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ABSTRACT. In this paper we establish several Hadamard type inequalities for differentiablem-
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1. I NTRODUCTION

The following definitions are well known in literature.
Let [0, b] , whereb is greater than0, be an interval of the real lineR, and letK (b) denote the

class of all functionsf : [0, b] → R which are continuous and nonnegative on[0, b] and such
thatf (0) = 0.

We say that the functionf is convexon [0, b] if

f (tx + (1− t) y) ≤ tf (x) + (1− t) f (y)
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holds for allx, y ∈ [0, b] andt ∈ [0, 1] . Let KC (b) denote the class of all functionsf ∈ K (b)
convex on[0, b] , and letKF (b) be the class of all functionsf ∈ K (b) convex in meanon [0, b] ,
that is, the class of all functionsf ∈ K (b) for whichF ∈ KC (b) , where the mean functionF
of the functionf ∈ K (b) is defined by

F (x) =

{ 1
x

∫ x

0
f (t) dt, x ∈ (0, b] ;

0, x = 0.

Let KS (b) denote the class of all functionsf ∈ K (b) which arestarshapedwith respect to
the origin on[0, b] , that is, the class of all functionsf with the property that

f (tx) ≤ tf (x)

holds for allx ∈ [0, b] andt ∈ [0, 1] . In [1] Bruckner and Ostrow, among others, proved that

KC (b) ⊂ KF (b) ⊂ KS (b) .

In [9] G. Toader definedm-convexity: another intermediate between the usual convexity and
starshaped convexity.

Definition 1.1. The functionf : [0, b] → R, b > 0, is said to bem-convex, wherem ∈ [0, 1] ,
if we have

f (tx + m (1− t) y) ≤ tf (x) + m (1− t) f (y)

for all x, y ∈ [0, b] andt ∈ [0, 1] . We say thatf is m-concave if−f is m-convex.
Denote byKm (b) the class of allm-convex functions on[0, b] for whichf (0) ≤ 0.

Obviously, form = 1 Definition 1.1 recaptures the concept of standard convex functions on
[0, b] , and form = 0 the concept of starshaped functions.

The following lemmas hold (see [10]).

Lemma A. If f is in the classKm (b) , then it is starshaped.

Lemma B. If f is in the classKm (b) and0 < n < m ≤ 1, thenf is in the classKn (b).

From Lemma A and Lemma B it follows that

K1 (b) ⊂ Km (b) ⊂ K0 (b) ,

wheneverm ∈ (0, 1) . Note that in the classK1 (b) are only convex functionsf : [0, b] → R for
whichf (0) ≤ 0, that is,K1 (b) is a proper subclass of the class of convex functions on[0, b] .

It is interesting to point out that for anym ∈ (0, 1) there are continuous and differentiable
functions which arem-convex, but which are not convex in the standard sense (see [11]).

In [3] S.S. Dragomir and G. Toader proved the following Hadamard type inequality form-
convex functions.

Theorem A. Letf : [0,∞) → R be anm-convex function withm ∈ (0, 1] . If 0 ≤ a < b < ∞
andf ∈ L1 ([a, b]) then

(1.1)
1

b− a

∫ b

a

f(x)dx ≤ min

{
f (a) + mf

(
b
m

)
2

,
f (b) + mf

(
a
m

)
2

}
.

Some generalizations of this result can be found in [4].
The notion ofm-convexity has been further generalized in [5] as it is stated in the following

definition:

J. Inequal. Pure and Appl. Math., 9(4) (2008), Art. 96, 12 pp. http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


INEQUALITIES FORm-CONVEX AND (α, m)-CONVEX FUNCTIONS 3

Definition 1.2. The functionf : [0, b] → R, b > 0, is said to be(α, m)-convex, where(α, m) ∈
[0, 1]2 , if we have

f (tx + m (1− t) y) ≤ tαf (x) + m (1− tα) f (y)

for all x, y ∈ [0, b] andt ∈ [0, 1] .
Denote byKα

m (b) the class of all(α, m)-convex functions on[0, b] for whichf (0) ≤ 0.

It can be easily seen that for(α, m) ∈ {(0, 0) , (α, 0) , (1, 0) , (1, m) , (1, 1) , (α, 1)} one ob-
tains the following classes of functions: increasing,α-starshaped, starshaped,m-convex, con-
vex andα-convex functions respectively. Note that in the classK1

1 (b) are only convex functions
f : [0, b] → R for whichf (0) ≤ 0, that isK1

1 (b) is a proper subclass of the class of all convex
functions on[0, b] . The interested reader can find more about partial ordering of convexity in
[8, p. 8, 280].

In [2] in order to prove some inequalities related to Hadamard’s inequality S. S. Dragomir
and R. P. Agarwal used the following lemma.

Lemma C. Letf : I → R, I ⊂ R, be a differentiable mapping on̊I, anda, b ∈ I, wherea < b.
If f ′ ∈ L1 ([a, b]) , then

(1.2)
f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx =
b− a

2

∫ 1

0

(1− 2t) f ′(ta + (1− t) b)dt.

HereI̊ denotes the interior of I.

In [7], using the same Lemma C, C.E.M. Pearce and J. Pečaríc proved the following theorem.

Theorem B. Let f : I → R, I ⊂ R, be a differentiable mapping onI0, anda, b ∈ I, where
a < b. If |f ′|q is convex on[a, b] for someq ≥ 1, then∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ b− a

4

(
|f ′ (a)|q + |f ′ (b)|q

2

) 1
q

and ∣∣∣∣f (a + b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ b− a

4

(
|f ′ (a)|q + |f ′ (b)|q

2

) 1
q

.

In [6] B. G. Pachpatte established two new Hadamard type inequalities for products of convex
functions. They are given in the next theorem.

Theorem C. Letf, g : [a, b] → [0,∞) be convex functions on[a, b] ⊂ R, wherea < b. Then

(1.3)
1

b− a

∫ b

a

f (x) g (x) dx ≤ 1

3
M (a, b) +

1

6
N (a, b) ,

whereM (a, b) = f (a) g (a) + f (b) g (b) andN (a, b) = f (a) g (b) + f (b) g (a).

The main purpose of this paper is to establish new inequalities like those given in Theorems
A, B and C, but now for the classes ofm-convex functions (Section 2) and(α, m)-convex
functions (Section 3).
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2. I NEQUALITIES FOR m-CONVEX FUNCTIONS

Theorem 2.1. Let I be an open real interval such that[0,∞) ⊂ I. Let f : I → R be a
differentiable function onI such thatf ′ ∈ L1 ([a, b]) , where0 ≤ a < b < ∞. If |f ′|q is
m-convex on[a, b] for some fixedm ∈ (0, 1] andq ∈ [1,∞) , then

∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣
≤ b− a

4
min


(
|f ′ (a)|q + m

∣∣f ′ ( b
m

)∣∣q
2

) 1
q

,

(
m
∣∣f ′ ( a

m

)∣∣q + |f ′ (b)|q

2

) 1
q

 .

Proof. Suppose thatq = 1. From Lemma C we have

(2.1)

∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ b− a

2

∫ 1

0

|1− 2t| |f ′(ta + (1− t) b)| dt.

Since|f ′| is m-convex on[a, b] we know that for anyt ∈ [0, 1]

|f ′(ta + (1− t) b)| =
∣∣∣∣f ′
(

ta + m (1− t)
b

m

)∣∣∣∣
≤ t |f ′(a)|+ m (1− t)

∣∣∣∣f ′
(

b

m

)∣∣∣∣ ,
hence ∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣
≤ b− a

2

∫ 1

0

|1− 2t|
[
t |f ′(a)|+ m (1− t)

∣∣∣∣f ′
(

b

m

)∣∣∣∣] dt

=
b− a

2

∫ 1

0

[
t |1− 2t| |f ′(a)|+ m (1− t) |1− 2t|

∣∣∣∣f ′
(

b

m

)∣∣∣∣] dt

=
b− a

2

{∫ 1
2

0

[
t (1− 2t) |f ′(a)|+ m (1− t) (1− 2t)

∣∣∣∣f ′
(

b

m

)∣∣∣∣] dt

+

∫ 1

1
2

[
t (2t− 1) |f ′(a)|+ m (1− t) (2t− 1)

∣∣∣∣f ′
(

b

m

)∣∣∣∣] dt

}

=
b− a

8

(
|f ′ (a)|+ m

∣∣∣∣f ′
(

b

m

)∣∣∣∣) .

Analogously we obtain∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ b− a

8

(
m
∣∣∣f ′
( a

m

)∣∣∣+ |f ′ (b)|
)

,

which completes the proof for this case.
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Suppose now thatq > 1. Using the well known Hölder inequality forq andp = q/ (q − 1)
we obtain ∫ 1

0

|1− 2t| |f ′(ta + (1− t) b)| dt

=

∫ 1

0

|1− 2t|1−
1
q |1− 2t|

1
q |f ′(ta + (1− t) b)| dt

≤
(∫ 1

0

|1− 2t| dt

) q−1
q
(∫ 1

0

|1− 2t| |f ′(ta + (1− t) b)|q dt

) 1
q

.(2.2)

Since|f ′|q is m-convex on[a, b] we know that for everyt ∈ [0, 1]

(2.3) |f ′(ta + (1− t) b)|q ≤ t |f ′(a)|q + m (1− t)

∣∣∣∣f ′
(

b

m

)∣∣∣∣q ,

hence from(2.1) , (2.2) and(2.3) we have∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣
≤ b− a

2

(∫ 1

0

|1− 2t| dt

) q−1
q
(∫ 1

0

|1− 2t|
∣∣∣∣f ′
(

ta + m (1− t)
b

m

)∣∣∣∣q dt

) 1
q

≤ b− a

2

(∫ 1

0

|1− 2t| dt

) q−1
q
[
1

4

(
|f ′ (a)|q + m

∣∣∣∣f ′
(

b

m

)∣∣∣∣q)] 1
q

=
b− a

4

(
m |f ′ (a)|q + m

∣∣f ′ ( b
m

)∣∣q
2

) 1
q

and analogously∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ b− a

4

(
m
∣∣f ′ ( a

m

)∣∣q + |f ′ (b)|q

2

) 1
q

,

which completes the proof. �

Theorem 2.2.Suppose that all the assumptions of Theorem 2.1 are satisfied. Then∣∣∣∣f (a + b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣
≤ b− a

4
min


(
|f ′ (a)|q + m

∣∣f ′ ( b
m

)∣∣q
2

) 1
q

,

(
m
∣∣f ′ ( a

m

)∣∣q + |f ′ (b)|q

2

) 1
q

 .

Proof. Our starting point here is the identity (see [7, Theorem 2])

f

(
a + b

2

)
− 1

b− a

∫ b

a

f(x)dx =
1

b− a

∫ b

a

S (x) f ′(x)dx,

where

S (x) =

 x− a, x ∈
[
a, a+b

2

)
;

x− b, x ∈
[

a+b
2

, b
]
.
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We have∣∣∣∣f (a + b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣
≤ 1

b− a

[∫ a+b
2

a

(x− a) |f ′(x)| dx +

∫ b

a+b
2

(b− x) |f ′(x)| dx

]

= (b− a)

[∫ 1
2

0

t |f ′(ta + (1− t) b)| dt +

∫ 1

1
2

(1− t) |f ′(ta + (1− t) b)| dt

]

≤ (b− a)

[∫ 1
2

0

t

(
t |f ′(a)|+ m (1− t)

∣∣∣∣f ′
(

b

m

)∣∣∣∣) dt

+

∫ 1

1
2

(1− t)

(
t |f ′(a)|+ m (1− t)

∣∣∣∣f ′
(

b

m

)∣∣∣∣) dt

]

=
b− a

8

(
|f ′ (a)|+ m

∣∣∣∣f ′
(

b

m

)∣∣∣∣) ,

and analogously∣∣∣∣f (a + b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ b− a

8

(
m
∣∣∣f ′
( a

m

)∣∣∣+ |f ′ (b)|
)

.

This completes the proof for the caseq = 1.
An argument similar to the one used in the proof of Theorem 2.1 gives the proof for the case

q ∈ (1,∞) . �

As a special case of Theorem 2.1 form = 1, that is for|f ′|q convex on[a, b] , we obtain the
first inequality in Theorem B. Similarly, as a special case of Theorem 2.2 we obtain the second
inequality in Theorem B.

Theorem 2.3. Let I be an open real interval such that[0,∞) ⊂ I. Let f : I → R be a
differentiable function onI such thatf ′ ∈ L1 ([a, b]) , where0 ≤ a < b < ∞. If |f ′|q is
m-convex on[a, b] for some fixedm ∈ (0, 1] andq ∈ (1,∞) , then∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ b− a

4

(
q − 1

2q − 1

) q−1
q
(

µ
1
q

1 + µ
1
q

2

)
≤ b− a

4

(
µ

1
q

1 + µ
1
q

2

)
,(2.4)

where

µ1 = min

{
|f ′ (a)|q + m

∣∣f ′ (a+b
2m

)∣∣q
2

,

∣∣f ′ (a+b
2

)∣∣q + m
∣∣f ′ ( a

m

)∣∣q
2

}
,

µ2 = min

{
|f ′ (b)|q + m

∣∣f ′ (a+b
2m

)∣∣q
2

,

∣∣f ′ (a+b
2

)∣∣q + m
∣∣f ′ ( b

m

)∣∣q
2

}
.
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Proof. If |f ′|q is m-convex from Theorem A we have

2

∫ 1

1
2

|f ′(ta + (1− t) b)|q dt ≤ µ1,

2

∫ 1
2

0

|f ′(ta + (1− t) b)|q dt ≤ µ2,

hence∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣
≤ b− a

2

∫ 1

0

|1− 2t| |f ′(ta + (1− t))| dt

=
b− a

2

[∫ 1
2

0

(1− 2t) |f ′(ta + (1− t) b)| dt +

∫ 1

1
2

(2t− 1) |f ′(ta + (1− t) b)| dt

]
.

Using Hölder’s inequality forq ∈ (1,∞) andp = q/ (q − 1) we obtain∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣
≤ b− a

2

(∫ 1
2

0

(1− 2t)
q

q−1 dt

) q−1
q
(∫ 1

2

0

|f ′(ta + (1− t) b)|q dt

) 1
q

+

(∫ 1

1
2

(2t− 1)
q

q−1 dt

) q−1
q
(∫ 1

1
2

|f ′(ta + (1− t) b)|q dt

) 1
q


≤ b− a

4

(
q − 1

2q − 1

) q−1
q
(

µ
1
q

1 + µ
1
q

2

)
,

since ∫ 1
2

0

(1− 2t)
q

q−1 dt =

∫ 1

1
2

(2t− 1)
q

q−1 dt =
q − 1

2 (2q − 1)
.

This completes the proof of the first inequality in(2.4) . The second inequality in(2.4) follows
from the fact

1

2
<

(
q − 1

2q − 1

) q−1
q

< 1, q ∈ (1,∞) .

�

Theorem 2.4. Let f, g : [0,∞) → [0,∞) be such thatfg is in L1 ([a, b]), where0 ≤ a < b <
∞. If f is m1-convex andg is m2-convex on[a, b] for some fixedm1, m2 ∈ (0, 1] , then

1

b− a

∫ b

a

f(x)g (x) dx ≤ min {M1, M2} ,

where

M1 =
1

3

[
f (a) g (a) + m1m2f

(
b

m1

)
g

(
b

m2

)]
+

1

6

[
m2f (a) g

(
b

m2

)
+ m1f

(
b

m1

)
g (a)

]
,
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M2 =
1

3

[
f (b) g (b) + m1m2f

(
a

m1

)
g

(
a

m2

)]
+

1

6

[
m2f (b) g

(
a

m2

)
+ m1f

(
a

m1

)
g (b)

]
.

Proof. We have

f

(
ta + m1 (1− t)

b

m1

)
≤ tf(a) + m1 (1− t) f

(
b

m1

)
,

g

(
ta + m2 (1− t)

b

m2

)
≤ tg(a) + m2 (1− t) g

(
b

m2

)
,

for all t ∈ [0, 1] . f andg are nonnegative, hence

f

(
ta + m1 (1− t)

b

m1

)
g

(
ta + m2 (1− t)

b

m2

)
≤ t2f (a) g(a) + m2t (1− t) f (a) g

(
b

m2

)
+ m1t (1− t) f

(
b

m1

)
g(a)

+ m1m2 (1− t)2 f

(
b

m1

)
g

(
b

m2

)
.

Integrating both sides of the above inequality over[0, 1] we obtain∫ 1

0

f(ta + (1− t) b)g (ta + (1− t) b) dt

=
1

b− a

∫ b

a

f(x)g (x) dx

≤ 1

3

(
f (a) g (a) + m1m2f

(
b

m1

)
g

(
b

m2

))
+

1

6

(
m2f (a) g

(
b

m2

)
+ m1f

(
b

m1

)
g (a)

)
.

Analogously we obtain

1

b− a

∫ b

a

f(x)g (x) dx ≤ 1

3

(
f (b) g (b) + m1m2f

(
a

m1

)
g

(
a

m2

))
+

1

6

(
m2f (b) g

(
a

m2

)
+ m1f

(
a

m1

)
g (b)

)
,

hence
1

b− a

∫ b

a

f(x)g (x) dx ≤ min {M1, M2} .

�

Remark 1. If in Theorem 2.4 we choose a1-convex (convex) functiong : [0,∞) → [0,∞)
defined byg (x) = 1 for all x ∈ [0,∞), we obtain

1

b− a

∫ b

a

f (x) dx ≤ min

{
f (a) + mf

(
b
m

)
2

,
f (b) + mf

(
a
m

)
2

}
,

which is(1.1) . If the functionsf andg are1-convex we obtain(1.3) .
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3. I NEQUALITIES FOR (α, m)-CONVEX FUNCTIONS

In this section on two examples we ilustrate how the same inequalities as in Section 2 can be
obtained for the class of(α, m)-convex functions.

Theorem 3.1. Let I be an open real interval such that[0,∞) ⊂ I. Let f : I → R be a
differentiable function onI such thatf ′ ∈ L1 ([a, b]) , where0 ≤ a < b < ∞. If |f ′|q is
(α, m)-convex on[a, b] for some fixedα, m ∈ (0, 1] andq ∈ [1,∞) , then∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣
≤ b− a

2

(
1

2

) q−1
q

·min

{(
ν1 |f ′(a)|q + ν2m

∣∣∣∣f ′
(

b

m

)∣∣∣∣q) 1
q

,

(
ν1 |f ′(b)|q + ν2m

∣∣∣f ′
( a

m

)∣∣∣q) 1
q

}
,

where

ν1 =
1

(α + 1) (α + 2)

[
α +

(
1

2

)α]
,

ν2 =
1

(α + 1) (α + 2)

[
α2 + α + 2

2
−
(

1

2

)α]
.

Proof. Suppose thatq = 1. From Lemma A we have

(3.1)

∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ b− a

2

∫ 1

0

|1− 2t| |f ′(ta + (1− t) b)| dt.

Since|f ′| is (α, m)-convex on[a, b] we know that for anyt ∈ [0, 1]∣∣∣∣f ′
(

ta + m (1− t)
b

m

)∣∣∣∣ ≤ tα |f ′(a)|+ m (1− tα)

∣∣∣∣f ′
(

b

m

)∣∣∣∣ ,
thus we have∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣
≤ b− a

2

∫ 1

0

|1− 2t|
[
tα |f ′(a)|+ m (1− tα)

∣∣∣∣f ′
(

b

m

)∣∣∣∣] dt

=
b− a

2

∫ 1

0

[
tα |1− 2t| |f ′(a)|+ m (1− tα) |1− 2t|

∣∣∣∣f ′
(

b

m

)∣∣∣∣] dt.

We have ∫ 1

0

tα |1− 2t| dt =
1

(α + 1) (α + 2)

[
α +

(
1

2

)α]
= ν1,∫ 1

0

(1− tα) |1− 2t| dt =
1

(α + 1) (α + 2)

[
α2 + α + 2

2
−
(

1

2

)α]
= ν2,

hence ∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ b− a

2

(
ν1 |f ′(a)|+ ν2m

∣∣∣∣f ′
(

b

m

)∣∣∣∣) .
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10 M. KLARI ČIĆ BAKULA , M. E. ÖZDEMIR, AND J. PEČARIĆ

Analogously we obtain∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ b− a

2

(
ν1 |f ′(b)|+ ν2m

∣∣∣f ′
( a

m

)∣∣∣) ,

which completes the proof for this case.
Suppose now thatq ∈ (1,∞) . Similarly to Theorem 2.1 we have

(3.2)
∫ 1

0

|1− 2t| |f ′(ta + (1− t) b)| dt

≤
(∫ 1

0

|1− 2t| dt

) q−1
q
(∫ 1

0

|1− 2t| |f ′(ta + (1− t) b)|q dt

) 1
q

.

Since|f ′|q is (α, m)-convex on[a, b] we know that for everyt ∈ [0, 1]

(3.3)

∣∣∣∣f ′
(

ta + m (1− t)
b

m

)∣∣∣∣q ≤ tα |f ′(a)|q + m (1− tα)

∣∣∣∣f ′
(

b

m

)∣∣∣∣q ,

hence from(3.1) , (3.2) and(3.3) we obtain∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣
≤ b− a

2

(∫ 1

0

|1− 2t| dt

) q−1
q
(∫ 1

0

|1− 2t|
∣∣∣∣f ′
(

ta + m (1− t)
b

m

)∣∣∣∣q dt

) 1
q

≤ b− a

2

(
1

2

) q−1
q
(

ν1 |f ′(a)|q + ν2m

∣∣∣∣f ′
(

b

m

)∣∣∣∣q) 1
q

and analogously∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ b− a

2

(
1

2

) q−1
q (

ν1 |f ′(b)|q + ν2m
∣∣∣f ′
( a

m

)∣∣∣q) 1
q

,

which completes the proof. �

Observe that if in Theorem 3.1 we haveα = 1 the statement of Theorem 3.1 becomes the
statement of Theorem 2.1.

Theorem 3.2. Let f, g : [0,∞) → [0,∞) be such thatfg is in L1 ([a, b]), where0 ≤ a < b <
∞. If f is (α1, m1)-convex andg is (α2, m2)-convex on[a, b] for some fixedα1, m1, α2, m2 ∈
(0, 1] , then

1

b− a

∫ b

a

f(x)g (x) dx ≤ min {N1, N2} ,

where

N1 =
f (a) g (a)

α1 + α2 + 1
+ m2

[
1

α1 + 1
− 1

α1 + α2 + 1

]
f (a) g

(
b

m2

)
+ m1

[
1

α2 + 1
− 1

α1 + α2 + 1

]
f

(
b

m1

)
g(a)

+ m1m2

[
1− 1

α1 + 1
− 1

α2 + 1
+

1

α1 + α2 + 1

]
f

(
b

m1

)
g

(
b

m2

)
,
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and

N2 =
f (b) g (b)

α1 + α2 + 1
+ m2

[
1

α1 + 1
− 1

α1 + α2 + 1

]
f (b) g

(
a

m2

)
+ m1

[
1

α2 + 1
− 1

α1 + α2 + 1

]
f

(
a

m1

)
g(b)

+ m1m2

[
1− 1

α1 + 1
− 1

α2 + 1
+

1

α1 + α2 + 1

]
f

(
a

m1

)
g

(
a

m2

)
.

Proof. Sincef is (α1, m1)-convex andg is (α2, m2)-convex on[a, b] we have

f

(
ta + m1 (1− t)

b

m1

)
≤ tα1f(a) + m1 (1− tα1) f

(
b

m1

)
,

g

(
ta + m2 (1− t)

b

m2

)
≤ tα2g(a) + m2 (1− tα2) g

(
b

m2

)
,

for all t ∈ [0, 1] . The functionsf andg are nonnegative, hence

f(ta + (1− t) b)g(ta + (1− t) b) ≤ tα1+α2f (a) g(a)

+ m2t
α1 (1− tα2) f (a) g

(
b

m2

)
+ m1t

α2 (1− tα1) f

(
b

m1

)
g(a)

+ m1m2 (1− tα1) (1− tα2) f

(
b

m1

)
g

(
b

m2

)
.

Integrating both sides of the above inequality over[0, 1] we obtain∫ 1

0

f(ta + (1− t) b)g (ta + (1− t) b) dt

=
1

b− a

∫ b

a

f(x)g (x) dx

≤ f (a) g (a)

α1 + α2 + 1
+ m2

[
1

α1 + 1
− 1

α1 + α2 + 1

]
f (a) g

(
b

m2

)
+ m1

[
1

α2 + 1
− 1

α1 + α2 + 1

]
f

(
b

m1

)
g(a)

+ m1m2

[
1− 1

α1 + 1
− 1

α2 + 1
+

1

α1 + α2 + 1

]
f

(
b

m1

)
g

(
b

m2

)
.

Analogously we have

1

b− a

∫ b

a

f(x)g (x) dx

≤ f (b) g (b)

α1 + α2 + 1
+ m2

[
1

α1 + 1
− 1

α1 + α2 + 1

]
f (b) g

(
a

m2

)
+ m1

[
1

α2 + 1
− 1

α1 + α2 + 1

]
f

(
a

m1

)
g(b)

+ m1m2

[
1− 1

α1 + 1
− 1

α2 + 1
+

1

α1 + α2 + 1

]
f

(
a

m1

)
g

(
a

m2

)
,

which completes the proof. �
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If in Theorem 3.2 we haveα1 = α2 = 1, the statement of Theorem 3.2 becomes the statement
of Theorem 2.4.
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