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Abstract

In this paper, we introduce a new class of functions which are analytic and
univalent with negative coefficients defined by using a certain fractional cal-
culus and fractional calculus integral operators. Characterization property,the
results on modified Hadamard product and integrals transforms are discussed.
Further, distortion theorem and radii of starlikeness and convexity are also de-
termined here.
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Fractional calculus operators have recently found interesting applications in the
theory of analytic functions. The classical definition of fractional calculus and
its other generalizations have fruitfully been applied in obtaining, the character-
ization properties, coefficient estimates and distortion inequalities for various
subclasses of analytic functions.

Denote byA the class of functions of the form

(1.1) f(z)=z+ i an2"

which are analytic and univalent in the open dise= {2z : z € C and|z| < 1}.
Also denote byl" [11] the subclass off consisting of functions of the form

(1.2) flz)=2z— Zanz", (a, > 0).

n=2

A function f € A is said to be in the class of uniformly convex functions of
ordera, denoted byUC'V («) [9] if

2f"(z) 2f"(2)

- e o 2ol

and is said to be in a corresponding subclasS @1 («) denote byS,(«) if
') } 2f'(2)

4 re{ 5t~} 2o -]
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where—1 < a <landz € E.

The class of uniformly convex and uniformly starlike functions has been
extensively studied by Goodman, /] and Ma and Minda].

If f of the form (L.1) andg(z) = z + > -, b,2" are two functions inA,
then the Hadamard product (or convolution)foindg is denoted byf x g and
is given by

o0
15 xqg)(z) =z anb, 2",
( ) (f g>( ) * Z e A Subclass of Uniformly Convex
n=2 Functions Associated with
] ] ] Certain Fractional Calculus
Let ¢(a, c; z) be the incomplete beta function defined by Operators

G. Murugusundaramoorthy,

(16) gb a.c z - f: a n’ . 7& 07 _17 _27 L Thomas Rosy and Maslina Darus
n=2 n
) ) . Title Page
where(),, is the Pochhammer symbol defined in terms of the Gamma func-
tions, by Contents
. ) n=0 <4< >
+ =
I'(A) AA+1)(A+2)---(A+n—1), neN}
Go Back
Further suppose ——
L(a,c)f(z) = ¢(a,c;2) = f(2), for feA Quit
Page 4 of 21

whereL(a, c) is called Carlson - Shaffer operatci [
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For real numbep (—oco < < 1) andy (—oco < v < 1) and a positive real
numbern, we define the operator

u 7 oA — A
by
= (2 a1(2),
(1.7) uﬁn_z_l_z o ’Y+727 1(2)n-1 a,2",
7 n 1 TR 77)" 1 A Subclass of Uniformly Convex
Functions Associated with
which for f(z) # 0 may be written as e e s -
PE—r2—pty) fLy G.M d thy,
LA L (2—y+n) J f( ) 0< f< 1 Thomasu};(ﬁl;s:r?d zl?/rlzgl]icr)lc;ngrus
(1.8) UO’Z f(Z) B - ’Y)F(2 L) lwn
Title Page
whereJg""" andl; ["7"" are fractional differential and fractional integral opera- —
tors [L7] respectively.
It is interesting to observe that <44 44
UFf(2) = T2 = p)="Df(), —oo<p<] e
(1.9 =Qf(2) Go Back
. _ . . . Close
and D* is due to Owa []. U* is called a fractional integral operator of order _
u, if —oo < p < 0 and is called fractional differential operator of ordeif Quit
0<npu<l Page 5 of 21
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Further note that

Us"f(z) = f(z) if p=v=0
Up.""f(2) = 2f'(z) it p=v=1

For—1 < a < 1,afunctionf € Ais said to be in5* _ («), if and only if

yYsm
AU ()Y ST F(2))
1.10 —_— 0 > |- 77 1 A.
(1.10) Re{ e (2) O‘} S TS T L

where—oco < < 1, —oco <y < 1,andn € R,.
Now let us writeT'R(y,v,n, ) = S5, ., (a) N'T.
It follows from the statement, that for = v = 0, we have

Spn(@) = Sp(e)

wsysm

and foru = v — 1, we have

S (a) = UCV(a).

Hsysm

The classes$),(«) andUCV («) are introduced and studied by various authors
including [2], [9] and [1].
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We now investigate the characterization property for the functitmbelong to

the classS’; _ , («), by obtaining the coefficient bounds.

Definition 2.1. A functionf isin T R(u,~,n, «) if f satisfies the analytic char-
acterization

(2.2) Re{w —a} >

AU
UsTI )

Up2"f(z) |

where0 < a<1,—oco<pu<1,—o00<~vy< 1 andn € R.

Theorem 2.1 (Coefficient Bounds) A functionf defined by 1.2) is in the class
TR(u,v,n,«) if and only if

o0

(2 =7+ M)n-1(2)a1 on—1—a
2.2 . -,
( ) ; (2_7)7171(2_“_'_77)7171 1—a |an| <

where0 < a <1, —co<pu<1, —oo<vy<1,andn € R.

Proof. It suffices to show that

TP (LN

Us " f(2) Us " f(2)
and we have
2(Up " f(2)) 2(Up " f(2))
— 2 . 1| <Re{ —p2 2 ] 1—
e ‘— { e }” 2
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That is

AU (=) AU (2)Y AU (=)

e 1 (2) —1W*“{ TET1(2) ‘1}§2 Ui )
X — Do)
ST, wlan

where @ (@)
-7 M)n—1 n—1
v 2= V12— p+n)n
The above expression is bounded [dy— «) and hence the assertion of the
result.
Now we need to show thagt € T R(u,~,n, «) satisfies the coefficient in-
equality. If f € TR(u,v,n, a) andz is real then 2.1) yields

L=y, mpma, 1= (- Din)a

-y dmanet T T 1 d(n)age

Letting = — 1 along the real axis leads to the desired inequality

[e.9]

Z(?n —1—-a)Y(n)a, <1—a.

n=2

]

Corollary 2.2. Letafunctionf defined by1.2) belong to the clas§ R(u, v, n, «).
Then
(2_7)71—1(2_#"'77)71—1 . 1—-a n>92

a, < : >
(2 =7+ 1M)n-1(2)n-1 2n—1—«
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Next we consider the growth and distortion theorem for the dd8g., v, 7, «).
We shall omit the proof as the techniques are similar to various other papers.

Theorem 2.3. Let the functiory defined by 1.2) be in the clas§ R(u, v, n, «).
Then

2272 —p+nd -0
< |UsZ"f(2)]

_ — _ A Subcl f Uniformly C
< o] 4 PRVt 01 ~0) B e
- 2(2 -7+ T}) (3 — a) Certain Fractional Calculus
Operators
and
G. Murugusundaramoorthy,
2 — 2 — 1— Thomas Rosy and Maslina Darus
(2.4) 1—&“ 72— p+n)(l —a)
2=7+nB—a)
< [(Ug""f(2))] Title Page
<1+|z|(2_7)<2_ﬂ+77)(1—04) Contents
- 2—7v+n)B3—«a '
2=y +mBE-a) «l »
The bounds4.3) and @.4) are attained for functions given by < >

2-7C-p+nd—-a)?
(2.5) f(z)=2z— STE R — . Go Back

Close
Theorem 2.4. Let a functionf be defined byl(.2) and
Quit
(2.6) g(z) =z — Z b, 2" Page 9 of 21
n=2
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be in the clasg"R(u, v,n, «). Then the functiork defined by

_Z_ZQn

whereg, = (1 — N)a,, + \b,, 0 < X < lisalsointhe clas§'R(u,~y,n, ).

(2.7) h(z) = (1 =N f(2) + Ag(z

Proof. The result follows easily by usin@(2) and @.7). ]

We prove the following theorem by defining functiofj$z) (j = 1,2,...,m)
of the form

anj >0, z€U.

(2.8) fi(z) =2z— Z A ;2"

Theorem 2.5 (Closure theorem).Let the functionsf;(z) (j = 1,2...,m)

defined byZ%.8) be in the classe8 R(u, v, n, a;) (7 = 1,2,...,m) respectively.

Then the functioih(z) defined by

_Z__Z<Z)awz

is in the classI"'R(u, v, n, «) where

(2.9) a= 11<I}1<Ilm{04]} with 0 <a; <1
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Proof. Since f; € TR(p,v,1n,¢;5) (7 = 2,...,m) by applying Theoren?.1,
we observe that

iw(n)@n—ua)(%iaw):% (Zw 2n—1—a)an>

m
n=2 i=1 =2
1 m
< o Z (1-— ozj <1-—aq,
. . . L. i A Subclass of Uniformly Convex
which in view of Theoren®.1, again implies that € T'R(u,~,n,«) and the Functions Associated with
pI‘OOf is Complete. [] Certain Fractional Calculus

Operators
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We let

(Frg)(2) =2 anb,2"
n=2
be the modified Hadamard product of functiohsnd g defined by {.2) and
(2.6) respectively. The following results are proved using the techniques of
Schild and Silverman![].

Theorem 3.1. For functions f;(z) (j = 1,2) defined by 2.9), let fi(z) € ASLBERES B ST o
TR(/L, v, 1, a) andfg(z) S TR(,u, Y, 1, ﬁ) Thenf, x fy € TR(/L, v,1n, 5) where Certain Fractional Calculus
Operators
_ — G. M d thy,
(3.1) £ = g(ﬂ: ¥, 1, ﬂ) =1- 2<1 Oé)(l ﬁ) 7 Thomasulgzgl;s;r?d zl?/rlzgl]icr)lc;ngrus
B-a)B-0)Y(2) -1 -a)l-F)
wherey)(2) = % The result is the best possible for Title Page
1—a« Contents
fl(Z) =z — —22,
(3 . ‘Wg(?) «“« NS
fal2) = 2 — 2P, < >
SRR F Yo TTe)
_ @@ Go Back
wherey)(2) = R TCEEE Close
Proof. In the view of Theoren?.1, it suffices to prove that —
uit
3 %;—?gw(n)aman,g <1, Page 12 of 21
n=2

J. Ineq. Pure and Appl. Math. 6(3) Art. 86, 2005

[T 1 rE R P


http://jipam.vu.edu.au/
mailto:
mailto:gmsmoorthy@yahoo.com
mailto:
mailto:
mailto:maslina@pkrisc.cc.ukm.my
http://jipam.vu.edu.au/

where¢ is defined by 8.1) under the hypothesis, it follows fron2.(l) and the
Cauchy-Schwarz inequality that

> 2n—1— a]l/Q[Qn R 6]1/2
&2 Z VI—a)(1-5)

Thus we need to find largestsuch that

w(n)\/ Up,10n,2 S 1.

> %w(n)anwn,g
n=2

[e o]

[2n — 1 —a]'?[2n — 1 — 3]}/2
nz V(I —a)(1-0)

’QD(’H,)V An,10n,2 S 1

or, equivalently that

[2n — 1 —a]'/?[2n — 1 — B]'/2 1-¢

Vap10p2 < \/(1—04)(1—5) .2n—1—§ for n > 2.
By virtue of (3.2) it is sufficient to find the largest such that
V(1 —a)(1-p)
2n —1—a]'/2[2n — 1 — B]'/2(n)
2n —1—a]?2n—1-pF]"* 1-¢ or 9
S VI-au-p) n—1-¢ -
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which yields

2(n =11 = )(1 = )
2n—1-a)2n—1=B)Y(n) - (1—-a)(1-p)

§<1-

where
2=+ a1 (e
(3.3) (n) = 2=Vt (2= fi+ 0)ns

Sincey(n) is a decreasing function af (n > 2), we have

for n>2.

2(1-a)(1-5)
_ —1-
St D) = G — AR - (- =)
where(2) = M . Thus completes the proof. O

2-v)2—pt+n)"

Theorem 3.2. Let the functiong/;(z) (j = 1, 2) defined by Z.8) be in the class
TR(p,v,n, ). Then(f1 * f2)(2) € TR(u, v, n,6), where

51 2(1 — «)?
o B-a®@) - (1-a)?
_ (2 +n)(2)
with ¢ (2) = )7(2”M+n).
Proof. By taklngﬁ = « in the above theorem, the results follows. O

Theorem 3.3. Let the functiory defined by1.2) be in the clas§"R(u, v, n, «).
Also let

2)=1z— anzn for |b,| < 1.

Then(f * g)(z) € TR(n, 7,1, @).
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Proof. Since

D wm)2n = 1= a)lapd,| = 1(n)(2n — 1 — a)ay|b,|

< Z@/J(n)@n —1-a)a,

<1—a (byTheorent.l),
wherey(n) is defined by 8.3). Hence itfollows thatf+g)(z) € TR(u,v,n, «)
O
Corollary 3.4. Let the functiory defined by1.2) be in the clas§'R(u, v, n, )
Alsoletg(z) = z—> >, b,z"for0 < b, < 1.Then(fxg)(z) € TR(i,7,1n, ).

For functions in the clasg§'R(u, v, n, «) we can prove the following inclu-
sion property also.

Theorem 3.5. Let the functiong;(z) (j = 1,2) defined byZ%.5) be in the class
TR(u,v,n,«). Then the functior defined by

[e.o]

h(z) =z — Z(a’i,l + afw)z"

n=2

is in the classl'R(u, v,n, A) where

B 4(1 — a)? :
S o a0 M

2=7)C2—p+n)
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Proof. In view of Theoren®.1, it is sufficient to prove that
2 — 1 - A
(3.4) Z W) T2 (a2, +a2,) < 1

wheref;(z) € TR(M,V,U, a) (7 =1,2). We find from .8) and Theoren?.1,
that

(3.5) i¢()w22 <w¢()w A2<1
) 2 e , =2 Ny | <1
which would yield
(3.6) il w(n)w2(2 +a2,) <1
. n:22 "o Upq +a,0) < 1.

On comparing .5 and @3.6) it can be seen that inequality.@) will be satisfied
if

2n—1—A 1 on—1-—al?
M")T(@iJ +ag,) < 3 {?ﬂ(”)ﬁ} (ap 1 +ap,).
That is, if
N2
(3.7) A< 41 —a)

= @2n—-1-a)%(n) —2(1 —a)?’
wherei(n) is given by 8.3). Hence we conclude fron3(7)
4(1 — a)?
A= A(/%%U:“) =1- ﬁlb(?) - 2(1 - Oé>2,

wherey(2) = 2522 which completes the proof. O
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For f € TR(u,~,n, «) we define the integral transform

VA(F)(2) = / A ) g,

where )\ is a real valued, non-negative weight function normalized so that
fol A(t)dt = 1. Since special cases aft) are particularly interesting such as
A(t) = (1 + ¢)t¢, ¢ > —1, for which V, is known as the Bernardi operator, and

5 6—1
A(t) = (c)\—'(—;)) t¢ (log %) , ¢>—=1,0>0

which gives the Komatu operator. For more details $¢e [
First we show that the clagsR(u, v, n, «) is closed undeV, (f).

Theorem 4.1.Let f € TR(p,~,n,«). ThenVy\(f) € TR(u,~,n, ).

Proof. By definition, we have

Vi(f) = (C;Eél)) / (=1)°"°(log )~ (Z—Zan nn= 1) dt

0

o (_1)671(C+ 1)5 . c -1 - nyn—1
=TT 0 A [/ (logt) (Z - ganz : )dt] |

and a simple calculation gives
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We need to prove that

o0

2n—1—a 2—=7+1)n-1(2)n c+1\°
(4.1) Z I—a 2=Y)n1(2—p+n)n <c+n) an < 1.

n=2

On the other hand by Theoreml, f € T R(u,,n, «) if and only if

o0

2n—1-a (2=74+n)n-1(2)n
2 l—a  (2=Y)n1(2—p+n)n

< 1.

n=2
Hence;i}l < 1. Therefore 4.1) holds and the proof is complete. O

Next we provide a starlike condition for functions MR(u,~,n,a) and

Va(f)

Theorem 4.2.Let f € TR(u,~,n,«). ThenV,(f) is starlike of order) < ~ <
lin |z| < Ry where

R1 = inf

n

() e

Proof. It is sufficient to prove

(4.2)
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For the left hand side ofi(2) we have

2(Va(f)(=)) Zn 2 )(:rL_l)fsanzn—l
e MET

ZZ‘LQ(H — D(E2) anlz"!

T =L el

This last expression is less théh— ) since

Pt < (c+ 1)5 (1—79)[2n—1—aq]

ctn)  (n--a)

Therefore the proof is complete. O

¢(n).

Using the fact thaff is convex if and only ifz /' is starlike, we obtain the
following:

Theorem4.3.Let f € TR(u,y,n,«). ThenV,(f)is convex of orded < v < 1
in|z| < R, where

R2 = inf

n

(c+n)6(1—7)[2n—1—a] *

c+1 n(n—v)(1 - a)

We omit the proof as it is easily derived.
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