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The paper contains inequalities related to generalizations of Schwarz’s inequality.

Inequalities Involving
the Inner Product

Dorian Popa and loan Rasa
vol. 8, iss. 3, art. 86, 2007

Title Page
Contents
44 44
< >
Page 1 of 8
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au
mailto:Popa.Dorian@math.utcluj.ro
mailto:Ioan.Rasa@math.utcluj.ro
mailto:sever.dragomir@vu.edu.au

Contents
1 Introduction 3

2 The Results 4

Title Page

Contents

Page 2 of 8
Go Back
Full Screen

Close



http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

1. Introduction

Let (H,(-,-)) be a Hilbert space over the field = R or K = C. Then for all
x,a,b € H the following inequality holds:

(1.1) (o), by — 3 {a,llal?| < 3l o] ol

In particular, fora = b (1.1) reduces to Schwarz’s inequality.

For historical remarks, proofs, extensions, generalizations and applications of
(1.1), see 1] - [5] and the references given therein.

In this paper we consider a suitable quadratic form and derive inequalities related
to (1.1). More precisely, we obtain estimates involving the real and the imaginary
part of the expression whose absolute value is contained in the left hand)of (
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2. The Results

Letvy,...,v, (n > 2) be linearly independent vectors i, andv := vy + - - - + v,,.
Consider the matrix

(vi,v —v1) (vg,v—v1) -0 (Up,v— 1)
A L <U17 v U2> <U27 v U2> o <Um v U2> Inequalities Involving
T . . the Inner Product
Dorian Popa and loan Rasa
(U1, = vn) (V2,0 = V) o0 (Un,V = Vp) vol. 8, iss. 3, art. 86, 2007
Theorem 2.1.
() The matrixA has real eigenvalues; < --- < \,; moreover,A\; < 0 and Title Page
A > 0.
Contents
(i) The following inequalities hold:
44 44
(2.1) M|z])? < Z vi, ) (T, v5) < N |z||?, z € H. < >
Zf;éjl Page 4 of 8
Proof. Let H,, denote the linear subspace &fgenerated by, ...,v,. Consider Go Back
the linear operator’ : H,, — H,, defined by
Full Screen
n
Tx = (z,v)v — Z(w,vi>vi, x € H,. Close
i=1
hen f I h journal of inequalities
Then for allz,y € H,, we have in pure and applied
n mathematics
<T5€ y> Z z, U’L Uu issn: 1443-575k
i=1
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= (y, o), 0) =Y _ {y vi)(z,v0)

=1
= <$’, <y,’U>'U - Z<ya Ui>vi> = (a:,Ty)
=1
We conclude thal is self-adjoint, hence it has real eigenvalues< - -- < )\, and: Inequalities Involving
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(2.2) Mlz)|? < (Tz,z) < M\||z)|?, z € H,. vol. 8, iss. 3, art. 86, 2007
On the other hand,

n Title Page
Tvj = (vj,v)v — Z;(vj, V)V; Contents
(2
n 44 44
= Z vj,v) — (vj,v;))V; = Z(vj,v — V)Y
i=1 < >
forallj=1,2,...,n. Page 5 of 8

This means thatl is the matrix ofT" with respect to the basig;, vs, ..., v, } of

) Go Back
H,,and so\; < --- < )\, are the eigenvalues of the matrix °=ac
Now remark that Full Screen
i o]
(T, z) = (z,0)(v,2) = 3 {2, v) (v, )
i=1 journal of inequalities
n n in pure and applied
= Z Vi, T Z T, V) — Z<%$><$,Ui> mathematics
=1 =1
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Combined with 2.2), this gives

(2.3) Alz)? < Z v, o)z, v;) < Mollzl?, x € H,.
=1
Letz € H,,z #0, (z,v;) =0,i=1,2,...,n— 1.
From (2.3) we infer that
(2.4) A <0<\,

Lety € H. Theny =x+z,x € H, z € H,,JL' a.ﬂd“yH2 — ||l’||2 + ||Z||2, so that
ly[|? > ||=||*. Moreover,

(vi,y) = (v, x + 2) = (v, x), i=1,...,n.
Using (2.3) and ¢.4), we get

Mllyl® < Allel® < D7 (i )y, v5) < Aall=l* < Aallyll?
1;:17&:]‘1
and this concludes the proof. O

Corollary 2.2. Leta,b,z € H. Then

@9 [Re ((a.a) (o) ~ gllolta.0) )| < gllelVTaTFTOIF — (e, 17
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Proof. If a andb are linearly dependent? (5) can be verified directly. Otherwise it
is a consequence of Theoreim.
Indeed forn = 2, v; = a, v, = b, the eigenvalues of the matrik are

A2 = Rea, b) £ /la]2[]b]|2 — (Im(a, b))?

and
(Tr,z) = 2Re(x,a)(b,x), =€ H.

Remarkl.
() WhenK =R, (2.5 coincides with {..1).
(i) Let K = C. Applying Corollary2?.2to the vectorsa, b, x we get

(2.6) ‘Im ((a,x>(w,b> - %mu?m,w)’
v/ llalP[[Bl]? — (Re(a, b))2.

<

N | —
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