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Abstract

Let A(p) be the class of functions f : f(z) = 2" + }° 2, a2 2P analytic in the

open unitdisc E. Let, forany integern > —p,  fo4p- 1(*") SRR We define
f,‘,;) 1(2) by using convolution x as f,4,—1(z) * f,, o ' (2) = “7, A func-
tion p, analytic in E with p(0) = 1, is in the class Py(p) if ])' Replz)=r| 1o < kr,

p—p
where z = re’ k > 2and 0 < p < p. We use the class P;(p) to introduce
a new class of multivalent analytic functions and define an integral operator
Lnp1(f) = fH "% f(z) for f(z) belonging to this class. We derive some
interesting propert|es of this generalized integral operator which include inclu-
sion results and radius problems.

2000 Mathematics Subject Classification: Primary 30C45, 30C50.
Key words: Convolution (Hadamard product), Integral operator, Functions with posi-
tive real part, Convex functions.

Contents

1 Introduction. . ...
2 PreliminaryResults. . ........ ... oo
3 MainResUlts. . ... e

3.1 Applications . ...
References

Generalized Integral Operator
and Multivalent Functions

Khalida Inayat Noor

Title Page

« | »

|
|
|
< | > |
|
|
|
|

Go Back

Close

Quit
Page 2 of 15

J. Ineq. Pure and Appl. Math. 6(2) Art. 51, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:khalidanoor@hotmail.com
http://jipam.vu.edu.au/
http://www.ams.org/msc/

Let A(p) denote the class of functiorfsgiven by

2) :zp+2ajzp+j, pe N={1,2,...}

which are analytic in the unit disk = {z : |z| < 1}. The Hadamard product
or convolution( f x g) of two functions with
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f( ) = 2P + Z a; 1Zp+‘7 and g =P+ Z 2Pt Khalida Inayat Noor
7=1
is given by Title Page
(fxg)(z) =22+ Z 122" Contents
=t <4 >
The integral operataf,,.,—; : A(p) — A(p) is defined as follows, sec—*][ P >
For_anyintegen greater than-p, let f, ., 1(2) = m and Ietf At 1( )
be defined such that Go Back
P Close
(1.1) Fatp1(2) % fi) 1 (2) = A= -
Then Page 3 of 15
(1 2) I _ (_1) _ zp (_1) J. Ineq. Pure and Appl. Math. 6(2) Art. 51, 2005
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From (1.1) and (L.2) and a well known identity for the Ruscheweyh derivative
[1, ], it follows that

(1.3) z ([n+pf(z))l = (n +p)IN+p—1f(z) - n]n+pf(z>'

Forp = 1, the identity (L.3) is given by Noor and Noord].
Let P(p) be the class of functionsz) analytic in £ satisfying the proper-
tiesp(0) =1 and

(1.4) /0 "

wherez = re? k > 2 and0 < p < p. Forp = 1, this class was introduced in
[5] and forp = 0, see []. Forp =0, k = 2, we have the well known clag3
of functions with positive real part and the cldss- 2 gives us the clas®(p)
of functions with positive real part greater thamlso from (1.4), we note that
p € Py(p) if and only if there exispy, p, € Py(p) such that

.5 po = (5 +5)me - (55 me

It is known [4] that the class’.(p) is a convex set.
Definition 1.1. Let f € A(p). Thenf € Ti(«a, p, n, p) if and only if

In+p—lf(z) + aIn+pf(Z)

2P zP

Rep(z) — p
p—p

‘d@ < km,

-

fora>0,n>-p0<p<pk>2andzc E.

} € Br(p),
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Lemma2.1.Letp(z) =1+ bz + by2? +--- € P(p). Then

2(1—p)
Rep(z) >2p—14+ ———2.
p(z) > 2p T T2

This result is well known.

Lemma 2.2 ([/]). If p(z) is analytic in E with p(0) = 1 and if \; is a com-
plex number satisfyin®e \; > 0, (A # 0), thenRe{p(z) + \i2p/(2)} >
B (0 <3< p)implies

Rep(z) > B+ (1 —()(2m1 — 1),
where~; is given by

1
o] :/ (1+ 1) ar,
0

Lemma 2.3 (P]). If p(z) is analyticinE, p(0) =1andRep(z) >3, =€
E, then for any functiorf” analytic in £/, the functiorp x F’ takes values in the
convex hull of the imag®& underF.
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Theorem 3.1.Letf € Ty(c, p,m, p1) @andg € Ty(c, p,m, py), and letF’ = fxg.

ThenF € Ty (a, p,n, p3) Where

(3t2y

n+p L
3.1 —1—4(1—p)(1—py) |1 d
BL)  p=1-40-p)1—p) |

l—«

This results is sharp.

Proof. Sincef € Ti(«, p,n, p1), it follows that
In+p—1f<z) i a]n+pf(z)

zP zP

H(z) = |(1- ) ] e Pulp).

and so usingX(.3), we have

(3.2) Lo f(z) = 2 () /Ztm_lH(t)dt.
0

Similarly

_ Z ntp_4
(3.3) Topg(z) = 222, (#2) / £ ()t
0

whereH* € Py(pa).
Using 3.1) and @.2), we have

n+p -(%%) / o
0

(3.4) Lo F(2) Q(t)dt,

= z t
l—«
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where

_(ntp z L*’P,l
(3.5) :7“+pz(f&)/’tla (H « H*)(t)dt.
0

Now

(3.6) H(z)* = (— +
whereh; € P(p;) andh? € Pi(p2), i=1,2.
Since B (2) . )
* i\%) — P2 .
()= =4 _cp|-= =1,2
p’L (2) 2(1 _ p2) + 2 E (2) ? 1 ) )

we obtain thath; x p;)(z) € P(p1), by using the Herglotz formula.
Thus
(hi* hi)(2) € P(ps)

with

(3.7) ps=1=2(1—=p1)(1 = p2).
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Using 3.4), (3.9, (3.6), (3.7) and Lemm&.1, we have

Reqi(z) =

From this we conclude thdt € Ty (a, p, n, p3), whereps is given by @.1).

>

>

1
n+p HE-

Re{(h; x h})(uz)}du
1—a )/,
n—i—p/lu{”}jl 2p _p3
1—a S 1+u|z[
n+p [1opEEa 2(1 — ps)

2p3 — 1
1—a/0u (p3 L 14w

n+p =

I —4(1—=p1)(1 = po2)

1—

We discuss the sharpness as follows:

We take

Since

E_}_l 1+ (1—=2p1)z
4 2 1—2z

E+1 1+ (1—2p9)z
4 2 1—=z

(1 +(1—2p1)2

1—2

=1

(42

—4(1 = p1)(L = p2) +

(

3

1l -«

ko1
4 2
ko1
12

1
d
/01+uu

Y

1—(1—2p1)z
) 1+2

1—(1—2py)z
) 1+z2 '

4(1 = p1)(1 = p2)
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it follows from (3.5) that

— n+p/ - 1{ 4(1_pl)(l_p2)+4(1_pl)(1_p2>

l—«

This completes the proof.

We defineJ, : A(p) — A(p) as follows:

(3.8) J(f) =P / £ () dt

ZC

wherec is real and: > —p.
Theorem 3.2.Let f € Ty.(a, p,n, p) and J.(f) be given by §.9). If

(3.9) [“ B a>In+};IJj(2) n afn+pzic(f)} € Pulp),
then
{]"“;—ic(f)} € P.(y), z€FE
and
v =p(l =p)(20 —1)
(3.10) o= 01 {1 +tRei*a”]1 dt.
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Proof. From (3.8), we have
(C +p>In+pf(z) - CIn+ch(f) + Z(In+p<]c<f))/’

Let
(311)  H.(:) = (g + %) 6(2) (g - %) 52(2) = I"ﬂ;—‘i(f)
From (.9), (3.10 and @.11), we have
[(1 _a)In+j(Z) +&In+pzic<f)] _ { () + ;O‘ZH;@)
and consequently
[si(z) + ;izs;@) cP(p), i=1,2

Using Lemma2.2, we haveRe{s;(z)} > v wherey is given by 8.10. Thus

Ly de
m) = ) e )
z
and this completes the proof.
Let
n+p [* .-
(3.12) D) =0 ) = "8 [ e
0
Then

Lnip1Jn(f) = Insp(f),
and we have the following.
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Theorem 3.3.Letf € Ty.(a, p,n+1, p). ThenJ,(f) € Ty.(a, p,n, p) forz € E.

Theorem 3.4.Let¢ € C,, where(, is the class op-valent convex functions,

and letf € Ty.(«,p,n,p). Theng x f € Ty(a, p,n, p) for z € E.
Proof. LetG = ¢ = f. Then
(1 oyl GE) | IrnG)

zP zP

_ (1 - )03 ) | B0+ 1))

O {(1 _ ajpfmp—;f(z) +&In+p£(2)]

2P

_ o) xH(z), H € Py(p)

2P

= (Z + %) {(p—p) (gbij) *h1(2)> +p}
- (% - %) {(p— p) (qij) *hz(Z)) +p}, hi,hy € P.

Since¢ € C,, Re {ﬂﬁ)} > %, z € ¥ and so using Lemma.3, we conclude

z

thatG < Tk(@apa n, p) -

(1) We can write/.(f) defined by 8.8) as
Jc(f) = ¢c * f7
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whereg,. is given by

p+c .,
Z" 0 (e> —
m+c ( P)

hE

Pe(z) =

3
I

P

and ¢. € C,. Therefore, from Theoren3.4, it follows that J.(f) €
Tk(a>p7nap)'

(2) LetJ,(f), defined by 8.12), belong tol(«, p, n, p). Thenf € Ty(a, p,n, p)

for |z| <1, = 2+(1J;% In fact, J,,(f) = ¥, x f, where

n+j— 1
— p_|_ JJFP
— Z n—l—l

_n 2P n 1 zP
S n+l 11—z n+l (1-2)2

andVv,, € C, for
1+n

243+ n?

U, x I,+,—1f, and using Theorer.4, we obtain the

|z <rp =

Now In-l—p—ljn(f) -
result.

Theorem 3.5.For0 < ap < ay, Ti(ag,p,n,p) C Ti(az,p,n,p), z€E.

Proof. Fora, = 0, the proof isimmediate. Let, > 0 andletf € Ty.(a1,p,n, p).
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Then

(1 . 042) ]n-i-p;ll)f(z) 1 In-l—;l;}f(z)
n Q2 [(ﬂ B 1) In—l—p—lf(z) (- al)In+p—1f(z) Yoy In+p—1f(z)
aq (%) 2P P 2P

aq

(6] (6
= (1——2> Hl(Z)—f—a—QHQ(Z), Hy, H, Epk(p)
1
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SinceP(p) is a convex set, we conclude that Ty (az, p,n,p)forz € E. O and Multivalent Functions
Theorem 3.6.Let f € T;(0,p,n, p). Thenf € Tj(c, p,n, p) for Khalida Inayat Noor
1 1 ,
2| < 7o = , a# =, O<a<l. Title Page
20+ V4a? —2a+1 2
Contents
Proof. Let
<44 44
zP ZP
U, = (1 — < 4
(2) = ( a)l—z+Q(1_Z>2
00 Go Back
=2+ Z(l + (m = 1)a)z" 7" Close
m=2
Quit
v, € C,for
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1
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We can write

Lig (2) | Tl (O] Wale) | uep 1 f(2)

(1-a) +a =

zP P 2P 2P

Applying TheorenB.4, we see thaf € Ty.(«, p,n, p) for |z| < r,.
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