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ABSTRACT. Letz; > 0,i = 1,2,...,n, 2 = (x1,x2,...,2,), thekth elementary symmetric

k
function ofz is defined a,, (z, k) = > [ =, with 1 < k < n, thekth elementary
1<i1 < <ip<n j=1

symmetric mean is defined &, (z, k) = ((Z)_lEn (z, k)) " and the functiory is defined as

f(x) =P, (z,k —1)— P, (z, k). The paper proves thdtis a S-geometrically convex function.
The result generalizes the well-known Maclaurin-Inequality.

Key words and phrasesGeometrically convex function, S-geometrically convex function, Inequality, Maclaurin-Inequality,
Logarithm majorization.

2000Mathematics Subject Classificat/oRrimary 26D15.

1. INTRODUCTION

Throughout the paper we assuiR® be then-dimensional Euclidean Space,
R} = {(21,22,..., ), > 0,i=1,2,...,n},

and
e’ = (e, e, 6™, af=(af,x5,...,2),
Inzx = (Inzy,Inzy, ..., Inz,),x-y= (191, T2Y2, . - ., TnYn) ,
wherec € R, andx = (z1,29,...,2,) € R", y = (y1,92,-..,yn) € R". And if n > 2,
= (x1,29,...,2,) € R} They are defined respectively by
An<x>:“”1+x22"'”", Gy (a) = V/TiT5 T

The kth elementary symmetric function ef kth elementary symmetric mean, and functjpn
are defined respectively as

B, (z,k)= > ﬁx (1<k<n)

1<iy < <ip<n j=1
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f(x)=P,(x,k—1)— P, (z,k), (2<k<n)
The following theorem is true by [1].

Theorem 1.1(Maclaurin-Inequality)

E,(xz,n) E,(x,n—1) S E,(x,3) FE,(z,2)
E,(x,n—1)  E,(z,n—2) E,(xz,2)  E,(z,1)

Referenced |5],14]/12],17],.18],.19],[[10] and [6] give the definitions ofdimensional geo-
metrically convex functions, S-geometrically convex functions and logarithm majorization, and
a large number of results have been obtained. Since many functions have geometric convexity
or geometric concavity, research into geometrically convex functions make sense. For a com-
prehensive list of recent results on geometrically convex functions, see thelbook [10] and the
papers([5],[14],12]17] [8], [9] and[[6] where further results are given.

The main aim of this paper is to prove the following theorem.

Theorem 1.2.Letn =2,0rn>3,2<k—1<n-—1,andf (z) =P, (z,k — 1) — P, (z,k),
thenf is a S—geometrically convex function.

(1.2) < E, (z,1).

The result generalizes the Maclaurin-Inequality.

2. RELATIVE DEFINITION AND A LEMMA

Lemma 2.1([3]). Let H C R™ be a symmetric convex set with a nonempty inteviar,H —
R be continuously differentiable on the interior &f and continuous orf{. Necessary and
sufficient conditions fop to be S-convex(concave) éhare that¢ is symmetric orf{, and

0 0
(o1 — 72) (a—¢ - a—¢) > (<)o,

for all z in the interior of .

Definition 2.1([9], [10, p. 89], [6]) Letx € R:L_, (VRS Rﬁ, ($[1], Ty ,{E[n]) and(ym, Y- ,y[n})
be the decreasing queuesof, =, ..., z,) and(y., ya, - . ., y,) respectively. We safyc,, zo, . .., x,,)
logarithm majorizesy,, ys, . . ., yn) , denoteln x > Iny if

k k
HCEzZHyZ, k:1,2,...,n—1,
i=1 i=1

[Tzi= 1w
=1 =1
Remark 2.2. If x logarithm majorizeg, then

k k
ln(Hxi> zln(HyZ), k=1,2,...,n—1,
i=1

In ( g;> —In (13[1 y) .
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k
Inx; >
i=1

k
Iny;, k=1,2,...,n—1,
=1

(2

ilnxi = ilnyi.

So we can denotl = > Iny in the Definition 2.1L.

Lemma 2.3([10, p. 97]) x = (21,22, ..., z,) € R logarithm majorizes
G(2) = (G, (2),G, (2),...,G,(2)).

Definition 2.2 ([7]). Let £ C R7, thenE is said to be a logarithm convex set, if for any
z,y € B, a,f>0,a+3=1,ithavex*y® € E.

Remark 2.4. Let E C R}, InE = {Ilnz|z € E}. Thenz,y € Eifonlyif Inz,Iny € nFE,
andz®y” € Eifonlyif alnz + 3lny € In E, soE is a logarithm convex set if and only if
In F is a convex set.

Definition 2.3 ([10, p. 107]) Let E C R", f : E — [0,400). Then f is called an
S—geometrically convex function, if forany,y € £ C R"}, Inz >~ Iny, we have

(2.1) fx) = f(y).
And f is called anS—geometrically concave function, if the inequality (2.1) is reversed.

Lemma 2.5([10, p. 108]) Let £ C R” be a symmetric logarithm convex set with a nonempty
interior, f : E — [0,400) be symmetric continuously differentiable on the interiozo&nd
continuous or¥. Thenf is a S-geometrically convex function, if the following inequality

0 0
(2.2) (Inzy — Inxy) (xla—i - IQa_:i;) >0
holds for allz in the interior of E. And f a is S-geometrically concave function, if the inequality
(2.2)is reversed.

Proof. Let In £ = {lnz|z € E}, thenln E' is a symmetric convex set and has a nonempty
interior. Again, let: > 0, g (z) = f () +ewithz € E,andh (y) =Ing(e?) withy e In E =
{Inz|z € E}, theng : E — (0,+00), h:In E — ( —oo,+00). Further letr = ¢,

Oh 9(ng(e”)

Oy oy

Similarly,

J. Inequal. Pure and Appl. Mat}8(2) (2007), Art. 51, 6 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 X.-M. ZHANG

According to inequality 2]2,

(1 )<%_8_h)_(lnx1—lnx2)($ Jg —x@)
=8 Oy Oy g (x) 18301 283:2
(Inzy; — Inxsy) of of

— — =) >0

0@ \"om  Pos,) 7"

Then by Lemma 2]1, we know thatis a S-convex function. For any v € E with Inu > In v,
we have

h(lnw) > h(lnv), Ing(e™*) >1Ing (™),
and
gu)2g@), [f(u)=f().
So f is a S- geometrically convex function.
If the inequality [[2.2) is reversed, we similarly have tifats a S-geometrically concave

function.
The proof of Lemma 2]5 is completed. O

3. THE PROOF OF THEOREM [1.2
Proof of Theorer 1]2If n = 2, thenk = 2.

£ (@)= Pk = 1) = Pa (o, h) = 222 = g,
8_:701 = 5 5 x_17 xla_ml = §$1 5\/$1$27
0 0 T —
(Inzy — Inzy) (xla_ai —xga—ai) = (Inz; — Inxy) ( ! 5 2) > 0.

According to Lemma 215, if. = 2, Theorem 1. is true.
If n>3, k>3, Lettingz = (x3,24,...,7,), £, (Z,0) = 1, we have

f(x)=P,(z,k—1)— P, (z,k)

_ ((kL)lEn (2, k — 1)>k11 - ((Z)lEn (x,k))i,

1

of L ([ m _k_l.(E (2, k —1)71" 3 ’ﬁx
ory k-1 \k-—1 m Y

2<iy <--<i;<n j=1

Lt ment

2<iy <+ <ij<n j=1

A/ =
3
~——
|
=
=
=
el
N
&
=
b
=
w
|
=
+
8
o~
S
[\]
=
S
o
™
|
2
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1
k \k
So
0 0
(3.1) (Inzy —Inxzy) (xla_a{l — {L’Qa—;;>

_1
n

1
= (Inz; — Inay) - (k—l

— ) (B, (x, k= 1)1 (1) — ) - Epo (T, k — 2)

~(Ina1 — Iny) - % () B =) B (@ - 1),

On the other hand, by (1.2), we deduce
(ZEl + 132) En_g (ZZ’, k — ].) . En_g (f, k — 2)
+ xi2o [KES_, (T, k—2) — (k— 1) By (T,k — 3) - Eps (T, — 1)] >0,
SO

k-[(x1+x9) Eno (T, k — 1) + 2129, o (T, k —2)] - Epo (T, k — 2)
—(k—=1)-[(z1 +22) Eppo (T, k — 2) + w129 E, 5 (T, k — 3)] - Eya (T,k— 1) > 0,
k-E,(z,k) - E,o(x, k—2)—(k—1)-E,(z,k—1)-E, o(z,k—1)>0.
Again, according td (1]1), the following inequality holds.

k-P,(x,k—1)-E,(z,k)  En_o(Z,k—2)
—(k—=1)-P,(x,k) - E,(zv,k—1)- E, 2 (z,k—1) >0,
then

1

R <k " 1>_'“_1 (B (2, k= 17T By (3, — 2)

. <n>_llC - (En (:B,k‘))%_l Bz (7,k —1) 2 0.

1
Eo\k

Finally by (3.1), we can state that
0 0
(h’ll’l — lnilfg) (l’la—a{; — an_IJ;) > O,
Thus Theorer 1|2 holds by Lemina]2.5. O

Remark 3.1. If n > 3, k = 2, we know thatf is neither a S-geometrically convex function nor
a S-geometrically concave function.

Remark 3.2.1f n =2, 0rn > 3,2 < k — 1 < k < n, andz logarithm majorizeg, according
to Definition[2.3, we can state that

P,(z,k—1)— P, (z,k) > P, (y,k—1)— P, (y,k) .
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By Lemmd 2.8 and B B
P, (G(z),k—1) = P, (G (x),k) =0,
we know that Theorein 1.2 generalizes the Maclaurin-Inequality.
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