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Abstract

In this paper we establish some new multidimensional integral inequalities of
the Griss type by using a fairly elementary analysis.
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The following inequality is well known in the literature as the Griss inequality
[2] (see also4, p. 296]):

ot e (2 [L10w) (5 [ oo

S(M_m)(N_n)7

provided thatf, g : [a,b] — R are integrable ofu, b] and
m < f(z) <M, n<g(z) <N,

forall z € [a,b], wherem, M, n, N are given constants.

Since the appearance of the above inequality in 1935, it has evoked consider-
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able interest and many variants, generalizations and extensions have appeared,

see [, 4] and the references cited therein. The main purpose of the present
paper is to establish some new integral inequalities of the Gruss type involving
functions of several independent variables. The analysis used in the proofs is
elementary and our results provide new estimates on inequalities of this type.
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In what follows, R denotes the set of real numbers. Let= [a,b] X [c,d],
A® = (a,b) x (e,d), 2 = [a, k] x [b,m] x [e,n], Q0 = (a, k) x (b,m) x (c,n)
fora,b,c,d, k,m,nin R. For functionso and/ defined respectively oA and
0, the partial derivativeé%‘jg ) andaafgzg =) are denoted by, D« (, y) and
DngDlﬂ (1‘7 Y, Z) . Let

D={z=(1,...,20)ra; <2; <b; (i=12,...,n)}

On Multidimensional Griiss

andD be the closure oD. For a functiore defined onD the partial derivatives e iR
%lr) (;=1,2,...,n) are denoted bye (z) .
First, we give the following notations used to simplify the details of presen- 518, e
tation.
A(D2D f (2,9)) = Ala, ¢ 2,y5b,d: DaDy f (s,1)] i L
T pry z pd Contents
= DyDqf (s,t)dtds — DoDq f (s,t)dtds
| [ episisn /a/y21f() —
by b pd < >
_ / / DyDy f (s,1) dtds + / / DaDyf (s,8) dtds,
voUe vy Go Back
B(Dngle(T S t)) Close
= Bla,b,c;r, s, t; k,m,n; D3Ds Dy f (u, v, w)] Quit
/ / / D3Ds D f (u, v, w) dwdvdu Page 4 of 15
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r m t
—// /D3D2D1f(u,v7w)dwdvdu
S e
—/ / / D3Ds Dy f (u,v,w) dwdvdu
r b c
+/ / / D3Dy D1 f (u, v, w) dwdvdu
‘ ’ k ' m t
—i—/ / /Dngle(u,v,w) dwdvdu
Bops e
—|—/ / / D3Dy Dy f (u, v, w) dwdvdu
T b t

k m n
— / / / D3Dy D1 f (u, v, w) dwdvdu,
r s t

E(f(m,y))ZE[a,c;x,y;b,d;f]
= S 1F o)+ f (d) + f (@,9) + F (b,0)]
1

= (@) + flad)+ f(bc)+ f(b,d)],

L(f(r,s,t))=Lla,b,c;r, s, t;k,m,n; f]
— L[ (a,b,e) + f (km,m)]

8
—i[f(r,b,c)—|—f(r,m,n)+f(r,m,c)—i—f(r,b,n)]
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_i[f(a,s,c)—l—f(k’,S,n)+f(a,8,n)+f(kysac)]

— U (@ by 4 £ (o, t) 4 F (kb 2) 4 f (a,m, )

+%um@ﬂ+fwﬁ¢n+%umaw+fwmmn

—i—%[f(r,s,c)—i—f(r,s,n)].

Our main results are given in the following theorems.

Theorem 2.1.Let f, g : A — R be continuous functions afy; D, D f (x,y),
DyDyg (z,y) exist onA® and are bounded, i.e.

|DoD1fll, = sup [DaDif (x,y)] < oo,
(z,y)€A0

|D2Dhgll, = sup |DaDig(x,y)| < oo.
(z,y)€A0

Then

b d
(2.1) / / f (2,9) g (z,y) dyda

5[ [ PG @ aten + B f @ plde

b pd
<50-a@-9 [ [ (atenlIDDusl
U7 Gl 1DaDagll) dy
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Theorem 2.2.Letp, ¢ : 2 — R be continuous functions &y D3 Dy, D1p (1, s, t),

D3sD,Dyq (1, s,t) exist onQ® and are bounded, i.e.

|DsDyDipl|l,, = sup |DsDaDip(r,s,t)| < oo,
(r,s,t)eQ0
”D3D2D1q|’oo = sup ‘D3D2D1q (T, S, t)‘ < Q.
(r,s,t)€Q0
Then
(2.2) p(r,s,t)q(r,s,t)dtdsdr

—-/// p(r5.8) g (r5.1)

+ L(q(r,s,t))p(r,s,t)|dtdsdr

1
<—(k—a)(m—=20)(n—c)

16
/// (Ia (r 5.0)| | Ds D2 Dy

+ |p (r, s, )| | DsD2D1q| . )dtdsdr.

Theorem 2.3.Let f,¢ : R® — R be continuous functions o and differen-
tiable on D whose derivative®), f (x), D;g (x) are bounded, i.e.,

I1Diflle = sup|Dif (z)| < o0,
zeD

|Digll, = sup|Dig(z)| < oo.
zeD
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Then

(2.3) ‘M/f dm—(%/[)f(x)dx) (%/Dg(x)dx)‘

< 5 [ S (g @Dl + 15 ) 1015l ) B ()

where
On Multidimensional Griiss

n Type Inequalities
M = Hb—az, (x):/D|mi—yi|dy,
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2.1

From the hypotheses we have the following identities (§8e [

1
(3.1) flay) = E(f(zy)+ 3ADDif (2,9),
1
(3.2) g(z,y) = E(g(w,y) + ;A (D2Drg (2.y)),
for (x,y) € A. Multiplying (3.1) by g (z,y) and @.2) by f (z,y) and adding on Multidimensional Gri
the resulting identities, then integrating anand rewriting we have s
b pd B.G. Pachpatte
@3 [ [ 1wty dys
1 [t e Title Page
5 | [EU @ o)+ B ) dyis
Contents
/ / (D2D1f (z,9)) g (2, y) «“ 44
+ A(DaDig (2,9)) f (x,9)) dyde. 4 >
From the properties of modulus and integrals, it is easy to see that Go Back
b d Close
@4 ADDf @)l < [ [ IDaDuf (5.0 deds, Qui
“ e Page 9 of 15
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From G.3) — (3.5 we observe that
ab/cdf(x,y)g(:my) dyda
SIVAC
<[ [ totwuiiawnis )
1 @) A (DDrg (a.)) s

_8//<|gacy|//]D2D1fst|dtds

+ ‘f(xay)’/ / |DyDh g (S,t)]dtds) dydx

_// (Ig (&.9)| [ D2Ds £

+f (z,9)| |D2D1gl) dyde,

9(z,y) + E(g(z,

1
—(b—a)(

OO

which is the required inequality ir2(1). The proof is complete.

y) f(x,y

) dydzx
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2.2

From the hypotheses we have the following identities (5fe [
1
(41) p (Tv S, t) =L (p (Tv S, t)) + gB (D3D2D1p (7’, S, t)) )

@2 a(rst)=Lla(rs. ) + B (DDDi(r5,1).

for (r,s,t) € Q. Multiplying (4.1) by ¢ (r,s,t) and @.2) by p(r,s,t) and

adding the resulting identities, then integratingtdand rewriting we have

(4.3) /alC /bm /np(r, s,t)q(r,s,t)dtdsdr
/// (0 (ra5,8)) 4 (r, 5, 1)

+ L(q(r,s,t))p(r,s,t)]dtdsdr

[

+ B(D3DyD1q (r,s,t))p(r,s,t))dtdsdr.

D3D2D1p <T7 S, t)) q (7‘, S, t)

From the properties of modulus and integrals, we observe that
k m n
(4.4) |B(D3sDyDqp(r,s,t))| < / / / | D3 Dy D1p (u, v, w)| dwdvdu,
a b c

k m n
(4.5) |B(D3DsD1q (r,s,t))] §/ / / |D3 Dy D1 (u, v, w)| dwdvdu.
a b c
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Now, from (4.3) — (4.5 and following the same arguments as in the proof of
Theorem2.1 with suitable changes, we get the required inequalityif)(
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2.3

Letz € D,y € D. From then—dimensional version of the mean value theo-
rem, we have (se€l]):

(5.1) flx)=fy) = ZDif (c) (zi —wi)

wherec = (y1 + 0 (z1 — 1), -, Yn + 0 (20 —yn)), 0 < d < 1.
Integrating 6.1) with respect tq), we obtain

2 = . R
62  famesd = [ f@y+ > [ Dif @ o=
wheremesD =[], (b; — a;) = M. Similarly, we obtain

(5.3) g (z)mesD = / y) dy + Z/ D;g (c y;) dy.

Multiplying (5.2 by g (x) and 6.3) by f (x) and adding the resulting identities,
then integrating oD and noting thatnes > 0, we have

64 [ J@od
(o) ([
+ﬁ[/ ( /Df yz)dy>dx
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' /Df v (g /D Dig (e) (i = y3) dy> d:v] .

From (.4) we observe that

i [rwawan- (3 [ ) (5 [ o)

1
2M?

<

This is the required inequality ir2(3). The proof is complete.

/DZ (lg @) Dif |, + |f (@)] |1 Digll.) Ei (z) da.
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