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ABSTRACT. Over the last couple of decades, significant progress for the spectral variation of a
matrix has been made in partially extending the classical Weyl and Lidskii tHedryi[11, 7] to nor-
mal matrices and even to diagonalizable matrices for example. Recently these theories have been
established for relative perturbations. In this paper, we shall establish relative perturbation theo-
rems for generalized normal matrix. Some well-known perturbation theorems for normal matrix
are extended. As applying, some perturbation theorems for positive definite matrix (possibly
non-Hermitian) are established.
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1. INTRODUCTION

The set of all\ € C that are eigenvalues of € M, (C) is called the spectrum of and is
denoted by (A). The spectral radius of is the nonnegative real numbefA) = max{|\| :
A € g(A)}. We shall usd||||| to denote a unitarily invariant norm (see [5, 9] 13, 3,20, 21]).
| X||,, the largest singular value &f, is a frequently used unitarily invariant norm. LébY =
(wi;y:;) be the Hadamard product &f = (z;;) andY = (y;;). A matrix A € M, (C) is said to
be a generalized normal matrix with respectHdlt is called “generalized normal matrix” for
short) orH"-normal if there exists a positive definite Hermitian matkixsuch thatA*H A =
AHA*, where “*” denotes the conjugate transpose. The definition was given first by [19, 18].
A generalized normal matrix is a very important kind of matrix which contains two subclasses
of important matrices: normal matrices and positive definite matrices (possibly non-Hermitian),
where a matrix4 is called normal ifA* A = AA* and positive definite iRe(z*Az) > 0 for any
non-zeror € C" (seel[5/6]). In recent years, the geometric significance, sixty-two equivalent
conditions and many properties have been established for generalized normal matfices in [19,
17,/18]. We have

ISSN (electronic): 1443-5756

(© 2006 Victoria University. All rights reserved.

Research supported by the NSF of Guangdong Province (04300023) and NSF of Education Commission of Guangdong Province (Z03095).
060-06


http://jipam.vu.edu.au/
mailto:shilinzhan@163.com
http://www.ams.org/msc/
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Lemma 1.1(see[19]) Supposed € M, (C). Then

(1) Ais a generalized normal matrix with respect&bif and only if 7'/2AH'/? is normal.
(2) Ais a generalized normal matrix with respectibif and only if there exists a nonsin-
gular matrix P such thatd = (PP*)~! and

(1.1) A= PAP*,
whereA = diag(\i, Ag, ..., A\,). Furthermore\;, o, ..., A\, aren eigenvalues off A.

Remark 1.2. (1.1) is equivalent td/ A = P~*AP* with P~* = (P~1)*, so we say thatl
has generalized eigen-decomposition|(1.1), &nd., . .., A, are the generalized eigenvalues
of matrix A.

The spectral variation of a matrix has recently been a very active research subject in both
matrix theory and numerical linear algebra. Over the last couple of decades significant progress
has been made in partially extending the classical Weyl and Lidskii theory [11, 16] to normal
matrices and even to diagonalizable matrices for example. This note will show how certain
perturbation problems can be reformulated as simple matrix optimization problems involving
Hadamard products. WhehandA are normal, we have shown one of many perturbation theo-
rems that can be interpreted as bounding the normgsdf where() is unitary and” is a special
matrix defined by the eigenalues (seel [10]). In this paper, we shall extend the above result, and
shall show how certain perturbation problems can be reformulated as generalized normal matrix
optimization problems involving Hadamard products. Also, we study how generalized eigen-
values of a generalized normal matrixchange when it is perturbed t6 = D*AD, where
D is a nonsingular matrix. As applications, some perturbation theorems for positive definite
matrices (possibly non-Hermitian) are established.

2. MAIN RESULT

Suppose that!l and A are generalized normal matrices with respect to a common positive
definite matrixH, and have generalized eigen-decompositions

(2.1) A=PAP* and A= PAP",
where
(2.2) A = diag(A, A, ..., An)  and A = diag(Ai, Aa, ..., )

and )\, are the generalized eigenvalues/fand)\; are the generalized eigenvalueS/b(z' =
1,2,...,n).

Notice H = (PP*)~"andH = (PP*)~', so(P~'P)*(P~'P) = P*HP = I, thenQ =
P~1Pis unitary and

(2.3) P=PQ
Define
(2.4) a:<&—&Ldl

We have the following result.

Theorem 2.1. Supposed and A are H*-normal with generalized eigen-decompositi(z.l),
Then

(25) p(H) Qo 21|l < |[|[A— Al < ptH )@ 211
whereQ = P~!P is unitary andZ, is defined in E4).
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Proof. For A aanl having generalized eigen-decompositi(Z.l), noticing fhat PQ,
where@ = P~'Pis unitary, |[WY[| < [[W],[[[Y]ll and[[[Y Z|[| < [[Y]I[[|Z], (see 9, p.
961]), we have

H‘PAP*—PQ[\Q*P* <Pl, ]A—QMQ* 1P*ly

then ~ -
[l =4l < . | - eaer)
Since
[|a- @i =|||ae - @A]| = lIQo 21

and||H |, = p(H 1),
(2.6) l|A=A|| < et 11Qo 211
On the other hand, we have

P71, )PAP*—PQAQ*P* | P~ zzH‘A—Qf\Q*

= [[|Q o Zi|| -

Similarly for # = (PP*)~' and|| P~ Y|, = ||P~*||, = v/p(H), we obtain
o) |4 = 4| = i@ 2l

hence
(2.7) l|a=A4)| = ptm11Q0 Z2lI1-
The inequality[(2.5) completes the proof by inequalitjes|(2.6) 2.7). O

In particular, if H = I is the identity matrix, ther/ *-normal matrices! and A are normal
matrices, hencedl and A have eigen-decomposition

(2.8) A=UAU* and A=UAU",
whereU andU are unitary, and
A =diag(A, Aoy oo, An), A =diag(A, da, . A
By Theorenj 2.1, we have
Corollary 2.2 (see[[10]) If A and A are normal matrices, then

(2.9) A= A||[ = Qe zl.

whereQ = U*U and Z; = ()\i _ S\j>n

i,j=1
We denote the Cartesian decompositin= H(X) + K (X), whereH (X) = (X + X*),
andK(X) = 3(X — X*). Leto (H (A)) = {h1,h, ..., h,} be ordered so that, > hy, >
- > h,. Then we have some perturbation theorems for positie definite matrices which are
discussed as follows.

Corollary 2.3. If A = H(A) + K(A) and A = H(A) + K(A) are positive definite with
generalized eigen-decomposition (2.1), &he= PP is unitary, then

(2.10) hall@o Zalll < ||| - A]|| < i 1@ o 211,
whereZ; is defined in Eq.(2]4).
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Proof. SinceQ = P~' P is unitary, H(A) = H(A). Itis easy to see that
A*H(A)'A= AH(A) 1A
and ) S
A*H(A) A= AH(A) A"
So A and A are generalized normal matrices with respecHtod) L. It is easy to see that

p(H(A)™Y)™! = h,, p(H(A)) = hy. Applying Theorenj 2]1, inequality (2.].0) completes the
proof. O

Let B,C € M,(C). Then[B,C] = BC — CB is called a commutator an®,C|y =
BHC — CHB is called a commutator with respect i#b. The matricesB andC' are said to
commute with respect t& iff [B,C|y = 0. || X || is the Frobenius norm.

Corollary 2.4. Let A and A be H*-normal matrices. 14 and A commute with respect td,
then

(2.11) p(H) 110 Zilll < |[|[A= Af| < pH =) 1T o 1]
where! is the identity matrix, and/; is defined in Eq.(2]4).

Proof. [A, Ay = 0if and only if there exists a nonsingular mati such thatd = PAP* and
A = PAP*, whereQ = P~'P = [ (see[[17, Theorem 3] and Theorém|2.1). Bés taken as
the identity matrix/ in Theorem 2.1, hence Eq. (Z2]11) holds. O

Applying Corollary[2.3 and Corollafy 2.4, we have

Corollary 2.5. Let the hypotheses of Corolldry 2.3 hold. Moreover if matridesnd A com-
mute with respect té/(A)~!, then

(2.12) ha o 24l < |

A= 4[| < i lizo zall,
Wherehl = MaXi<i<n )\AH(A)), hn = minlgign )\l(H(A)) and Zl iS deﬁned in E4)

In the following, we shall study how generalized eigenvalues of a generalized normal matrix
A change when itis perturbed tb= D*AD, whereD is a nonsingular matrix. The—relative
distance between, & € C is defined as

(2.13) op (0, &) = o — &

Nl + laf”
Theorem 2.6. Supposed and A are Ht-normal matrices andl = D*AD, whereD is non-

singular. LetA and A have generalized eigen-decomposit(z.l). Then there is a permutation
7 of{1,2,...,n} such that

n

(2.14) Z [Qz(Ai,S\T(i))]Q <c(|I - DH; + ||D_* - [”;)

i=1
WhereC = maxlgign )\z(H>/ minlgign )\1(["[)

forl <p < .

Proof. Notice that

A—A=A—-D*AD=A(I - D)+ (D™ - I)A.
Pre- and postmultiply the equations By 'and P—* respectively, to get
(2.15) AP*P™ — PT'PA = AP*(I — D)P™* + P"Y(D™* — I)PA.
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SetQ = P~'P = (g;), thenQ is unitary and) = P*P~*. Let
(2.16) E=P*(I —D)P ™" = (e;;), E=P (D™ = )P = (&;).

Then [2.15) implies thatQ — QA = AE+ EA or componentwise, g;; — gi;A; = Aici; + i\,

SO
2

~ 2 ~ |2
O = Aa| =N+ @] < NP+ 3] ) lewl + 1),

which yields[oy(A\i, \))? i1 < les;)* + |&55]7 . Hence

n

> lo2(Nis AP s
ij=1
2

P*(I—D)P*

2
< ) n HP*l(D** NP
F

F

~ 2 ~ 112
<P = DI | 2|+ 1Pl o~ = 1l [P

2

Notice that

1<i<n

-1
*||12 ) —1(12 _ . 4
1P = max A() and P72 = (mm AZ(H)>
~ 12
by o(PP*) = o(P*P) = o(H). Similarly, we hav%‘PH = max;<;<, \;(H) and
) <i<

|7

9 -1
= maxlgign/\i(H_l) = (mln )\AH)) s

2 1<i<n
SO
= N 2 2 2 — % 2
S oo (% )] lawl? < e (1 = DI+ [ = 1[12).
i,j=1
Whel’ec = MaXji<i<n )\l(H>/m1H1§z§n)\l(H)
The matrix(|qij]2)nxn is a doubly stochastic matrix. The above inequality and [9, Lemma

5.1] imply inequality [(2.14). O

If A andA are normal matrices, then they are generalized normal matrices with respéct to
andH = I. Applying Theorenj 2J6, it is easy to get

Corollary 2.7. If A, A € M,(C) are normal matrices withl = UAU* and A = UAU* where
bothU andU are unitary, andA = D*AD, whereD is nonsingular, then

n

- ., 9
(2.17) > le(i A < I = DI+ [|D7" — 1[5

=1
Corollary 2.8. LetA = H(A) + K(A) and A = H(A) + K(A) be positive definite matrices
with generalized eigen-decompositiZ.l), athd= D*AD, where D is nonsingular. If
Q = P~'Pis unitary, then

n

(2.18) > [Qz (A Lmﬂg <c (III —D|p+||D7" - IH?:) )

i,=1

wherec = max 1§1§n)\z(H(A))/ min 1§1§n)\Z(H(A))
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Proof. By the proof of Corollary 2)34 and A are generalized normal matrices with respect to
H(A)™, and

max \;(H(A)™")/ min \(H(A)™") = max \(H(A))/miny<;<,\(H(A)).

1<i<n 1<i<n 1<i<n
Inequality (2.18) is proved by Theorgm P.6. O
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