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Abstract:

In this paper we establish several Hadamard type inequalities for dif-
ferentiablem-convex and(«, m)-convex functions. We also establish
Hadamard type inequalities for products of twe-convex or («, m)-
convex functions. Our results generalize some results of B.G. Pachpatte
as well as some results of C.E.M. Pearce and Jafite
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1. Introduction

The following definitions are well known in literature.

Let [0, 0], whereb is greater tha, be an interval of the real link, and letX (b)
denote the class of all functiorfs: [0, b] — R which are continuous and nonnegative
on [0, b] and such thaf (0) = 0.

We say that the functioyfi is convexon [0, b] if

flz+ 1=ty <tf(x)+(1—1)f(y)

holds for allz,y € [0,b] andt € [0, 1]. Let K (b) denote the class of all functions
f € K (b) convex on[0,b], and letKr (b) be the class of all functiong € K (b)
convex in mearon [0,b], that is, the class of all functiong € K (b) for which
F € K¢ (b), where the mean functiof of the functionf € K (b) is defined by

cJo f@®)dt, x€(0,0];
F(z) =
0, xz=0.

Let K¢ (b) denote the class of all functiorfse K (b) which arestarshapedvith
respect to the origin ofv, b] , that is, the class of all functions with the property
that

ftz) <tf (x)

holds for allz € [0,b] andt € [0,1]. In [1] Bruckner and Ostrow, among others,
proved that

KC (b) C Kp (b) C KS (b)

In [9] G. Toader definedn-convexity another intermediate between the usual
convexity and starshaped convexity.
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Definition 1.1. The functionf : [0,0] — R, b > 0, is said to bem-convex, where
m € [0, 1], if we have

flz4+m(l—1t)y) <tf(x)+m(l—1t)f(y)

forall x,y € [0,b] andt € [0, 1] . We say thaff is m-concave if— f is m-convex.
Denote byk,, (b) the class of alin-convex functions oft), b] for which f (0) < 0.

Obviously, form = 1 Definition 1.1 recaptures the concept of standard convex
functions on0, b] , and form = 0 the concept of starshaped functions.
The following lemmas hold (sed.()).

Lemma A. If fisinthe clasgs,, (b), then it is starshaped.

Lemma B. If f is in the classk,, (b) and0 < n < m < 1, thenf is in the class
K, (b).

From LemmaA and LemmeB it follows that
K (b) € K, (b) C Ko (b),

wheneverm € (0,1). Note that in the clas#’; (b) are only convex functiong :
[0,0] — R for which f (0) < 0, that is, K (b) is a proper subclass of the class of
convex functions o0, b) .

It is interesting to point out that for any. € (0, 1) there are continuous and dif-
ferentiable functions which are-convex, but which are not convex in the standard
sense (se€lfl]).

In[3] S.S. Dragomir and G. Toader proved the following Hadamard type inequal-
ity for m-convex functions.
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Theorem A. Let f : [0,00) — R be anm-convex function withn € (0,1]. If
0<a<b<oocandf e L' ([a,b])then

fla)+mf (3) f(b)+mf(%)}‘

b
(1.2) ﬁ/ flx)dz < min{ 5 , 5

Some generalizations of this result can be foundin [
The notion ofm-convexity has been further generalized3hds it is stated in the
following definition:

Definition 1.2. The functionf : [0,b] — R, b > 0, is said to be(a, m)-convex,
where(a, m) € [0,1]?, if we have

flz+m(l—t)y) <tf(x) +m(1—1t%) f(y)

forall =,y € [0,b] andt € [0, 1].
Denote by K2 (b) the class of all(«, m)-convex functions on0,b] for which
f(0) <o0.

It can be easily seen that fax, m) € {(0,0), («,0),(1,0),(1,m),(1,1), (e, 1)}

one obtains the following classes of functions: increasingtarshaped, starshaped,

m-convex, convex and-convex functions respectively. Note that in the clag<(b)
are only convex functiong : [0,b] — R for which f (0) < 0, that isK] (b) is a
proper subclass of the class of all convex functionsoh| . The interested reader
can find more about partial ordering of convexity & p. 8, 280].

In [2] in order to prove some inequalities related to Hadamard’s inequality S. S.

Dragomir and R. P. Agarwal used the following lemma.
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LemmaC. Letf : I — R, I C R, be a differentiable mapping dnand a,bel,
wherea < b. If f" € L' ([a,b]), then

(1.2) 1@ ) b_a/ fa b_a/ (1= 26) f/(ta+ (1 — t)b)dt.

0

Herel denotes the interior of I.
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In [6] B. G. Pachpatte established two new Hadamard type inequalities for prod- Go Back
ucts of convex functions. They are given in the next theorem. Full Screen
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The main purpose of this paper is to establish new inequalities like those given
in TheoremsA, B andC, but now for the classes af-convex functions (Sectiob)
and(«, m)-convex functions (Sectiof).
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2. Inequalities for m-Convex Functions
Theorem 2.1.Let ] be an open real interval such thit, co) C I. Letf : I — R

be a differentiable function oh such thatf’ € L' ([a,b]), where0 < a < b < cc.
If | f'|? is m-convex orja, b] for some fixedn € (0,1] andq € [1,00), then

HEES RN

b8 i (W e (%)q>é (m PGl il <b>q>é
1 :

2 2

Proof. Suppose thag = 1. From LemmaC we have

(2.1) ‘f ) £ /) / f(z

< T/o |1 —2t||f (ta+ (1 —t)b)|dt.

Since| f’| is m-convex onfa, b] we know that for any € [0, 1]

f (ta+m(1—t)%)‘

<tlr@l+ma-olr ()

|[f(ta+ (1 —1)b)] =

Y
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hence

fla+fe) 1 [
5 _b—a/a f(x)dz

<o [ﬂf@ﬂ+nm1—o ’(%)Hdt
=b;“AIPu—%uﬂwwwna—w f( )H
b—a

- {4[wr¢wmmn+ma—wa—w

(Gl
+4Tﬂ%—UWMWHM“4”%_U (%>H“}
:b;“quo f(%)D'
‘f )+ £(b) - L /f do| <

Analogously we obtain
!/ a /
— (|7 ()] +1r o),
which completes the proof for this case.

Suppose now thaj > 1. Using the well known Hoélder inequality faoy and
p=q/(q— 1) we obtain

/qu_mufwﬂw1—ﬂmmt
0

1
= / 11— 2t e |1 —2t] |f'(ta+ (1 —t)b)|dt
0
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22) < (/01\1—2t|dt>q;1 </01|1—2t|\f/(ta+(1—t)b)\th>;.

Since| f'|* is m-convex on[a, b] we know that for every € [0, 1]
Inequalities for m-Convex and

(L
m
(@, m)-Convex Functions
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‘f o / !

gb;“(/o |1—2t|dt) ' ( f’(ta+m(1—t)%>
(o) blrer o (D]

q

(2.3) [f(ta+ (L=8)b)|" <t|f'(a)]" +m(1—1)

)
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Theorem 2.2. Suppose that all the assumptions of Theoreivare satisfied. Then

V(“*f)—bfalﬁmmm

<P (‘f, el %)q)é (m G+ (b)q>é
4 ,

- 2 2
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Title Page
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< 14
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) Page 12 of 25
a+b 1
‘f( 5 >_b—a f(x)dx Go Back
1 ath b Full Screen
!/ /
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2
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1

[ (eremo-alr ()])
e [ a=o (wrwiena-nlr (1)) ]
= (@il (2)]).
and analogously
() -5 [ s < ()] 417 o).
This completes the proof for the cage- 1.

An argument similar to the one used in the proof of Theofehygives the proof
for the case; € (1, 00). ]

< (b—a)

b;a(m

As a special case of Theoreil for m = 1, that is for| f’|Y convex ona, b] , we

obtain the first inequality in Theoref. Similarly, as a special case of Theorém
we obtain the second inequality in Theorém

Theorem 2.3.Let I be an open real interval such thlt, o) C I. Letf : I — R
be a differentiable function oh such thatf’ € L ([a,b]), where0 < a < b < cc.
If | f'|? is m-convex orja, b] for some fixedn € (0,1] andq € (1,00), then

b— SN\ 1
o o 25213 (o)

b—a (1 1
(2.4) < (uf + ué) ,

IN

W

Inequalities for m-Convex and
(@, m)-Convex Functions
M. Klari¢i¢ Bakula, M. E. Ozdemir
and J. Pecaric

vol. 9, iss. 4, art. 96, 2008

Title Page
Contents
44 44
< 14
Page 13 of 25
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k6

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

where

m:mmywa+mvwfﬂqw< n+muw>\}

2 2

HM{W“W+muwfﬂqw«%ﬂ+muw >}
H2 = 2 2 ’

Proof. If |f'|? is m-convex from Theorem we have

1
2/ |f/(ta+ (1 —t)b)|"dt < py,

N|=

2 / F(ta+ (1— )b dt < o,
0

hence
a b b

‘f();rf()_bia/af(x)dx
b—a (!

<

‘(ta+ (1 —t))| dt

= b;a [/02(1—275)|f/(t&+(1—t)b)|dt+ﬁ (2t — 1) |f'(ta+ (1 —t)b)| dt

2

Using Hdlder's inequality for; € (1, 00) andp = ¢/ (¢ — 1) we obtain

'f ) + f(b) /f
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q—1

gb;a (/02(1—2t)qfldt> q (/02|f’(ta+(1—t)b)|th>q
+<[(2t—1)qq1dt) q ([|f’(ta+(1-t)b)|mt>q

2

g—1
b—a q—l Tq 1 1
< q q

since

% q 1 q q—l
/ (1—2t)qldt:/ (2t — 1T dt = ————.
0 3 2(2¢—1)

2

This completes the proof of the first inequality (n.1) . The second inequality in
(2.4) follows from the fact

q—1
1 g—1Y\ ¢
=< <1 1 .
5 (2q_1) , g€ (l,00)
[

Theorem 2.4.Let f,g : [0,00) — [0,00) be such thatfg is in L' ([a,b]), where
0 <a<b< oo lf fismy-convex andy is ms-convex ona, b] for some fixed
mi, Mo € (O, 1] , then

1
b—a

b
/ f(z)g (x)dx < min {M;, My},
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M= 3| F @@ 4 mmat ()4 ()]
+é {mgf(a)g (miz) +ma f (ﬂ%) g(a)} :

M, = % {f (b) g (b) + mamaf (mil) I (ﬂjz)]

+% [mzf (b)g (m%) +my f (%) g (6)1 :
Proof. We have

Fratma-0 ) <er@rma-nr ().

my

b b
g (ta+m2(1—t)m—2) <tgla)+ma(l—1t)g (@> ,
forallt € [0,1]. f andg are nonnegative, hence

f(ta+m1(1—t)mi1>g<ta+m2(1—t)i>

sﬁﬂmm@+mﬂa—wﬂ@gQ;)+mau—wf-i)mw
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Integrating both sides of the above inequality ojerl] we obtain

/1f(ta+(1—t)b)g(ta+(1—t)b)dt

b b Inequalities for m-Convex and
S b f (CL) g( ) + mlmgf — — (e, m)-Convex Functions
3 my mo M. Klari¢i¢ Bakula, M. E. Ozdemir
1 b and J. Pecaric
+ 6 (mgf ( ) my f (E) (a)) : vol. 9, iss. 4, art. 96, 2008
Analogously we obtain
Title Page
L et (1090w mmar (L) o (2
X X X — mym e e
b—a J, g -3 9 172 my 9 Mo Contents
1 a a <« >
= b — — b
+6(m2f()g(m2)+m1f(ml)g()), p R
hence Page 17 of 25
. / f dl’ < min {Ml, Mg} Go Back
O
Full Screen
Remarkl. If in Theorem2.4we choose d-convex (convex) functiog : [0, c0) — Close
[0, 00) defined byg () = 1 for all x € [0, oc), we obtain
1 b _ a)+mf (L by +mf (& journal of inequalities
- /f(x)dxgmm{f() 2f<m),f<) Qf(m)}, in pure and applied
aJa mathematics
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3. Inequalities for (a, m)-Convex Functions

In this section on two examples we ilustrate how the same inequalities as in Section
2 can be obtained for the class(of, m)-convex functions.

Theorem 3.1.Let I be an open real interval such thlt, o) C I. Letf : [ — R
be a differentiable function oh such thatf’ € L' ([a,b]), where0 < a < b < .
If | /| is (o, m)-convex ora, b] for some fixedv, m € (0,1] andq € [1,c0), then

‘f(a);f(b) N bia/abf(x)d:c

<5 (2) (ool ()]

(n 17O +vam £ ()

a
m

q>;}’

where
1

@+ [“* G)] a
o <a+1>1<a+2> [a o (%) }

Proof. Suppose thag = 1. From LemmaA we have

flay+f) 1
_b—a/a f(z)dx
b

vy =

(3.1)

2

a
<

/1 11— 2t|[f'(ta + (1 — t) )| dL.
0
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Since|f’| is («, m)-convex onfa, b] we know that for any € [0, 1]

P

f (ta—l—m(l—t)%)‘ <t*|f'(a)| +m (1 —t%)

thus we have

0210 L o
b—a

<25 - e lr@l s ma e

b 1
= 2a/0 {to‘|1—2t||f’(a)]+m(1—t°‘)|1—2t|

)
()]

/olta“‘%‘dt: T {“ G)] e

/01 == 2t = [a2 . (%H =

hence

L0210 L o

Analogously we obtain

IEESTIERY

" @)+ v (L))

<

< b;a (Vl |f'(a)] +V2m‘f/ <%)D :
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which completes the proof for this case.
Suppose now that € (1, 00) . Similarly to Theoren?.1we have

(3.2) /01 11— 26| |f(ba + (1 — #)b)| dt

1 =1 1 ;
g(/o 11— 2] dt (/0 11— 26| | f'(ta+ (1 — £)b) dt>

Since|f’|? is (o, m)-convex onfa, b] we know that for every € [0, 1]
b
m

’(ta+m(1—t)%) f’(

hence from(3.1), (3.2) and(3.3) we obtain

e I0) —bia/bfmdx
b_“</ \1—2t\dt) <
SR AT

) ‘
and analogously
q—1

'f(a)—gf(b) _bia/:f(x)dx Lboa <%>q<y1]f’(b)|q+u2m (%) q)‘l’,

which completes the proof. ]

L@ m (1)

q

(3.3)

Y

BN
dt)

(ta+m(1—t) :;L)
()
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Observe that if in Theoreri.1 we havea = 1 the statement of Theorefh1
becomes the statement of Theorgm

Theorem 3.2.Let f,g : [0,00) — [0,00) be such thatfg is in L' ([a, b]), where
0<a<b<oo. lf fis(ay,my)-convex and; is (asy, ms)-convex ora, b] for some
ﬁXEdOél, mi, Gig, My € (O, 1] , then

1 b
b—a/ f(z)g (z)dx < min {Ny, Na},
where
_ fla)g(a) 1 1 b
Nl_a1+a2+1+m2 ar+1 o +ag+1 fa)g Mo
1 1 b
+m1|:(12+1_(11+042+1:|f(;1)g(a)
e 1= ) ()0 ()
mim — — — —
e Oél—l—l Oég—l—l Oél—l-Oég—l—l my g mo ’
and
f(b)g () { 1 1 } <a>
Nog= """} — b —
o SULLC Pvars iateepreerny ) EAUEA (e

1 1 a
— — b
+m1{a2+1 a1+a2+1]f(m1)g()

e ) ()0 ()
mim — — — — ] .
1 Oél—l—l Oég—l—l Oé1—|-042—|—1 mlgmg
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Proof. Sincef is (a1, m;)-convex angd is (aw, ms)-convex ona, b] we have

f (ta—l—m1 (l—t)i) <t“f(a) +my (1 —t) f (i)7

mq my
ta+mg (1 —1t) b <t*g(a) +my (1 —t*?) b
g 2 Mo = g 2 g Mo 3
. i Inequalities for m-Convex and
forall t € [0,1]. The functionsf andg are nonnegative, hence (or, m)-Convex Functions
M. Klari¢ic Bakula, M. E. Ozdemir
i B < a1tas and J. Pecaric
f(tCL T <1 t> b>g(ta t (1 t) b) _bt f (CL) g(a> b vol. 9, iss. 4, art. 96, 2008
1o (1 — o2 - 102 (1 — ™ 2
Fmatt (1= ) Flayg () me (0= 7 (2 gfa)
b b Title Page
_ 4™ _ $@2 N -
+mymy (1 —1%) (1 —%2) f <m1> g (mz) : Contents
Integrating both sides of the above inequality ojeil| we obtain 4 44
1 < 14
t 1—1t)b)g(t 1—1t)b)dt
| fta+=opgta+a-on R
1 b
i [ g e
§ f (a) p (a) . 1 B 1 f (a) , i Full Screen
_061+062+]. 2 Oél+1 Oél+062—|—]_ ™Mo Close
1 1 b : . o
_ . journal of inequalities
tm |:Oz2+1 (11+042+1:|f(m1)g(a)
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Analogously we have

[ e
_% e [all—i—l_al—i—;g—f—l}f(b)g(”%)

1 1 a
- — | g(b
+m1{a2+1 a1+a2+1}f(m1)g()

e 1= - et v () o ()
mym — — — — ],
re ar+1 as+1 o +as+1 mlng

which completes the proof.

]

If in Theorem3.2we haven; = o = 1, the statement of Theoref2 becomes
the statement of Theorem4.
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