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1. Introduction and Main Results

For AABC, let a,b, c denote the side-lengthsl, B, C' the anglesA the areap

the semi-perimeter the circumradius and the inradius, respectively. In addition,

supposing thaP is a mobile point in the plane containidgABC, let PA, PB, PC
denote the distances betweBrand A, B, C, respectively. We will customarily use
the cyclic symbol, that is) " f(a) = f(a) + f(b) + f(c), >_ f(a,b) = f(a,b) +
fb.e) + f(c,a), T1 f(a) = f(a) f(b)f(c), etc.

The following inequality can be easily proved by making us@oftema’s in-
equality:

A B
(1.1) (PB+ PC)cos 5t (PC + PA) cos 7+ (PA+ PB) COS%
S p? + 2Rr + r?
=P iR

Here we choose to omit the details. From inequality’ and the following known
inequality (L.2) and identity (.3) (see B, 4, 6]):

A B C
(1.2) PACOSE + PB cos —i—PCCOSE >p,
and

,C—A s, A—B p? +4R%* 4+ 2Rr + 1
+ cos =
2 4R? ’

(1.3) ¢ = cos? BT_C + cos

we easily get
cos? 25€ + cos? 54 + cos? 458

2
cos% + cos g + cos

(1.4) PA+PB+PC>p- -

2
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Considering the refinement of inequality.4{), Chu [2] posed a conjecture as
follows.

Corollary 1.1. ForanyAABC,
costC —i—cos% —i—cosA’TB

<
2

1.5 PA+PB+PC>p-
(.5) =P cosé—kcosg—kcos

The main object of this paper is to prove Conjecturg which is easily seen to
follow from the following stronger result.

Theorem 1.2.In AABC, we have

(1.6) (PB+ PC) cosg + (PC + PA) cosg + (PA+ PB) cosg
B-C C—-A A-B

7 + cos 5 + cos 5

> p- |cos

—1].
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2. Preliminary Results

In order to prove our main result, we shall require the following four lemmas.

Lemma 2.1.In AABC, we have that

(2.1)

(2.2)

(2.3)

(2.4)

and

(2.5)

G2 = COS

B-C c-A
- CoS - COS

A—B_p2—|—2Rr+r2

2 2 2 8R?

A B C P
COS — + COS — - COS — = —,
2 2

2 4R

B C B-C
q3 = Zcos;cosgcos 5 (b* + & —a?)
_ p*+2Rrp* —r (2R +1) (4R +1)°

4R? ’

1 B C
=75 Z <C082 Bl + cos? 5) (b* + ¢ —a?)

(2R+3r)p* —r (4R +r)?

2R ’

B-C C—-A A-—B

Q= Z (cos 5 — cos 5 cos 5 >
AT (b — ¢)?
a?? [[ (X + z)
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where

(26)  X=a/belp-Dp-0, Y=bJab-b-a)
Z =c/ab(p—a)(p—1b),

and

(2.7) r=0b+c)(p—0b(p—c),
z=(a+b)(p—a)(p—0).

y=(+alp-cp-a,

Proof. The proofs of identities4.1) and .2) were given in §]. Now, we present
the proofs of identities4.3) — (2.5). By utilizing the formulas

A Ip(p—a) : A_\/(p—b)(p—C)
cos2— o 31n2— » ,
COSB—C':lH—c\/(p—b)(p—c)7
2 a be

and (seef, pp.52])

H a = 4Rrp,
we get that
(b+
g3 = pz J 2bc b)p=c) (b2+02—a2)

_ Sbe(b+o)(c+a—b)(a+b—c)(b?+c—a?)

4a2b2 2

Za:2p and

Zbc:p2+4Rr+r2,
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ﬁ%(ab +be+ ca)*(a+b+c)® — 8(ab + be + ca)*(a+ b+ c)

— (ab + be + ca)(a + b + ¢)® — 2abc(ab + be + ca)(a + b+ c)?
+ 8abc(ab + be + ca)? — abe(a + b+ ¢)* — 4(a + b + ¢)a*b* ]

_ p*+2Rrp* —r(2R+7) (4R + r)?
N 4R?

and

—Z(cos + cos? 2) (b* + ¢ — a?)
:Zazcoszé
i OILEDILY

p

abe

1
—§(a +b+c)t — g(a + b+ c)abe

_ (2R+3r)p*—r (4R +1)?
- R :
Thus, identities{.3) and ¢.4) hold true.
With (1.3), (2.1) and the formulas of half-angles, we obtain that
—p? +8R? — 2Rr — r?
8R?
1

:mzx[bc(b+c)—(c+a)(a+b)(s—a)],

G1— 3q2 =

— B(ab +be+ca)(a+ b+ c)® — 2(ab + be + ca)?
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and

B-C C—-A A-B
Q—Z(COS 5 TGS cos— )

_ ZX[bc(b—l—c)—(c—l—a)(a—irb)(s—a)].

a2b?c?

It is easy to see that

201 2\2 2(,.__ 2

X+ Y +y Z+z

Then
a*b**[Q — (q1 — 3¢2)]
= [be(b+c) = (c+a)(a+b)(p—a)l(X —x)
=> [be(b+c) = (c+a)(a+b)(p— a)]M

X+
y(a—"0b)(a—rc)(b—c)?
= g pA ( ) )

Therefore,

Q- -0 = Lyl
:pAQ(a—b)(a—c)(b_c) b_ ¢
a?b?c? X + z’

A% (a —b)?
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where

b—rc n c—a n a—>

X+z2 Y4y Z+4=z

b= (Y -X+ty—2) (a=-b) (Y —-Z+y—=z)

(X +2) (Y +y) (Z+2) (Y +y)
_p(p—c)(b—c)(b—a)  pabc(p—c)(b—c)(b—a)
(X +2) (Y +y) (X+2) (Y +y) (X +Y)
+p(p—a)(a—b)(b—6) pabe (p —a) (a —b) (b —¢)
(Z+2)(Y+y) (Z+2) Y4y (Z+Y)
_plb—c)(a—b)

s = @) (X )= (=) (Z+2)
pabc (b — ¢) (a — b)
X+Y)Y+2)[[(X+2)
X[p—a)(X+2)(X+Y)=(p—c)(Z+2) (Y + 2)]
:—AQ(b—c)(a—b)(a—c)
(H())(+x)
b—c)(a—10)(a—c)
Z+ O TI(X £ 1) [abcH —a) —ca( —b)Y}
pabc (b —¢) (a — b) (a —

_|_

X+Y)Z+Y)]](X [abCH(p—a)—YH(p_a)

abe (Y —abe) [ (p — )
* Z+X

N abC(pb+ca)(p—b)H(p—a)—ca(p—b)YH(p—a)}

Z+X
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_ A0 -c)(a—Db)(a—c)  pabe(b—c)(a—b)(a—c)
[[(X + ) X+ Z+YV)]](X +2)

AL -0 - @-Vab - -a|(X+ V) +2)

~|—abcH(p— a) [Y—abc+pb(p—b) +ca(p—b)—(p— b)\/ca(p—c)(p—a)}

+(Z+ X)(abe - V) [0 - a)}
—A%(b—c)(a—1b)(a—c)

[T(X +z) ’
which implies the assertior2 (5). O
Lemma 2.2. ForanyAABC,
A B A B
(2.8) cos—cos—cosg cos — + cos — +cos€ > .
2 2 2 2 2 2 2

Proof. FromEuler’s inequality R > 2r, abc = 4Rrp, a + b + ¢ = 2p and the law
of sines, we obtain that

(2.9)  2R%*p > 4Rrp <= R*(a+b+c) > abe
<= sinA+sin B +sinC > 4sin Asin Bsin C.

Taking
A—>7T;A, B—>7T_23, and C—>7T;C,
we easily get
B C A B C
. = = ~ > = cos = cos —.
(2.10) cos —|—0052 —1—0052 _4008200520052
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Inequality ¢.8) follows immediately in view of .10 and ¢.2). ]
Lemma 2.3.In AABC, we have

S P+ 2Rrp® —r (2R +71) (4R +1)°

- 4R? '

Proof. By employing ¢.3) and the formulas of half-angles, inequalify]) is equiv-
alent to

B C
(2.11) Z cOS - €08 o (62 + - a2)

B C
(2.12) ZCOSECOSE (b2 + 2 — a2)

S B
COS — COS — COS
- 2 2

e —a),

or
(2.13) Z % [a\/bc(s —b)(s—c)—(b+c)(s—b)(s— c)] >0,
that is

A? (B +* —a?) 5

whereX,Y, Z andz, y, z are given, just as in the proof of Lemraal, by (2.6) and
(2.7), respectively.
Without loss of generality, we can assume that b > ¢ to obtain

a(X+2)>b(Y +y)>c(Z+2),

and
(CL—C)2 > (b—C)Q,
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and thus

(b—o® _ (c—a)
a(X+z) = b(Y+vy)

Hence, in order to prove inequality.(L4), we only need to prove that
A? [(b2 + 2 —a?) (¢ +a®—b?)

a(X + ) b(Y +y)
We readily arrive at the following result far> b > ¢,
A% [(V*+c* —a?)

a(X + )

(2.15) (b—c)* + (c— a)Q} > 0.

abe

(2 +a* —b?) )
b(Y +y) e=a) }

A? (c—a)?
AR S S S B
_abc( +c—a*+c+a >b(Y—|—y)

(b—c)*+

abe

A2 (c—a) >0

—9c2. = .= 7
© " abe b(Y +y) —

This shows that the inequality (L9 or (2.11) holds true. The proof of Lemma 3
is thus complete. O

Lemma 2.4 (Bottema’s inequality, seel, pp. 118, Theorem 12.56])Let A’ de-
note the area oNA’'B'C’, andd’, V', ¢ the side-lengths of\ A’ B’C’, respectively.
Then

(2.16) (' PA+VPB+JPC)°

1
Z i[a’2(b2—|—02—a2)+b’2(02+a2—62)+c’2(a2—|—b2—02)]+8AA’.
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3. The Proof of Theorem1.2

Proof. It is easy to show that

" = cos — + cos b = cos ¢ + cos A and
a = — — — —_ _
2 2’ 2 2’
c'—cosA+cosB
N 2 2

are three side-lengths of a certain triangle. By u@otiema’s inequality (2.16), in
order to prove inequalityl(6), we only need to prove that

2
8A\/HCOS§ZCOS§+%Z(COS§+COS%) (b* + & —a?)
2
> p? {ZCOSB;C—1:|

or

A A
(3.1) SA\/H cos o Zcos 3 + Q4
B C
+Zcos§cos§ (0*+¢ —a®) +2p°Q > p* (n + 1).

With identities (L.3), (2.4), (2.5), together with Lemma&.2and Lemm&.3, in order
to prove inequality §.1), we only need to prove that

A £+ (2R + 3r) p? —r(4R+7’)2 +p4—|—2Rrp2 —r(2R+r) (4R+7’)2
2R 2R 4R?
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+op? —p? +8R%? — 2Rr — 1r? B pALTT (b — 6)2
8R? a?? [ (X + )

2 2 2
p?+4R2 + 2Rr +r
> p? 1
—p< AR? -

or

—p* + (4R? + 20Rr — 2r?) p* — r (4R + 7)° S 2P AT (b — ¢)?
4R? TP [[(X +x)

From the known identities (se8])

(3.2)

A =rp and
(b—c)*(c —a)*(a —b)* = 4r*[—p* + (4R* + 20Rr — 2r*)p* — r(4R +1)?],
inequality 3.2) is equivalent to
(3.3) [[X +2) > 2rp.
For X > x, and with the following two known identities (se®& pp.53])
H (b+c) =2p(p* + 2Rr +r?), H (p —a) =rp,
we obtain
[[x+z)=8]]z=8]]C0+)]](0—0a)
= 16r*p*(p® 4+ 2Rr + %) > 16r*p® > 2rp°.
Therefore, inequalityd.3) holds. This completes the proof of Theorém. O]

A Geometric Inequality
Xiao-Guang Chu and Yu-Dong Wu
vol. 10, iss. 3, art. 79, 2009

Title Page
Contents
44 44
< 14
Page 14 of 16
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

4. Remarks

Remarkl. From inequalities 1.2) and (L.6), it is easy to see that inequality.f)
holds.

Remark?. In view of

B—-C s, B—C p>+4R*+2Rr +1r?
ZCOS 2 ZZCOS 5 = 1Rz
B-C p? + 2Rr + r?
(z)Zcos 5 _124—}%2’

it follows that inequality {.6) is a refinement of inequalityl(1).
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