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Abstract

Given a function f € C3[0,1] and some ¢ € (0,1), we look at the approximation
for the Hadamard finite-part integral #J 2~ f(z)dx based on a piecewise lin-
ear interpolant for f at n equispaced nodes (i.., the product trapezoidal rule).
The main purpose of this paper is to give sufficient conditions for the sequence
of approximations to converge against the correct value of the integral in a

monotonic way. An application of the results yields detailed information on the Monotonicity Results for a
error term of a backward differentiation formula for a fractional differential equa- Compound Quadrature Method
tion for Finite-Part Integrals

Kai Diethelm
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When discussing problems in numerical integration, it is often not sufficient

to prove that a certain sequence of approximations is convergent. Frequently
one additionally wants to know whether the sequence converges in a mono-
tonic fashion, i.e. whether one can be certain that an approximation using more
guadrature nodes is actually better than an approximation with fewer nodes.
Such monotonicity results are closely related to the question of finding so-called
stopping rules: One needs to determine the value of an integral with a certain

Monotonicity Results for a

prescribed accuracy and the smallest possible amount of work. Compound Quadrature Method
For the classical setting when the integral in question is a standard unweighted " Finite-Partintegrais
integral fabf(:r;)dx, this topic is well investigated; we refer to the comprehen- Kai Diethelm
sive survey of Forster)] and the references cited therein and to the more recent
papers §, 10, 17] for a descriptiqn o_f the present state of the art. However, to Title Page
the best of our knowledge nothing is known about such results when the func-
tional to be approximated is a weighted strongly singular integral of the form CPRES
44 44
1 La] k) 1 < >
- F®(0) / -
1.1) IL][f] = -1 dr = —— 1R d
Q1) Gifl=f o @) > Gmgrt ), o s o
. . . Close
interpreted in Hadamard’s finite-part sense (see, €.aldr [2, 81.6.1]). Here _
we assume to be a positive non-integer number, and Quit
Page 3 of 21

Fuln) = % /j(x ) ) () dy

J. Ineq. Pure and Appl. Math. 5(2) Art. 44, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:k.diethelm@tu-bs.de
http://jipam.vu.edu.au/

is the remainder of the Taylor polynomial $f centered ab. By |¢|, we denote

the largest integer not exceedinglt is well known that a sufficient condition

for the existence of,[f] is thatf € Cla+1[0,1]. Among the most important
properties of these integral operators we mention here only that, in contrast to
the classical Riemann or Lebesgue integfals not a positive functional, i. e.

the inequality|7,[f]| < I,[|f]] is not true in general. Additional properties are
described in?, 81.6.1]. Since integrals of this type are known to have important
applications in various methods for solving partial differential equations or ordi-
nary differential equations of fractional (i.e., non-integer) order}[ 7, 8, 11],

we now aim to extend the classical theory to this setting.

Specifically we shall investigate what is probably the most important ex-
ample of a quadrature formula fdy, the product trapezoidal method. The
construction of the method is simple: Given an integewe divide the fun-
damental integral0, 1] into n subintervals of equal length with break points
xj = %] =0,1,...,n. We then replace the functiofiby its piecewise linear
interpolant (linear interpolating spline) with knots and nodesqat, ..., z,.
Denoting this interpolant by,, ., (the subscript: 4+ 1 being the number of in-
terpolation points), we then define our approximatign..; for I, according
to

[q,n+1[f] = Iq[fn+1]7

where we note that the piecewise linear structurg,ef allows us to calculate
the expression on the right-hand side effectively.
An explicit representation faf, ,,., is available from §, Lemma 2.1]:

Monotonicity Results for a
Compound Quadrature Method
for Finite-Part Integrals
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Lemma 1.1. We have
- k
Iq,n+1[f] = Zaknf ﬁ )
k=0
where
q(1 — g)n" Yoy,
-1 for k =0,
= %V — (k=D — (k+ 19 fork=1,2,...,n—1,
(q— Dk 91— (k=11 1+ k"7 fork =n.

There are various reasons for choosing this formula as a first candidate for
our investigations:

e Itis a generalization of the classical trapezoidal formula, which is in turn
the quadrature formula for standard integrals that was historically among
the first and is very thoroughly investigated with respect to its monotonic-
ity properties.

e Many other properties of this formula have been studied in great detail,
see, e.g.,4, 5].

¢ It has been used very successfully as the basic ingredient for algorithms
for the numerical solution of fractional differential equatiofif [
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The main result of this paper is the following monotonicity theorem that directly
corresponds to an analogous result for standard integrals (see,l&]axr [1,
Thm. 105]).

Theorem 2.1.Let0 < ¢ < 1 be fixed, and lef € C®[0, 1]. Moreover assume
that /" is nonnegative of0, 1] (i.e. f is convex) and” is nonpositive oro0, 1].
Then, the sequendé, ,..1[f]);>; is monotonically decreasing, and its limit is

Iq{f]' Monotonicity Results for a
For the proof we shall use some properties of the quadraturéfiyle; )2, R S
that have been established previously. Here and in the following we will make -
use of the notation i biethelm
RnJrl = Iq - [q,n+1 _
to denote the remainder functional Kf, ;. For the sake of simplicity we have Title Page
suppressed the dependencezan our notation. (Remember thats assumed Contents
to be fixed.) « b
In view of the above mentioned properties of the functiohand its ap-
proximation, .1, we may apply the classical Peano kernel theoréfh fo < >
R, 1 and derive Go Back
Lemma 2.2.Let0 < g < 1or1 < ¢ < 2, and assume that € C?[0, 1]. Then, o
1
Roalfl = | KaRowr,2)f"(a)da, Qui
0
) ) Page 6 of 21
whereKs (R, 1, -) is the second Peano kernel Bf,,, given by 2
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Here(-), is the truncated power function defined by

(z), = x ifx>0,
T+7 1 0 otherwise.

From Lemma2.2we can deduce the explicit representation

J 1—q ..
(2.1) Kg(Rn+1,t):ZOékn (E—t) vt fort e [l,j+1]
k=0 n q(l B Q) n n Monotonicity Results for a
Compound Quadrature Method
of the Peano kernel in a straightforward way (as is done, e.gZ, iifm. 16] e AR CI L
for classical quadrature formulas). Kai Diethelm

In [4, p. 487] it has been stated thA&}, ., is negative definite of order two
whenevel) < ¢ < 1 orl < ¢ < 2. Unfortunately this result is incorrect; it

Title Page
should read as follows.
Contents
Lemma 2.3. For anyn > 2, the functionalR,, ., is negative definite fod <
g < 1 and indefinite forl < ¢ < 2. « dd
Proof. It is clear that < >
Go Back
Rolf] = Iq[f_l— fnt] 1 Close
— w0~ faadut [ () = ) Quit
’ " Page 7 of 21

To prove the negative definiteness in the daseq < 1 it is sufficient to show

that R,,.1[f] < 0 wheneverf is convex. Thus we assumgéto be convex. 3. Ineq, Pure and Appl. Math. 5(2) Art, 44, 2004
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Then, as is well knownf (u) < f,+1(u) for all u, and hence the second integral
is nonpositive. Moreover, for the first integral we can explicitly calculate the
Peano kernel representation

-1

£ w6 — e = Alfl = [ @R e

0

In view of the relation between the functionalsand R,,, it is evident that for
u € [0,n71] we have

Monotonicity Results for a

u Compound Quadrature Method

(2_2) KQ(A, u) — K2(Rn+1’ u) — _ (u—q _ nq) S 0 for Finite-Part Integrals
Q(l n C]) Kai Diethelm

because of4.1). Thus, the first integral is nonpositive toofifis convex, and

the claim follows. Title Page
The indefiniteness in the case< ¢ < 2 follows by very similar arguments. E—

We find the same expression for the Peano kefaglA, -) as above, but now

the sign of(1 — ¢) and hence the sign of the complete expression has changed. 44 (44

ThusK,(A,u) > 0for0 < u < n~!. Since nothing changes in the integral over < >

[n=1 1], we deduce that no,,, ; is the sum of a positive definite functional on

C?[0,n~'] and a negative definite functional @i¥[n!, 1], and hence it must Go Back

be indefinite. O Fllose
Formulated in terms of Peano kernels, the ¢aseq < 1 of Lemma2.3can Quit

be restated as: Page 8 of 21

Lemma 2.4.Let0 < ¢ < 1,z € [0,1] andn € N. Then,Ks(R,+1,z) < 0.
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Standard methods from elementary Peano kernel theory give us additional
fundamental results on the functiét,(R, .1, -) and itsL; norm

1
et = KR, s = [ KR, )
0

we omit the details of the proof.
Lemma 2.5. Let0 < ¢ < 1.
(@) Forj =0,1,...,nwe haveKy (R, 1,z;) = 0.
(b) The sequence,,.1)2, is monotonically decreasing.

Finally we quote another result on the sequence mentioned in Leiina
(b) from [5, Thm. 1.2]; more details are given there and4nThm. 2.3].

Lemma 2.6. For 0 < ¢ < 1 there exists some constantsuch thatp,; =
cgni™2+ 0(n™2).

We are now in a position to prove our main result.

Proof of Theoren2.1. First we note that, by Lemmas2and?2.4,

1
&MﬂjA&meW@MSQ

and hence by definition a®,,, we find that/, ,,.1[f] > 1,[f].
Moreover, by Lemma&.2, Holder’s inequality and Lemma.6,
| Rnia[f]] = <" llo - prar — 0,

/0 K2(Rn+1,x)f“(a:)da;
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i.e. (again by definition oR,, 1), 1, n+1[f] — I,[f] asn — oo.

It remains to prove that the sequende,,.;[f]) decreases monotonically
or, equivalently, that the sequeng®,,.[f]) increases monotonically. To this
end, we use the representationif ;[ f] from Lemma2.2 and introduce the
functionsJ,,,; andL, ., according to

Int1(2) = Ko(Ryy1, T) + P and Lyi(x) = / Ty (t)dt.
0

Then, a partial integration yields

za+¢ﬂ=1é<xwmx»—mwnf%@dx
=ﬂunmﬂmwwwﬂm—4f%wwmmw—wwﬂm

ZfﬁH%HU%WMﬂ—AfW@Mww@—wHﬂM

since obviouslyL,,1(0) = 0. Moreover,
1
Lua(D) = [ Jua(t)d
0

1 1
= / (Ka(Rpg1, ) + ppy1) do = / Ko(Ryq1, 2)dx + ppi1.
0 0

Recalling the definition af,,..; and the nonpositivity of;(R,,. 1, -) (See Lemma
2.4), we find

1 1
Pn+1 = / |K2(Rn+1,l')|dl’ = _/ KQ(Rn—I—lvm)dmv
0 0
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and hencd.,,.1(1) = 0 too. Combining these results we find

Roalf] = =pasr f'(1) = /0 f7(2) [Ls1(x) = 2pnga] da.

Under our assumptions ofy we know thatf”(1) > 0, and hence by Lemma

2.5 (b) we see that the first expression on the right-hand side, viz. the quantity
—pns1f” (1), isindeed a monotonically increasing functiomofit thus remains

to prove that the remaining term has got this property as well. Sjfces

assumed to be negative, it is sufficient for this purpose to show that, for every _ Monotonicity Results for a
Compound Quadrature Method

fixed x € [0, 1], the functiong, defined by for Finite-Part Integrals
o (n + 1) = Ln+1<x) — LPn+1 Kai Diethelm
is a non-decreasing function of Note that .
Title Page
buln + 1) = / (Ks(Ronst) + prs) di — 2poss — / KR, t)dt. Contents
0 0
- e <44 >
For the proof of the monotonicity af, we distinguish two cases.
Firstwe look at) < z < (n+1)~!. Anexplicit representation fak»(R,,, 1, t) < >
in the casd) < ¢ < n~! can be taken from eg2(2); it reads Go Back
t
K2(Rn+17t> = 1— (nq _ t_q) ) Close
q(1 —q) Quit
Consequently, Page 11 of 21
1 1 1
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for 0 <z < n~'. In an analogous manner we find

1 (1 I

for 0 < x < (n+1)~!. From these identities we immediately see

ba(n+1) < ¢u(n+2)

forallnand0 < z < (n + 1)_1 as required. Monotonicity Results for a

_ _ . . © d drature Method
In the second case + 1)~ < = < n~" we will prove the relation e S

Pe(n+1) < Pnyy-1(n+1) < pp-1(n+2) < ¢p(n+ 2). Kai Diethelm

Since Ky(R,.+1,) is a nonpositive function (see Lemn2ad), we find that

. . . . Title Page
¢.(n + 1) is a decreasing function of. Thus the first and the last of the three
inequalities above are evident. It remains to show the middle one. To this end Contents
we note that we still have, as above,
44 44
1 1 1 < >
G(n+1) = T (inqxg — 2—:E2_q) ,
¢(1—q) — 4 Go Back
and therefore Close
1 1 Quit
Pnt1)-1(n+1) = — <—nq(n +1)72 — (n+ 1)‘1_2)
q(1—q) \2 2—q Page 12 of 21
1 1
= —_nd _— q
q(l _ Q) (n + 1)2 (271 2 — q(n + 1> ) ’ J. Ineq. Pure and Appl. Math. 5(2) Art. 44, 2004
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However we now pass a node of the formi})a. », namely the pointn +1)~*

and hence the Peano kerd¢] of this formula becomes

1 ti—a
Ko(Ryio,t) = —igmant + Qumey | —— — 1) — ————
(Bsa,t) = ~cnmiat + v (77 ~1) =

= w (t + (2 -279) <L — t) —(n+ 1)—%1—‘1)

q(1—gq n+1
according to eq.4.1) and Lemmal.1. Thus we have

Gn-1(n+2) = / Ko (R p0, t)dt
0
-1

(n+1)~1 n
[ KRt [
0 (n+1)-1

= Q(nt1)- (n+2)+/

Ko(Ryso, t)dt

n

Ky(Rpso, t)dt

(n+1)~1
P (_ _ —> n+ 1) 4 /(n+1)1 Ko(Rpso, t)dt
1 e [T
g, e
- (1)
21 Q)( q)

+2q(1_q)(2_q) (2(n+1)772 — 2p7?

7% (n+ 1)1 (g — 2)(1 - 277 = 2n))
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and after a rather long but simple calculation we obtain the required inequality.
On the remaining part of the intervdl, 1], the required representation of
the Peano kernel is also given in.{). For the purpose of illustration we have
plotted the graphs fap, (n+ 1) versuse in Figurel for the special casg= 0.3
andn € {5,6,7}. In a qualitative sense these graphs can be considered to be
typical also for other values af € (0, 1). Using these representations, we can
deduce the required property after a lengthy but straightforward calculation on
these intervals too. O
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Figure 1: Plots ofp,.(n + 1) versusz for n = 5 (dotted line; bottom)n = 6
(dashed line; middle), and = 7 (solid line; top), over the entire interval €
[0, 1] (upper graph) and zoom over the subintemwval [0, 0.1] (lower graph).

Page 15 of 21

J. Ineq. Pure and Appl. Math. 5(2) Art. 44, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:k.diethelm@tu-bs.de
http://jipam.vu.edu.au/

In LemmaZ2.3 we had pointed out a mistake in the discussion of the tase
q < 2in our earlier paper4]. This observation leads to some consequences.

To begin with, an error estimate for the quadrature rule considered above
has been discussed ir,[Thm. 2.3]. The analysis there was partly based on
the incorrect result and needs to be modified slightly. The correction due to
this problem affects only the case< ¢ < 2 (the parametep used in that paper
corresponds tg+1 here), but since the original proof regrettably also contained

Monotonicity Results for a

some typographical errors in the cadse: ¢ < 1, we give the correct result in Compound Quadrature Method
both cases here. for Finite-Part Integrals
Theorem 3.1.Let0 < ¢ < 1or1 < g < 2. Then, for every. € N we have Ll
30 —q(qg+1) =2 g+1 1 n-? Title Page
360q - |1 — ¢q|(2 — q) 180  6¢q
1 1 1 Contents
< " < . Q72 _ 72'
preit (6q+211—q\<2—q>> 6q" “« | »
Proof. In [4, Proof of Thm. 2.3], we have seen that < >
Pn+1 =0 + T, Go Back
where Close
1—n"% (1 q(¢g+1) PR 1— n‘qnq_2 Quit
q 6 180 6q
Page 16 of 21
and
7= sup [|A[f]],
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whereA([f] is as in the proof of Lemma.3. Thus, standard Peano kernel theory
reveals that

-1

T :/ | Ko(A,u)|du.
0

From the explicit representation &f,( A, -) in eq. €.2) we find that

-1
1 n q-2
T=- / u(u™ —n)du = £ )
q-[1—4ql Jo 2[1—¢[(2—q)
Monotonicity Results for a
and the claim follows. ] Compound Quadrature Method
for Finite-Part Integrals
Another aspect of the results presentedinsgrelated to the fact that finite- Kai Diethelm
part integrals are a convenient means to represent derivatives of fractional order.
To be precise, as is well known’][ we have that the Caputo-type fractional Title P
differential operatoD? can be rewritten as e Fage
) . Contents
Diy(a) = 4 (v(a) = y(0)) (o~ )" du “« | »
I'(=q)J o
>
for0 < g < 1andas ¢
] - Go Back
Dy(e) = gras  (0la) = 9(0) = uy/(0) = )" Glose
0
uit
for 1 < ¢ < 2. We refer to the books of Podlubny] or Samko et al. I5] for S
detailed information on fractional derivatives and fractional differential equa- Page 17 of 21

tions; here we only note that our results above can be applied in a direct way to

derive monotonically convergent approximations for such derivatives. We recall e Pure and Appl. Math. 5(2) Art. 44, 2004
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that certain other important properties of the approximation method investigated
here have been given in][

Differential equations involving such operators have proven to be an impor-
tant tool in many applications in physics, engineering, finance, etc.; see, e.g.,
the examples mentioned in4] and the references cited therein. It is an obvi-
ous consequence of the above considerations that we may also use the product
trapezoidal method for finite-part integrals as a means to construct numerical
solutions for fractional differential equations. First results on this topic have
been given in{, 5]. In the analysis of the algorithm, a discrete Gronwall in- Monotonicity Results for a
equality [3, Lemma 2.3] turned out to be helpful. In view of our new develop- C°ﬂg‘:‘;'|‘&§‘g‘iﬁ;‘;;2§“°d
ments above we may now strengthen this result and bring it into the form of a

two-sided inequality: Kai Diethelm
Theorem 3.2.For 0 < ¢ < 1, let the sequencgl;) be given by/; = 1 and
Title Page
d—1+q1—q Zakiﬂk’ j=23,..., Contents
44 44
whereay; is as in Lemmad. L Then, < >
jr<d <=2 o o193 ... Go Back
mq(1 —q)
We can thus see that the upper bound gives the correct rate of growth of the Close
sequenced, ). Quit
Proof. The upper bound is knowri] Lemma 2.3]. For the lower bound, we Page 18 of 21

proceed inductively. The induction basjs=£ 1) is presupposed. For the induc-

tion step we use the fact that,; > 0 for all j andk under consideration and % Ined. Pure and Appl. Math. S(2) Art. 44, 2004
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find, using the functio(z) = (1 — x)9, that

disi=1+q(1—-¢q)(j+1 Zakj+1d]+1 k

J+1 .
j+1—k
>1 1-— ; _
> 14q( Q)§ O‘k,ﬁ-l( 1 )

k=1
=1+ q(1 — q) (Ig,j+2[¢] — a0,j+16(0)) -
Monotonicity Results for a
=1+ q(l - q)]q7j+2 [gb] + (] + 1)q. Compound Quadrature Method
for Finite-Part Integrals
It thus remains to prove tha{l — q)I, ;+2[¢] > —1. In view of the fact that Kai Diethelm
¢"(x) < 0and¢”(xz) > 0for 0 < = < 1, Theorem2.1 allows us to conclude
that it is sufficient for this purpose to show thatl — ¢)/,2[¢] > —1. An :
. . . ’ Title Page
explicit calculation reveals that indeed
Contents
q(1 —q)1,2[0) = q(1 —q) (a02 + 04122*‘1) =204 29274 > _1,
<44 >»
This completes the proof. O < >
It is our belief that the new lower bound may be useful in gaining an even Go Back
better understanding of the properties of the differential equation solver; in par- Close

ticular we hope to prove that the error bound derived=nThm. 1.1] is not
improvable. But this will be the topic of a different paper. Quit
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