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ABSTRACT. In this paper we refine an old inequality of G. N. Watson related to the formula
e’ = limy_. o (1 + %)n
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The exponential function can be defined by the formula

¢* = lim (1 + f)”,
n—oo n

the convergence being uniform on compact subseiR. dfhe "speed" of convergence is dis-

cussed in many places, including the classical book of D. S. Mitraf&]j where the following

formulae are presented:

n 2
O§e$—<1+z> gxe for |z| < nandn € N*
n n
n 21 —T

oge—x—(1—5> AT 0<a<n neEN n>2

n 2n

x\" _ x?
oge*w—(1——> <X for0 <z <n, neN*,

n 2n

HereN* stands for the set of positive naturals.
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2 CONSTANTIN P. NICULESCU AND ANDREI VERNESCU

See [3], [4], 8], [9], [10] for history, applications and related results. As noticed by G.N.
Watson in[[9], the first inequality yields a quick proof of the equivalence of two basic definitions
of the Gamma function. In fact, far > 0 it yields

lim ' st (1 — £>n ds = /OO st e 5ds,
n—oe Jo n 0
while a small computation shows that the integral on the left is equal to
n!n®
zlx+1)---(x+n)

The aim of the present note is to prove stronger estimates.

Theorem 1.

i) If 2 >0,¢>0andt > 152, then
2

r-e”
2t + = + max{x, 2%}
i) If z >0,t>0andt > 1, then

<e” (1 x>t < e
e’ —(1-= :
t 2t — 2z + min {z, 22}

x)t x2e”

<ef—(1+—-) < )
€ (+t %+

x2e ®

2t —x + 22

Forxz = 1 andt = n € N* the inequalities) yield,

e 1\" e
2 ¢ <1+E) RETESL
which constitutes Problem 170 in G. Pdélya and G. Szego [6].
Forz = 1 andt = n € N* the inequalitieg:) read as

1 <1 1 1 n< 1
2ne e n (2n —1)e

and this fact improves the result of Problem B3 given at the 8Bmual William Lowell Putnam
Mathematical CompetitiorSee([5]. Needless to say, the solutions presented in [1] and [11] both
missed the question of whether the original pair of inequalities are optimal or not.

The result of Theoreiin 1 above can be easily extended for positive elements ialgebra
(particularly inM,,(R)). This is important since the solutiane C* (0, oo), R") of the differ-
ential system

du

— 4+ Au=0 fortel0
) dt+ u ort € [0,00)

U(O):UO

for A € M, (R), has an exponential representation,

u(t) = e g

t n
= lim (I— —A) Ug.
n—oo n

Sincee 4 = (etA)_l , We can rewriteu(t) as

1"
n

This led K. Yosidal[¥] to his semigroup approach of evolution equations:

3] u(t) = lim

n—oo

Uug-.
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Theorem 2. Let £ be a Banach space and ldt: D(A) C E — E be a densely defined linear
operator such that for every > 0, the operator/ + \A is a bijection betwee®(A) and F
with [|(1 +X4) 7| < L.

Then for everyy, € D(A) the formula[(2) provides the unique solutiore C* ([0, c0), E) N
C ([0,00), D(A)) of the Cauchy problem |(1).

It is unclear up to what extent an analogue of Thedrem 1 is valid in the context of unbounded
generatorsd.

Proof of Theorer]1We shall detail here only the cage The caséi) can be treated in a similar
way.
We shall need the Harmonic, Logarithmic and Arithmetic Mean Inequality,

2uv v—u u—+v
, foreveryu,v >0, u <w,
v+u Inv—Inu 2
from which we get the following two-sided estimate
2z (2t +x)z
3 < In(t —Int < ————, foreveryt,x > 0.
The left-hand side inequality i) is equivalent to
2t + z + max{z, z°} T\t
4 t) := ’ (1 —) < e’
@) u(t) 2t + x + max{x, 22} — 22 N t ¢
fort > max{(), 1_731:} .
If the parameter: belongs to(0, 1], then
2t + 2 t
ut) = 5——— (1+3),
2t + 2x — x? t
so that
x 2t + 2z 222 T\t
') = | (In(t +2) —Int — - (1 —)
w(t) {(n(#—x) " t—l—x) 2t + 22 — 22 (2t—|—2x—x2)2} +t

- 2z x 2t + 2x 222 (1 n x)t
2+ t4+az)2t+2x—2% (2t + 20 —2?)? t
223(1 — x) T\!
= 1+2) 20
(2t + 2z — 22)2(2t + x) < i t/) —

by the left-hand side inequality in|(3). Therefore the functi¢f) is increasing. Adim; ... u(t) =
e”, this proves|(#) for: € (0,1].
Forz > 1, the inequality[(#) reads

u(?)

2+a+a’ <1+x>t< *  foreveryt >0
=— - e .
2+ t y

In this case,

Ul(t):Kln(twLx)—lnt— ! )2”“932_ 207 }(Hz)t

t+z 2t +x (2t + z)?

and the left part of (3) yields
2x r \ 2t +ax+ 2? 222 T\t
/ _ _ 1 -
u(t)>[(2t+x t—l—x) 2+ (2t—|—:1:)2}< +t>

- (zti(::);(zfli ) <1 * %)t =0
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sincet > 0 andz > 1. Thenu(t) is increasing and thus
u(t) < tlim u(t) = e*

for everyt > 0 and everyr > 1. Hence|[(#), and this shows that the left-hand side inequality in
i) holds for every: > 0.
The right-hand side inequality in Theorem)lis equivalent to

2t +x AN
. ) N
¢ 2t—i—x—x2< +t v(?)

for everyx > 0 and everyt > max {O, 1‘7‘”} . Again, we shall use a monotonicity argument.
According to the right-hand side inequality |r] (3) we have

, x 2+ 2 T\!
U Kln(Hx) ~hnt- t+:c) %+ —a2 (2t+x—x2)2} (H?)
[((Zt—l—x)x_ x ) A+x 222 } <1+E)t

2t +x) t+ax)2t+z—2a® (2t4+x—2?)? t
_ et (=2t + (1 —x)) <0
2t(t + ) (2t + & — 22)?
from which we infer that/(¢) is decreasing. Consequently,

A

v(t) > tlim v(t) =e”
for everyz > 0 and everyt > max {0,452} . Thus also the right-hand side inequalityin
holds and the proof is complete. O
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