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Let RN be N-dimensional Euclidean space. The element&8fare de-
noted byz = (z1,....,2n), ¥y = (Y1,...,Yn), .... For anyzr,y € RN
the vector(z; + y1,...,xx + yy) of the spaceR” is denoted byr + y. Let

N 1/2
loll = (XX, 22)

Denote byC ([0,2]") the space of continuous ¢ 27]", 27-periodic rel-
ative to each variable functions with the following norm

[flle =" sup [f(2)]

z€[0,2n)N

andL? ([O, 27r]N>, (1 < p < o0) are the collection of all measurabfs;-periodic

relative to each variable functiorfsdefined or{0, 2z]", with the norms

i, = ([ ere) <u
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For the cas@ = oo, by L? ([O, 27T]N> we mear’' <[0, 27r]N).

Let M :={1,2,...,N}, B :={s1,..., 8}, sk < Spr1, k = 1,...,1r —
1, BC M, B := M\B. Let

A{SZ} (f?mahsi) = f (3317 sy Lg—1, Ty + hsiax5¢+17 s 7:17N)
_f(xlw"7xsi—1ax8i7x8i+l7‘"7xN)‘

The expression we get by successive application of operAtors(f, x, hy, ),
o, A (f 2 hy,) will be denoted bYA® (f, , hy,, ..., k), . €.

AP (fia, by hy) = A (AP gop )
Letf e LP ([0, 27T]N> . The expression

HAB <f7 '7hs17 e '7hsr)

wB (Osys 3045 f) = sup
he,

p

is called a mixed or a particular modulus of continuity in thenorm, when
cardB) € [2, N]orcardB) = 1.

The total modulus of continuity of the functighe L? ([0, ZﬂN) in the L.?
norm is defined by

w (6, f), = sup [f(-+h)=FC),

lIhll<d

(1<p<o0).

Suppose thaf is a Lebesgue integrable function {mZﬂN, 27 periodic

relative to each variable.Then ifé-dimensional Fourier series with respect to
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the trigonometric system is defined by

i o i 2770 Z agf.)..,iN H COs ijl’j H Sin 1T,

11=0 in=0 BCM JjeEB’ keB
where
a\P f(z COS 1, ; sin i xdx
11, 0iN 7.‘.N 77 k*k
jcB’ keB
[0,27]) J

is the Fourier coefficient of and\ (i) is the number of those coordinates of the
vectori := (i1, . ..,iy) Which are equal to zero.

LetS,,. . »n (f,z)denote thép,, ..., py)-th rectangular partial sums of the
N-dimensional Fourier series with respect to the trigonometric system, i. e.

Sprpy (frx) = Z ZA“’ Lin (i),

i1=0 in=0
where
A
Aiyein (fr2) =27 © Z %, SiN H COS ;T H SIN Uf T,
BCM jEB’ keB
The CesarqC; oy, . . ., ay)-means ofV-multiple trigonometric Fourier se-
ries defined by
N my N

oaen (fa) = | [T A% Z > LA S (1)

i=1 p1=0 pn=07=1
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1 2) ...
AZ:(OH— )(a—l—‘) (oz—f—n), a#—-1,-2,..., n=0,1,....
n:
It is well-known that [/]
(1) o (a)n® < AY <o (a)n®,

For the uniform summability of Cesaro means of negative order of one-

dimensional trigopnometric Fourier series the following result of Zygmuihas| Ceséro Means of N-multiple
well-known: if Trigonometric Fourier Series

w (5, f)C’ =0 (50‘) Ushangi Goginava

anda € (0,1), then the trigonometric Fourier series of the functjors uni-
formly (C, —a) summable tof. Title Page
In [2] Zhizhiashvili proved sufficient conditions for the convergence of Cesaro

Contents
means of negative order af-multiple trigopnometric Fourier series in the space
LP ([0, 27r}N), (1 < p < o0). The following is proved. S L
< >
Theorem A (Zhizhiashvili). Let f € L? ([o, 27T]N> for somep € [1, +00] and o Back
a; + -+ ay < 1,wherea; € (0,1),i=1,2,...,N. If
Close
w (0, f)p =0 (5a1+-~-+ouv) 7 Quit
then Page 5 of 11
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In casep = oo the sharpness of Theorelhas been proved by Zhizhiashvili
[2]. The following theorem shows that Theoréxtannot be improved in cases
1 < p < co. Moreover, we prove the following

Theorem 1 (for N = 1 see []). Letay + -+ ay < landa; € (0,1),
1=1,2,..., N, then there exists the functigp € C ([0, 27T]N) for which

(2) w (6, fo)o = O (621 Fen)

and

Proof. We can define the sequenge, : k£ < 1} satisfying the properties

> 1 1
(3) _Z —aFray = O (W) 7
j=k+1 J
k—1
(4) S Tt — o (n,ﬁ_(“ﬁ"'”N)) :
j=1
1
(5) Ot 2
N k

Consider the functiorf, defined by

fo(zy,...,zN) ::ij(xl,...,x]v),
=1
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where
N

1 .
fj (iL'l, c. ,JjN) = TR — HSIHTL]‘.’L'Z'.
" i=1

From () itis easy to show thaf, € C <[O, 27r]N> . First we shall prove that

(6) wi (6, ) = O (62FFN) =1, N

Let.- <4 < ——. Then from @) and @) we can write that

| fo ($1,~-- Ti1, T+ 0, Tig1, -, ¥N) = fo(T1, .00, i1, Tiy Tigr, -+, TN
1
< Z —aFtan sinn; (x; + 6) — sinn;z;|
7=1 J
k—1 1 )
< Z—na1+ o Isinn; (2 + 6) — sinngx;| + 2zna1+—+aw
7=1 "7 j=k
1
< Z Oél+ tan +0 <noc1+—+aN)
k
— 0 (6n 1 (Ot1+ +an) L0 1
= o ey
_ 0 (g,

which proves 6).
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Since N
w(6,fe <D wils, fe
=1

we obtain the proof of estimatior2),

Next we shall prove that;, > =~ (f,) diverge in the metric of.! ([0, ZW}N) .

It is clear that
@) |ontmm ™ (fo) = foll, = [Jontmm® (fo)]],
k—1
D Nonrrime () = £l
j=1
= e Ul = D Iille
j=k+1 Jj=k
— [ —[I—1II—1V.

It is evident that

(8) oot TON (f) =0,  j=k+1k+2,....

Using @3) for IV we have

(9) 1V S Z W - O W .
j=k i
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and

from (4) and ) we get

k—1
1 (14«
(10) HZO(WE:H 1 N)

1 1—(a1+-+an)

2 : —(a1+-+an) k—1
—(a1+-+an) " T 1—(a14+an)
j=1 ny,

(-

k
N
o nllgf(a1+---+azv)

1 1—(a1+ +OJN)
=0 (E> =o0(l) as k— oo
Since
o . (f)=0, for BCMB#M

and

o n];ozl* *DlN, for il — ... = Z'N = ng;

115t N (fk) =

0, otherwise,

)
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from (1) we have

@Dozi (]

27 2m
:/ / TRl ON (frimy, L ay)| doy - day

N
> / / Tl "N (i 1, ..,xN)Hsinnkxidxln-de
i=1
Cesaro Means of N-multiple
_ . a1 — Trigonometric Fourier Series
- == e Ly HA%
Mk i1=0 in=0j=1 Ushangi [
gi Goginava
27 2T N
X/o i Sivoin (fk;azl,...,xN)Hsmnk:cidxl'--de E——
=1
1 1 Contents
N
=7 e nk, n (fk)
"tk "'k 44 44
1 1
N — —_————
=T e OéNnko‘l W >c(ag,...,an) > 0. < >
ng
. Go Back
Combining ) — (11) we complete the proof of Theorein O
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