]. According to this result, the
function f(z) is strictly increasing off0, 5] and strictly decreasing dm, 1]. Since

2 2
f(O)zan—i—(Z—p)lngZln2+(2—r)ln§:0

andf(1) = 0, we getf(z) > min{f(0), f(1)} = 0.
Equality occurs for: = y = z = 1. Additionally, forp = 22=% andz < y < 2,
equality holds again when= 0 andy = z = % ]

Proposition 3.13 (B]). If zy,9,...,2, (n > 4) are non-negative numbers such
thatl'l +x2+---+x, =n, then

1 1 1
+ +o <1
n+1l—xox3---2, n+1—x304 - -21 n+1—xix9 - Tp_1
Proof. Let z; < 25 < --- < 1z, ande, ; = (1+ﬁ)"_1 By the AM-GM

inequality, we have

n—1 n—1
$2xn§<m2++xn) §<x1+$2++$n> = €p—1-
n—1 n—1

Hence
n+1l—xzx3---x,>2n+1—e,_1 >0,

and all denominators of the inequality are positive.
Caser; = 0. Itis easy to show that the inequality holds.

Caser; > 0. Suppose that;zs - - - x,, = (n+1)r = constanty > 0. The inequality

becomes
I ) Tp

+ +- 4

Tr1—7r Tg—T Ty — T

<n+1,
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or
1 1 1
Ty —1T Xyg—T Ty —T

By the AM-GM inequality, we have

S |-

<

(n+1r=x1z9- -2, < (x1—|—x2+...+xn) _ 1,

n

hencer < ——. Fromz,, <z + x4+ 1z, =n <n+1< I, wegetr, < .

n+
Therefore, we have < z; < % for all numberse;.
We will apply now Corollaryl.6 to the functionf (u) = uj,, u > r. We have
f/(’d) = ﬁ and
1 x? drx + 2
A -z " _ e
g<x> f (l’) (1 o TI)27 g (I) (1 _ 7"37)4'

Sinceg”(z) > 0, g(z) is strictly convex on(r, ). According to Corollaryl.6,
if0<ax <ay <--- < 2z, such that forz; + z5 + --- + z,, = constant and
x1T9 - - - T, = CcOnstant, then the suf(z,) + f(z2) + - - - + f(z,,) is minimal when
r < x9 = 23 = -+ = x,. Thus, to prove the original inequality, it suffices to
consider the case; = r andxy =23 =--- =, = y, where0 < z < 1 < y and

x + (n — 1)y = n. We leave ending the proof to the readgr.

Remark5. The inequality is a particular case of the following more general state-
ment:

Letn > 3,¢e,.1 = (1 + ﬁ)nil, k, = n=Yen1r gpg leta,, as, ..., a, be non-

n—eén—1

negative numbers such that+ a; + - - - + a,, = n.
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@ If £ > k,, then
1 1

k—asas---a, k—asas---ay

(b) If e,,_1 < k < k,,, then

1 1 +. 1 < n—1 + 1 X Equal Variable Method
k—asas---a, k—asas---ay k—aay---an_1 — k k—e,1 Vasile Cirtoaje
. . . . . . vol. 8, iss. 1, art. 15, 2007
Finally, we mention that many other applications of the EV-Method are given in
the book P].
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