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ABSTRACT. In this paper we establish several Hadamard type inequalities for differentiable
convex and«, m)-convex functions. We also establish Hadamard type inequalities for products
of two m-convex or(«, m)-convex functions. Our results generalize some results of B.G. Pach-
patte as well as some results of C.E.M. Pearce andéaree
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1. INTRODUCTION

The following definitions are well known in literature.
Let [0, b] , whereb is greater tha, be an interval of the real lin&, and letX (b) denote the
class of all functiongf : [0,b] — R which are continuous and nonnegative [0rb] and such

that f (0) = 0.
We say that the functioyfi is convexon [0, b] if

fle+ 1 —=t)y) <tf(z)+ (1 —1)f(y)
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holds for allz, y € [0,b] andt € [0, 1]. Let K¢ (b) denote the class of all functiorfse K (b)
convex on0, b] , and letK (b) be the class of all functiong € K (b) convex in meaon [0, b]
that is, the class of all functions € K (b) for which F' € K¢ (b) , where the mean functiof
of the functionf € K (b) is defined by

L[ f)dt, x e (0,0];
F(I):{
0, = 0.

Let K5 (b) denote the class of all functiorfse K (b) which arestarshapedvith respect to
the origin on|0, b], that is, the class of all functionswith the property that

fltr) <tf(x)
holds for allz € [0,b] andt € [0, 1] . In [1] Bruckner and Ostrow, among others, proved that
Ke (b) C Kp (b) C K (D).

In [9] G. Toader defined.-convexity another intermediate between the usual convexity and
starshaped convexity.

Definition 1.1. The functionf : [0,b] — R, b > 0, is said to ben-convex, wheren € [0, 1],
if we have
flz+mA—t)y) <tf(x)+m(1—1)f(y)
forall z,y € [0,b] andt € [0, 1] . We say thatf is m-concave if— f is m-convex.
Denote byK,, (b) the class of alln-convex functions o0, b] for which f (0) < 0.

Obviously, form = 1 Definition[1.] recaptures the concept of standard convex functions on
[0, 0], and form = 0 the concept of starshaped functions.
The following lemmas hold (see [10]).

Lemma A. If fisinthe classk,, (b), then it is starshaped.
Lemma B. If fisin the clasgs,, (b) and0 < n < m < 1, thenf is in the classk, (b).
From LemmdA and LemnialB it follows that
K (b) C K, (b) C Ko (b),

whenevermn € (0,1) . Note that in the clas&’; (b) are only convex functiong : [0,b] — R for
which f (0) < 0, that is, K, (b) is a proper subclass of the class of convex function®oh .

It is interesting to point out that for any. € (0, 1) there are continuous and differentiable
functions which aren-convex, but which are not convex in the standard sensel(see [11]).

In [3] S.S. Dragomir and G. Toader proved the following Hadamard type inequality.for
convex functions.

Theorem A. Let f : [0, 00) — R be anm-convex function withn € (0,1]. 1f 0 < a < b < 00
andf € L' ([a, b)) then

b a) +mf (L mif (%
Wy 1 /f(x)dxgmin{f()+ FG) 1)+ f(m)}‘

b—a 2 2

Some generalizations of this result can be foundlin [4].
The notion ofm-convexity has been further generalized ih [5] as it is stated in the following
definition:
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Definition 1.2. The functionf : [0,b] — R, b > 0, is said to bd«, m)-convex, wheréa, m) €
0,1]%, if we have

fltz+m (1 —t)y) <tf (x) + m(1—1t%) f (y)

forall z,y € [0,b] andt € [0, 1].
Denote byK? (b) the class of al(a, m)-convex functions oif0, b] for which f (0) < 0.

It can be easily seen that fot, m) € {(0,0), («,0),(1,0),(1,m),(1,1),(a, 1)} one ob-
tains the following classes of functions: increasingstarshaped, starshaped;convex, con-
vex anda-convex functions respectively. Note that in the claggb) are only convex functions
f:10,b] — R for which f (0) < 0, that isK{ (b) is a proper subclass of the class of all convex
functions on|0, b] . The interested reader can find more about partial ordering of convexity in
[8, p. 8, 280].

In [2] in order to prove some inequalities related to Hadamard’s inequality S. S. Dragomir
and R. P. Agarwal used the following lemma.

LemmacC. Letf: [ — R, I C R, be a differentiable mapping dnand a,b € I, wherea < b.
If f/ € L' ([a,0]), then

(1.2) f<a> o / fla)de = 2=° / (1—2t) f'(ta + (1 — t) b)dt.

0

Herel denotes the interior of .
In [7], using the same Lemnjg C, C.E.M. Pearce and daféproved the following theorem.

Theorem B. Let f : I — R, I C R, be a differentiable mapping off, anda,b € I, where
a < b. If | f'|? is convex oria, b] for someg > 1, then

‘f(a)Q b_a/ fo)e] <

(25 ok f o

In [6] B. G. Pachpatte established two new Hadamard type inequalities for products of convex
functions. They are given in the next theorem.

(!f’( >|q§\f' W)i

and

(|f’( >|q;|f'<b>|Q)?

Theorem C. Let f, g : [a,b] — [0, 00) be convex functions dn, b] C R, wherea < b. Then

1 1
(1.3) z)dr < 3]\4(@ b) + 6N(a b),

whereM (a,b) = f(a) g (a) + f(b) g (b) @and N (a,b) = f (a) g (b) + f (b) g (a).

The main purpose of this paper is to establish new inequalities like those given in Theorems
and[Q, but now for the classes of-convex functions (Section| 2) an(d, m)-convex
functions (Section]3).

J. Inequal. Pure and Appl. Matt9(4) (2008), Art. 96, 12 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 M. KLARICIE BAKULA, M. E. OzDEMIR, AND J. FECARIC

2. INEQUALITIES FOR m-CONVEX FUNCTIONS

Theorem 2.1. Let / be an open real interval such thfl,c0) C I.Letf : I — R be a
differentiable function ol such thatf’ € L' ([a,b]), where0 < a < b < oo. If |f'|? is
m-convex ofa, b] for some fixedn € (0, 1] andq € [1,00), then

fl+fe) 1
- b—a/a f(x)dz

2
< bamm{<f’<“>q+mf’ (%)‘I)i (21 (%)}q+f’(b)lq)‘l’}
<= : | 2 |

Proof. Suppose thaj = 1. From Lemma € we have
fla)+ 1) _ 1 /
(2.1) ’ 5 ) f(z)dx

Since| f’| is m-convex onja, b] we know that for any € [0, 1]

b—a [* ,
gT |1 —2t||f'(ta+ (1 —t)b)| dt.
0

F(ta+ (1= 1)b)] = =

()

f (ta+m(1—t)£)’

<tlf @] +m( 1)

Y

hence

LCESTRNR

<25t [ sl ma -

()]
()]
()]
()] o)

b—a [!
=250 [ o=@ m - -

:b;“{ézku—%ﬂfmn+ma—wufaﬂ

+[ {t(Qt—1)|f/(a)|+m(1_t)(2t_1>

)
@)
m
Analogously we obtain

0210 L fwas

which completes the proof for this case.

b

(17 @l+m

—a
8

<b—a(m
- 8

7 ()| + 17 0)1).
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Suppose now that > 1. Using the well known Hélder inequality forandp = ¢/ (¢ — 1)
we obtain

1
/\1—2t\\f’(ta+(1—t)b)\dt
0
1
:/ 11— 2] |1 — 2]} | (ta+ (1 — 1) )| dt
0

(2.2) < (/01 n —2t|dt)q (/01 11— 2t | (ta + (1 —t)b)|th)q

Since|f’|? is m-convex on[a, b] we know that for every € [0, 1]
A
m

(2.3) |[f'(ta+ (1= 1) )" <t|f(a)" +m (1 —1)
hence from(2.1)) , (2.2) and(2.3) we have

‘f(a);f ] s
5 ([ )" ([
gb;a(/o |1—2t|dt) - E (| (@) +m

f
Cb—a (mlf @ m|f ()]
4 2

and analogously

f(a) + £(0) m | f () 1 o
’ 2 b—a/f ( 2 ) ’

which completes the proof. O

Y

AN
)

IA

I <ta+m(1—t)%)

(D)

Theorem 2.2. Suppose that all the assumptions of Thedrer 2.1 are satisfied. Then

a+b 1 b
‘f( )—b_alf(as)dx
< bamin{<f/<a)q+mf/ (%)‘q)} <m|fl (%)}uf’(b)'q)q}
-4 9 , 5 .

Proof. Our starting point here is the identity (s€é [7 Theorem 2])

f (a+b> / e bS(m) F(z)de,

where
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We have

(a;b> —bia/abf(x)dw
<L [/ o)l fwlde s [ o)) ds

2

—

—(b—a) /2t]f’(ta+(1—t)b)]dt—|—/ (1—t)|f’(ta+(1—t)b)\dt]

1
0 3

()
(B))

1

<(b-a) /02t<t\f’(a)|+m(1—t)

+[1(1—t) (t]f’(a)|+m(1—t)

orenlr (),

=25 (7@
and analogously
a+b 1 b b—a , /[ a ,
1(5570) - 525 [ e < S5 (m] (£)]+ 17 ).
This completes the proof for the cage- 1.

An argument similar to the one used in the proof of Thedrerh 2.1 gives the proof for the case
€ (1,00). O

As a special case of Theorém[2.1 far= 1, that is for| /’|? convex on[a, b] , we obtain the
first inequality in Theorerpn B. Similarly, as a special case of Thegren 2.2 we obtain the second
inequality in Theorer B.

Theorem 2.3. Let I be an open real interval such thfit,co) C . Letf : I — R bea
differentiable function ol such thatf’ € L' ([a,b]), where0 < a < b < oo. If |f'|? is
m-convex ofa, b] for some fixedn € (0, 1] andq € (1, 00) , then

a0 INT 1 o
o frond 2523 )

b—a [ 1 1
(2.4) < 1 (uf +u§> ,

IN

where

i '{W“W+mU'%wqw M+mv'”‘}
M1 = 1IN 9 9 )

m:mm{W@W+mvwquv< n+muw>|}
2 2
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Proof. If | f’|? is m-convex from Theoren ]A we have

1
2/ F(ta+ (1= 8)b)"dt < .

2/2 | (ta+ (1= £) )| dt < o,
0

hence

fl@+fe) 1 [
5 _b—a/a f(z)dz

b— 1
STG/O 1= 2] |f'(ta+ (1 — 1))]

2 1
2

_boa [/ (1—2t)|f’<ta+(1—t)b)|dt+[(2t—1) !f’(ta+(1—t)b)|dt]-

Using Holder’s inequality for € (1, 00) andp = ¢/ (¢ — 1) we obtain

LI [ e
<bza!(/j(12t)qldt> (/ |f'(ta+ (1 —t) )\th>
+<[(2t1)qqldt>%<[f’(m+(1t)b)%t)j

2

q—1
b—a q—l Tq 1 1
< q q
T4 (261—1) (m +M2>’

% q 1 q q—l
1—2t‘11dt:/ 2 —1)aTdt= ———.
/0< ) - TeTEY

This completes the proof of the first inequality(h4]) . The second inequality if2.4)) follows
from the fact

1

since

g—1

1 qg—11Y\ ¢
= <1 1 .
2<(2q_1) , g€ (l,00)
[

Theorem 2.4.Let f, g : [0,00) — [0,00) be such thaifg is in L' ([a, b]), where0 < a < b <
oo. If fis mi-convex andy is my-convex orja, b] for some fixedn, m, € (0, 1], then

b—a/ f(z)g (x)de < min {M;, My},

where
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Proof. We have

f(m+mmr%ﬁ%)sﬁwwwmu—wa%)
g (tatma (=0 < tgfa) +ma 1= g ().

forallt € [0,1]. f andg are nonnegative, hence

f(ta—l—ml(l—t)i>g<ta+m2(1—t)i>

may mo

< £ @afa) +mat (L= 07 @) g () +mie (=07 () ofa)

ma
b b
+mymay (1 — t)2 f (—) g (—) )
mi mo
Integrating both sides of the above inequality ojerl] we obtain
1
/ f(ta+ (1 —1t)b)g(ta+ (1 —1t)b)dt
0

= | 1@

§%<NMQW%Hmmﬁ(£Jg<£J)
b

Analogously we obtain

[ @@ < g (000 momsr ()0 (1))

b (mar @0 () wmir () a).

b
/ f(z)g () de < min {M;, My} .

hence
1

b—a

Remark 1. If in Theorem 2.4 we choose lconvex (convex) function : [0,00) — [0, c0)
defined byg (z) = 1 for all = € [0, ), we obtain

b a)+mf (L mf (=
! /f(x)dxémin{f()+ f(m) fO)+ f<m)}7

b—a 2 ’ 2
which is(1.1)) . If the functionsf andg are1-convex we obtain.3)) .
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3. INEQUALITIES FOR (@, m)-CONVEX FUNCTIONS

In this section on two examples we ilustrate how the same inequalities as in Section 2 can be
obtained for the class dfv, m)-convex functions.

Theorem 3.1. Let I be an open real interval such thfit,co) C I. Letf : I — R be a
differentiable function ol such thatf’ € L' ([a,b]), where0 < a < b < oo. If |f'|? is
(e, m)-convex ofja, b] for some fixedy, m € (0,1] andq € [1, 00), then

flaj+f®) 1
5 _b—a/a f(z)dz

sb;a(%) q ‘min{(yl (@) +vam | f (%)

(1P O+ vam

= wrmerz et (3) |

T (a+1)1<a+2) {OP +2a+2 - GH '

Proof. Suppose thag = 1. From Lemma A we have
fla+f) 1
(3.1) ' 5 — 5 a/a f(z)dz

Since|f’| is (o, m)-convex onfa, b] we know that for any € [0, 1]

q); |
()

q>;}’

where

b—a [* ,
ST 11 —2t||f'(ta+ (1 —¢) b)| dt.
0

(2

Y

I <ta+m(1—t)%)‘ <t*|f'(a)| +m (1 —tY)

thus we have

fla+fo) 1 [
2 a b—a/a f(w)da

b—a [*
<20 [ i@l ma e

)
)]

/Olta|1—2t]dt: <a+1>1<a+2) {m (%)a} -

/ol“‘ta)“‘%'dt: EIETY [QQ . GH s

‘f@*f“’) - bfa/abf@)dx <5 (wir@) +u2m]f' (%)D -

2
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Analogously we obtain

‘f )+ f(b) b—a/f | <2

which completes the proof for this case.
Suppose now that € (1, o) . Similarly to Theorem 2]1 we have

= (1 ®)]+vom

Gl

(3.2) /0 11— 26 |f(ta+ (1 — ) b)| dt

< (/01]1—2t|dt>q;1 (/01|1—2t| ]f’(ta+(1—t)b)|th);

Since| f'|? is (o, m)-convex on[a, b] we know that for every € [0, 1]

(wemit-n 2 ()

<1 (@) +m (1— )
hence from(3.1) , (3.2) and we obtain
‘f ) + f(b) /f "

b—a(/ ’1_2t,dt) (/\
b;a(ﬁ)q <u1|f()!q+V2m

) i
and analogously
qg—1

M000) L [ o] <52 (2) T (1000 v (2)])'

which completes the proof. 0J

q

(3.3)

)

0\
)

IA

f(wema-op)
)

Observe that if in Theoreim 3.1 we hawe= 1 the statement of Theorelm B.1 becomes the
statement of Theorem 2.1.

Theorem 3.2.Let f, g : [0,00) — [0, 00) be such thaffg isin L! ([a,b]), whered < a < b <
oo. If fis (ay, my)-convex andy is (aw, ms)-convex ona, b] for some fixedv,, mq, ag, my €
(0,1], then

b—a/ f(x)g (x)dz < min {Ny, Na},

where
f(a)g(a) 1 1 b
Ny =2 ~-r= 7 — _
! a1+a2+1+m2 O[l—i-l Oél+()é2—|—1 f<a)g mo

ol a] (o
m — — a
lag—f—l Oé1+062+1 mlg

e 1= - e arer) () ()
mym — — — — 1,
H ar+1 o+l op+ay+1 my g mo
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and

S LCT IR LT ()

ar +ag + 1 ar+1  oq+oag+1 may
1 1 a
- =) g
+m1|:042+1 O{1+042+1:|f(m1>g()

n 1 1 1 . 1 7 a a
mim — — — — ] .
e ()él+1 062—|—1 a1+a2+1 mi g mo

Proof. Sincef is (a1, m;)-convex ang is (aw, ms)-convex onfa, b] we have

f (ta+m1 (1—1t) i) <t f(a)+my (1 —t) f <i> ;

my ma

b b
t 1—t)— | <t 1 —t* —
g (tatma(i=0) ) <egla) +ma (1= )9 (),
forall ¢ € [0,1]. The functionsf andg are nonnegative, hence

flta+ (1 =t)b)g(ta+ (1 —1)b) <™ f (a) g(a)

Fonat® (=) 7 (@) () e (=) 7 (2 gta)

ma

-Hmma—wwu—ww(gjg&%)

Integrating both sides of the above inequality o\erl| we obtain

/lf(ta+(1—t)b)g(ta+(1—t)b)dt

b
i [ g @
f(a)g(a) 1 1 b

S 041+062+1+m2 |:041+1 _&1+a2+1:|f(a)g<ﬁg>

o | ) () o
! Oég—i‘l Oé1+062+1 mi g
e 1= = ) ()0 ()
mim — — — — .
H oap+1 ax+1l op+ax+1 my g mo
Analogously we have
1 b
m/a f(@)g (z)dx
f(b) g (b) [1 1 } (a>
S NI _ b _
_Oél+062+1 2 Oél+1 061+CY2+1 f<)g mo
1 1 a
- — ) g
+m1|:062+1 Oél+042+1:|f(m1)g()

. 1 1 1 . 1 f a a
mim — — — — ],
e Oél—f—l Oéz—f—l O£1+Oé2+1 my g mo

which completes the proof. O
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Ifin Theoren{ 3.2 we have, = o, = 1, the statement of Theorgm B.2 becomes the statement
of Theoreni ZX4.
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