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ABSTRACT. Let A(p) be the class of functiong : f(z) = 2% + ZOC a;zPT7 analytic in the

open unit discE. Let, for any integen > —p,  fnoip—1(2) = W We deflnef,(H;) 1(2)

by using convolutionx as fy,4p,—1(z) * ,(Hp) 1(z) = ﬁ A function p, analytic in £
with p(0) = 1, is in the classP;(p) if [" M‘d& < km, wherez = re? k > 2 and

0 < p < p. We use the clasB;(p) to introduce a new class of multivalent analytic functions and

define an integral operator I,,+,_1(f) = fnlp 1~f(z) for f(z) belonging to this class. We
derive some interesting properties of this generalized integral operator which include inclusion
results and radius problems.

Key words and phrasesConvolution (Hadamard product), Integral operator, Functions with positive real part, Convex func-
tions.
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1. INTRODUCTION

Let A(p) denote the class of functiorfsgiven by
z) = zp+Zajzp+j, pe N={12,...}

which are analytic in the unit disk = {z : |z| < 1}. The Hadamard product or convolution
(f x g) of two functions with

flz )—zp—i-Za]lzp“ and g(z _ZP+ZZP+J

7j=1
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is given by
(fxg)(z) =22+ Z a;1a;927".
j=1
The integral operatof,,,, 1 : A(p) — A(p) is defined as follows, sekl[2].
For any integer. greater than-p, let f,,_1(2) = ﬁ and Ietfﬁ;;)_l(z) be defined such
that
_ 2P
(1.1) o1 (2) % fip () = A= 2yt
Then
(-1 » Y
12) b6 = B ) = ||+ 1)

From (1.]) and[(1]2) and a well known identity for the Ruscheweyh derivative [1, 8], it follows
that

(1.3) 2 (Inypf(2)) = (4 ) nip-1 f(2) = nlyp f(2).
Forp = 1, the identity [(1.B) is given by Noor and Noor [3].
Let P, (p) be the class of functionsz) analytic in £ satisfying the propertigg(0) = 1 and

21
R —
(1.4) / ep(z) —p
0 p—p
wherez = re? k> 2and0 < p < p. Forp = 1, this class was introduced in [5] and for= 0,
see[6]. Forp = 0, k = 2, we have the well known clasB of functions with positive real

part and the clask = 2 gives us the clasB(p) of functions with positive real part greater than
p. Also from (1.4), we note that € P,(p) if and only if there exisp;, p» € Py (p) such that

(1.5) p(z) = (% + %) pi(2) - (% - %) p2(?).

It is known [4] that the clas#(p) is a convex set.
Definition 1.1. Let f € A(p). Thenf € Ti(«, p,n, p) if and only if

R R 0]

2P 2P
fora>0,n>—-p0<p<pk>2andz € F.

'd&glm,

2. PRELIMINARY RESULTS

Lemma 2.1.Letp(z) =1+ bz + bez? + -+ € P(p). Then

2(1—-p)

1+ 2|

Rep(z) >2p—1+

This result is well known.

Lemma 2.2([I7]). If p(2) is analytic inE with p(0) = 1 and if \; is a complex number satisfying
ReA; >0, (A1 #0),thenRe{p(z) + \i2p'(2)} >3 (0 < < p)implies

Rep(z) > B+ (1 —5)(2n — 1),
where~; is given by

1
'yl:/ (14 ¢ReM) .
0
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Lemma 2.3([9]). If p(z) is analytic inE, p(0) =1andRep(z) > %, z € E, then for any
functionF" analytic in E/, the functiorpx F' takes values in the convex hull of the imdgender
F.

3. MAIN RESULTS

Theorem 3.1.Let f € Ty(a,p,n,p1) andg € Ty(a,p,n, p2), and letF' = f x g. ThenF €
Ty (e, p,m, p3) Where

—~
‘ 3
]
|

—

B B B B B n +p 1 U I—«
(3.1) pr=1 == )=o) 1= 722 [
This results is sharp.
Proof. Sincef € Ti(«, p,n, p1), it follows that
Iy f z I, f Z
H(Z) _ (1-0[) +Pz; ( )+(I +Zp( ):| c Pk(p1)7
and so using (1]3), we have
_(ntp Z ntp_,
(3.2) L f(z) = 252, (“‘)/ £ H (b,
l -« 0
Similarly
_(ntp Z ntp_4
(3.3) Lpg(e) = b2 UEH) / £ HA (),
-« 0
whereH* € Py(p2).
Using (3.1) and[(3]2), we have
_(ntp Z ntp_
(3.4) Lo, Fz) = 22, (“’)/ £ Q) dt,
]_ — 0
where
ko1 ko1
o= (5 +5)ue - (5-3) e
_(ntp z Lﬂ;71
(3.5) _n+p, (ﬁ>/ 70 (H % 1) (8.
l—-a 0
Now
ko1 ko1
H(z) = <Z 5) hi(z) — (Z - 5) ha(z)
. [k 1\, ko1,
(3.6) H(z)" = (Z + 5) hi(z) — (Z - 5) h3(2),
whereh; € P(p,) andh} € Py(ps), i=1,2.
Since

p:(z):H—F%GP(%), i=1,2,
we obtain thath; = p;)(z) € P(p1), by using the Herglotz formula.
Thus
(hi % hi)(2) € P(ps)
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with
(3.7) ps=1—=2(1—p1)(L - p2).
Using (3.4),[(3.p),[(316)[ (3} 7) and Lemina]2.1, we have

1 ntp
Re g,(» )—’”p/ w T Ref (b B2 (uz) bu

l—«
n+p 122 2(1 — p3)
2p3 — 1+ ——7—— | d
_1—a/ (p3 +1+u|z| "

n+p L 2(1 = ps)
> 2p3 — 1+ ————= | d
1—a/0u (p3 N 1+u N

n+p
n + Lyto-t
—1— 41— p1)(1— po) [1 p/ du].
0

11—« 14+u

From this we conclude thdt € T}(c, p, n, ps3), Whereps is given by [3.1L).
We discuss the sharpness as follows:

We take
(k1IN 1+(1-2p)z E 1\ 1—(1-2p1)z

H(Z)_(4+2> 11— 12 1tz
oy (k1IN 1T+ (1 —2py)z E 1\ 1—(1-2p9)z
H(Z)_(4+2) 1— 2 12 112

Since

(1+(1—2p1)2) . <1+(1—2p2)2> :1_4(1_p1)(1_p2)+4(1—01)(1—02)’

1—2z 1—=z 1—2z

it follows from (3.5) that

%(2) = ?fﬁfo T {1 41— p) (1= p) + 2L _1’“_)82_ pz)}du

ntp 4
n+p [tu""
— 1 —4(1 — 1-— 1-— d as — 1.
( Pl)( ,02){ 1_&/0 1+u u} z

This completes the proof.

We defineJ, : A(p) — A(p) as follows:

(3.8) g =P / 1L (1)t

ZC

wherec is real and: > —p.
Theorem 3.2.Let f € Tj(a,p, n, p) and J.(f) be given by[(3]8). If

@9) R e ]
then
{—I““’Z‘f(f)} € P(y), z€E
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and
v =p(1=p)(20—1)

1 Reliia -1
(3.10) a:/ {14—75 *”’} dt.
0

Proof. From (3.8), we have

(C +p)]n+pf(z) = C]n+p<]c(f) + Z(In-&-p(]c(f)),'
Let

(3.11) Ho(z) = (Z + %) 51(2) — <§ _ %) 52(2) = Iﬂ;—‘i(f)

From (3.9), [(3.ID) and (3.11), we have
[(1 e In+pf(z) 4 Oé[n+pJ0(f)}

zP zP
and consequently

11—«
Hl
)

= [Hc(z) +
[s-(z) + Lo azs'(z)] € P(p), i=1,2
1 A +p 7 p ) D
Using Lemma 22, we have{s;(z)} > ~ wherey is given by [(3.1D). Thus
HC(Z) _ ]n+p<]c(f) c Pk(’}/)

zp
and this completes the proof. O
Let
n+p [7 .-
(3.12) () = a(5) = "2 [ e poar
0
Then

[n+p71*]n(f) = n+p(f)>
and we have the following.

Theorem 3.3.Let f € Ty.(a,p,n+ 1, p). ThenJ,(f) € Tx(c, p,n,p) forz € E.

Theorem 3.4.Let ¢ c C,, whereC), is the class op-valent convex functions, and I¢t €
Ti(a,p,m, p). Theng x f € Ty.(«, p,n, p) for z € E.

Proof. LetG = ¢ = f. Then

Ly 1G(2) | 1nyG(2) Ly 105 )(2) | Tnigl@% £)(2)

(1—a) o 0 =(1-a) p 2P
_ Qij) . {(1 —q) In+p;;f(z) + aIn—H;i(Z)}
= @*H(z), H € Pi(p)

= (% - %) {(p—p) (éif) *h1(2)> +p}
~(5-3){e-n (ene) 1o} mmer

Since¢ € C,, Re{¢(§)} > 1, ¢ E and so using Lemm@.& we conclude thate

29

Tk(aapanap)' O
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3.1. Applications.
(1) We can writeJ,( f) defined by[(3.B) as

Jc(f) :¢C*f7

whereg, is given by

c = 5 > —
¢e(2) 2oy 2" (e p)

and¢. € C,. Therefore, from Theorefn 3.4, it follows that(f) € Ty.(«, p, n, p).
(2) Let J,(f), defined by|(3.12), belong t6; («, p, n, p). Thenf € Ty(a, p,n, p) for |z| <
Ut n fact, J,(f) = U, * f, where

"n = A
> n+j—1 _
U, — P Jj+p—1
(2) z—l—Z I
j=2
n 2P 1 2P

andv¥,, € C, for
1+n

2+v3+n?
NOW I, p—1J,,(f) = ¥y, * I,,4,1 f, and using Theorein 3.4, we obtain the result.

|z| < rp =

Theorem 3.5.For0 < ay < ay, Ti(ay,p,n,p) C Tx(az,p,n,p), z€E.

Proof. Fora, = 0, the proof is immediate. Let; > 0 and letf € Ty(«q, p,n, p). Then

Lyip I,
(1—012) +p 1f<Z) + +Pf(z)
2P zP
Inip Iy Iy
4 Q2 [(ﬂ_l) p1f(2) + (1= a2 1/(2) 4y inte 1/(2)
a1 (6%} ZP 2P 4
= <1—%) Hl(z)—i_%HQ(Z), Hl,HQ Epk<p)
aq aq
SinceP;(p) is a convex set, we conclude thae T (as, p,n, p) for z € E. O
Theorem 3.6.Let f € T).(0,p,n, p). Thenf € Ty(«, p,n, p) for
1 1
2] < 7o = a# -, O0<ac<l.

27

200+ V4aZ —2a+ 1’

Proof. Let
P P
v, =(1—
(Z) ( a)l_z+a<1_z)2
= 2P + Z(l + (m — 1)a)z™ P 1,
m=2
v, € C, for

1 1
2] < 7o = a# -, O<ac<l
20 + V4da? — 2a + 1 2
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We can write
(1- Q)In+p71f(2) N afn+pf(2) _ Va(2) | Lnip-1f(2)
2P 2P o 2P '
Applying Theoreni 34, we see thate T} (a, p, n, p) for |z] < rq. O

REFERENCES

[1] R.M. GOEL AND N.S. SOHI, A new criterion fop-valent functionsProc. Amer. Math. Soc78
(1980), 353-357.

[2] J.L. LIU AND K. INAYAT NOOR, Some properties of Noor integral operatdrNatural Geometry
21(2002), 81-90.

[3] K. INAYAT NOOR AND M.A. NOOR, On integral operatorsl. Math. Anal. Appl 238 (1999),
341-352.

[4] K. INAYAT NOOR, On subclasses of close-to-convex functions of higher ofdégrnat. J. Math.
Math. Sci.,15(1992), 279-290.

[5] K.S. PADMANABHAN AND R. PARVATHAM, Properties of a class of functions with bounded
boundary rotationAnn. Polon. Math 31 (1975), 311-323.

[6] B. PINCHUK, Functions with bounded boundary rotati¢sr, J. Math, 10 (1971), 7-16.
[71 S. PONNUSAMY, Differential subordination and Bazilevic functions, Preprint.

[8] S. RUSCHEWEYH, New criteria for univalent functiorBroc. Amer. Math. Soc49 (1975), 109—
115.

[9] R. SINGHAND S. SINGH, Convolution properties of a class of starlike functi®iec. Amer. Math.
Soc, 106(1989), 145-152.

J. Inequal. Pure and Appl. Math6(2) Art. 51, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

	1. Introduction
	2. Preliminary Results
	3. Main Results
	3.1. Applications 

	References

