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Abstract

function 7(n), in which H, = Y, +. Then, we consider H(z) = \IJ<J,‘+1) +7
as generalization of H,,, such that ¥(z) = y l()<fl( t) and ~ is Euler constant;
this extension has been introduced for the first time byJ Séndor and it helps
us to find some lower and upper bounds of the form 5-=— for the function

7(x) and using these bounds, we show that ¥(p,,) ~ log n, When n — 00 s
equivalent with the Prime Number Theorem.

2000 Mathematics Subject Classification: 11A41, 26D15, 33B15.
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As usual, lef® be the set of all primes ant(z) = #PN[2,z]. f H, =Y}, 1,
then easily we have:

(1.2) v+logn < H, <1-+logn (n>1),

in which v is the Euler constant. Sd{,, = logn + O(1) and considering the
prime number theoreny], we obtain:

) = 7w + ()

Thus, comparinan%O(l) with 7(n) seems to be a nice problem. In 1959,
L. Locker-Ernst {] affirms that ", is very close tor(n) and in 1999, L.
nTy

Panaitopol §], proved that fom > 1429 it is actually a lower bound for (n).

In this paper we improve Panaitopol’s result by provigg— < m(n) for
everyn > 3299, in whicha ~ 1.546356705. Also, we find same upper bound
for m(n). Then we consider generalization/f, as a real value function, which
has been studied by J. Sanda} ih 1988; forz > 0 let U(z) = Llog'(z),
inwhich'(z) = [;* e~"t""'dt, is the well-known gamma function]. Since
['(x+ 1) = 2l'(x) andT'(1) = —~, we haveH,, = ¥(n + 1) + ~, and this
relation led him to define:

H:(0,00) — R,
(1.2)
H(z)=V(x+1)+7,
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as a natural generalization éf,, and more naturally, it motivated us to find
some bounds forr(z) concerning¥(x). In our proofs, we use the obvious
relation:

(1.3) V(e +1) = \WH%

Also, we need some bounds of the foW, which we yield them by

log =

using the following known sharp boundg,[for = (x):

T 1 1.8
1.4 1 — | < > 32299
@) (o) SAl) (o2 32209)
and
x 1 2.51
15 < 1 > 355991).
(1.5) m(e) < log ( * log z * log2:c) (@2 )

Finally, using the above mentioned bounds concernifig), we show that

U(p,) ~ logn, whenn — oo is equivalent with the Prime Number Theorem.

To do this, we need the following bound4,[for p,,:

1 —2.25
(2.6) logn+logon —1+ 8 T =
logn
n 1 —1.8
< Pn §logn+log2n—1+%
n logn

in which the left hand side holds for > 2 and the right hand side holds for
n > 27076. Also, bylog, n we meariog log n and base of all logarithms is
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Lower Bounds.We are going to find suitable valuesaqfin which e <
log x

m(x). Considering {.4) and lettingy = log x, we should study the inequality

and supposing? — y — a > 0, it will be equivalent with

o) a—i—g _2 s
5 Y 5 Y 5 =Y

and this forces‘g —a>0,0ra < g Leta = ‘g — ¢ for somee > 0. Therefore
we should study

1 1 19
—— < - 1+——|——2 )
y—1-—5°"1Y y oy

Y

which is equivalent with:

25ey? + (25¢ — 65)y + (45e — 36) -0

2.1) 53 (5y? — By + (5e — 4)) -
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The equatior25ey? + (25¢ — 65)y + (45¢ — 36) = 0 has discriminan25A; with
A1 = 169+14e—155€¢2, which is non-negative for 1 < ¢ < ¥ and the greater

155
root of it, isy, = 2=2VA1 Also, the equationy® — 5y + (5¢ — 4) = 0 has

discriminantA, = 105 — 100¢, which is non-negative far < 2 and the greater
root ofit, isys = 5 + F . Thus, @.1) holds for every) < ¢ < mm{ o2 =
20, with y > OmaX {yl,yg} = y;. Therefore, we have proved the following

—20

theorem.

Theorem 2.1.For every0 < € < 2L, the inequality:

20’

T

— <),
logx — 1 — gz
holds for all:
T 2 maX{32299 613 ae+\/1(1)'f()):»14e 155¢2 }

Corollary 2.2. For everyx > 3299, we have:
T

1
L+ 4logx

< 7(x).
log x —

Proof. Takinge = 3—(1) in above theorem, we yield the result for> 32299.
For 3299 < z < 32298, we check it by a computer; to do this, consider the
following program in MapleV software’s worksheet:
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restart:

with(numtheory):

for x from 32298 by -1 while
evalf(pi(x)-x/(log(x)-1+1/(4*log(x))))>0
do x end do;

Running this program, it starts checking the result from- 32298 and ver-
ify it, until = = 3299. This completes the proof. O

Upper Bounds. Similar to lower bounds, we should search suitable values of

b, in which 7r(x) < W Considering 1.5 and lettingy = log x, we
should study

log «

L L, 20
y\ oy 1002 T y—1-1

Assumingy? — y — b > 0, it will be equivalent with

151 251 251b
)t (b )y -2 <
RO GEE

100 100 — 0

%. Letb = % + ¢ for somee > (0. Therefore we should

1 1+1+ 251 < 1
Y Yy 100y2 - y—l— %"'6’
)

which is equivalent with:

10000ey? + (10000€ 4 40200)y + (25100€ + 37901)
1003 (100y2 — 100y — (100€ + 151)) =

which forcesh >
study

(2.2)
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The quadratic equation in the numerator 8fZ, has discriminant0000A,

with A; = 40401—-17801e—22600¢?, which is non-negative for 3001 < e < 1

and the greater root of it, ig, = M Also, the quadratic equation

100e
in denominator of it has discriminam600A, with A, = 44 + 25¢, which is

non-negative for— < ¢ and the greater root of it, ig, = = + @. Thus,
(2.2) holds for every) < e <min{l,+o0} =1, withy > Orr<1a<X1{y1,y2} = .

Finally, we note that fof < e < 1, the functionys(e) is stric_:tlg/ increasing and
SO,

6 < 3t = 20 < ev2() < ev2(D) — o3+ 52 <9,
Therefore, we obtain the following theorem.
Theorem 2.3. For every0 < ¢ < 1, we have:
T
m(x) < T (x > 355991).
logx —1— 1%

logz
Corollary 2.4. For everyz > 7, we have:

X

m(x) <

~ logx —1— 151

100 log =

Proof. Takinge = 0 in above theorem, yields the result fer> 355991. For
7 <z < 35991 it has been checked by compute}. [ O
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Theorem 3.1.

(i) For everyn > 3299, we have:
n

7 —a < m(n),
in whicha =~ +1 — m ~ 1.5463567.
(i) Foreveryn > 9, we have:
n
< _—
) < g

in whichb = 2 + 3L _ ~ 2.77598649.

1001og 7

Proof. Forn > 3299, we have

v+ logn >a+logn—1+ ,
4logn

and considering this with the left hand side dfl), we obtain"— < 1

and this inequality with Corollarg.2, yields the first part of theorem.
Forn > 9, we have

151
100logn
and considering this with the right hand side bflj, we obtaml—lk,1 <

100 logn
. Considering this, with Corollarg.4, completes the proof. ’

b+logn —1— > 1+ logn

anb

log n—14—— lolg -
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Theorem 3.2.

(i) For everyz > 3299, we have:

<
inwhich A = 1 — 2528 — 829 ~ 0.9666752780.
(i) Foreveryr > 9, we have:
Approximation of m(z) by ¥ (z)
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:E JR—
in Wh|ChB =2 + %&g? — 7= 2198770832 Title Page
Proof. Let H, be the step function defined by, = H, forn < x < n + 1. Contents
Considering {.2), we haveH (x — 1) < H, < H(z). « Y
Forxz > 3299, by considering part (i) of the previous theorem, we have:
< | 2
( ) > i S i X
T = .
H,—a  H(x)—a VY(z+1)+v-—a Go Back
Thus, by consideringl(3), we obtain: Close
uit
(z) > x—1 S r—1 S T 2
X

V() +i+y—a V(@) +gs+y—a  ¥(lr)—A Page 10 of 14

in which A = (3299) — 32 (¥(3299) + ks + 7y —a) = 1 — X299 ey s

3299
1319210g 3299 °


http://jipam.vu.edu.au/
mailto:mmhassany@srttu.edu
http://jipam.vu.edu.au/

Forxz > 9, by considering second part of previous theorem, we obtain:

z+1 - T B T B T
Hyyy—b  H@—-1)—-b VY(x)+y—-b VY(z)—B’

m(z) <

inwhich B = b — v = 2 + 1= — 7, and this completes the proof. [
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Theorem3.2, seems to be nice; because using it, for ewery 3299 we obtain:
L L A<U(r) < 2 4B

() ()

Moreover, considering this inequality with.@) and (L.5), we yield the follow-
ing bounds for: > 355991:

(4.2)

log x
1+ +

log z

log x
1+ L 4 18

log x log? x

+ B.

= + A< VY(r) <

log? =

Also, by puttingz = p,,, n'"* prime in @.1), for n > 463 we yield that:
(4.2) Po g <w(p) <24 B
n n

Considering this inequality withl(6), for everyn > 27076 we obtain:

1 —2.25
logn+log2n+A—1+L
logn
1 —1.8
< V(p,) <logn+log,n+ B — 1+OgL.
logn

This inequality is a very strong form of an equivalent of the Prime Number
Theorem (PNT), which assert$z) ~ —* and is equivalent with,, ~ nlogn

lo

(see []). In this section, we have anotﬁer equivalent as follows:
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Theorem 4.1. ¥(p,,) ~ logn, whenn — oo is equivalent with the Prime
Number Theorem.

Proof. First suppose PNT. Thus, we hagwe= nlogn+ o(nlogn). Also, 4.2
yields that¥ (p, ) = 2= 4+ O(1). Therefore, we have:

n

nlogn + o(nlogn
U(p,) = inlogn)

- + O(1) = logn + o(logn).

Conversely, supposé(p,,) = logn + o(logn). By solving @.2) according to
pn, We obtain:
nV(p,) — Bn < p, < n¥(p,) — An.

Therefore, we have:
pn =nY(p,) + O(n) = n(logn + o(logn)) + O(n) = nlogn + o(nlogn),

which, this is PNT. O
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