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ABSTRACT. In this paper, we generalize an open problem posed by Ngé et al. in [Notes on
an Integral Inequality, JIPAM{(4) (2006), Art.120] and give some answers which extend the
results of Boukerrioua-Guezane-Lakoud [On an open question regarding an integral inequality,
JIPAM, 8(3) (2007), Art. 77.] and Liu-Li-Dong [On an open problem concerning an integral
inequality, JIPAM,8 (3) (2007), Art. 74.].
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1. INTRODUCTION
In [4], the following inequality is found.

Theorem A. Let f(x) > 0 be a continuous function dn, 1] satisfying

(1.1) /; F(t)dt > /;tdt, Ve 0],
then

(12) / e > / (e,
and

(1.3) /0 e > /0 (),

hold for every positive real number> 0.

The authors next proposed the following open problem:
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Open Problem 1. Let f(z) > 0 be a continuous function dn, 1] satisfying

(1.4) /1f(t)dt > /ltdt, Vo e0,1].
Under what conditions does the inequality

(1.5) /0 1 for8(z) > /0 1 2% f%(x)dx
hold for o and 5?

Several answers and extension results have been given to this open pirioklém [1, 3]. In the
present paper, we obtain a generalization of the above Open Prioblem 1 and provide some res-
olutions to it. Here, and in what follows, we usgto denote a non-negative random variable
(r.v.) on|0, c0) with probability density functiom(z). E(X) denotes the mathematical expec-
tation of X and1, := 1,(X) denotes the indicator function of the evehtLet A, = [¢,0).

We now consider the following generalization of Open Prollém 1.

Open Problem 2. Let f(z) > 0 be a continuous function df, co). Under what conditions
does the inequality

(1.6) E(f**7(X)) > E(X*f?(X))
hold for o and 5?

Remark 1. Let X possess a uniform distribution on the support intefal], i.e., the proba-
bility density function ofX is equal tol, = € [0, 1] and zero elsewhere, then the above open
problem becomes Open Problgin 1.

For convenience, we assume that all the necessary functions in the following are integrable.

2. MAIN RESULTS

Theorem 2.1.Let f(z) > 0 be a continuous function df, co) satisfying

(2.1) E(f7(X)14,) > E(X1,,), Vtc]0,00).
Then
(2.2) E(f**(X)) > E(X*f7(X))

holds for every positive real numbarand 3.

Proof. By Fubini’s Theorem and (2.1), we have

(2.3) E(X°f%(X)) = / " 8 ()p(a)dz

0

_ é /0 h < /0 ' taldt) F2(2)p()da
_ é/:o o (/too fﬁ(x)p(x)dx) dt

- é/oo B (X)1a,)d

0
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Using Cauchy’s inequality, we have

s at atp arp
2.4 P00 + X 2 X (),
which, by [2.3), yields
@8 TBUT0) SR 2 B () 2 B,

0

Remark 2. If we assume thak possesses a uniform distribution on the support intdfval
(or [0, ]), then the above theorem is Theorem 2.1 (or Theorem 2.4) of Liu-Li-Dong in [3].

Theorem 2.2. Let f(z) > 0 be a continuous function df, co) satisfying

(2.6) E(f(X)14,) > E(X1,,), Vtel0,00).
Then
(2.7) E(f**(X)) > E(X? f*(X))

holds for every positive real number> 1 and (.

Proof. By Fubini’s Theorem and (2.6), we have

(2.8) (X f(X)) = / " e f(@)p(a)da

ol ([
Ta+l o (/ f(x )
ai1/ooota (/t ()d:c)dt
— Oé_lﬂ /OOO rp(x) (/Oxtadt) do = E(X°?),

Applying Cauchy’s inequality, we get
1 o'
(2.9) —fU(X) +

Multiplying both sides of[(2)9) byx ®, we have

(2.10) éE( FXOXP) + 2

v

> f(X)X

LR(XH) > B(F(X)XH1) > B(XH),
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which implies
(2.11) E(f*(X)X") > E(X**).
The remainder of the proof is similar to that of Theofenj 2.1. O

Remark 3. If we assume thak possesses a uniform distribution on the support intdfval
then the above theorem is Theorem 2.3 of Boukerrioua and Guezane-Lakoud in [1].

Next we consider the case:*> 0, 3 > 2" by using the ideas of Dragomir-Ng6 in/[2].

Lemma 2.3([2]). Let f : [a,b] — [0, 00) be a continuous function ang: [a,b] — [0, 00) be
non-decreasing, differentiable dn, b) satisfying

[ 1waz [ v

/: fAt)dt > /xbgﬁ(t)dt

Then

holds for > 1.

Lemma 2.4. Let f(z) > 0 be a continuous function g, co) with f'(z) > 0 on (0, c0) and
satisfying

(2.12) E(f(X)lAt) 2E(X1At), Vite [0,oo).
Then
(2.13) E(f7(X)14,) > E(X"1y4,)

holds for every positive real numbgr> 1.
Proof. The proof is a direct extension of Theorem 3linh [2]. O

Theorem 2.5. Let f(z) > 0 be a continuous function df, co) with f'(z) > 0 on (0, o0) and
satisfying

(2.14) E(f(X)14) > E(X1,,), Vtel0,00).
In addition, for every positive real number> 0, 3 > 2 satisfying
(2.15) Tim ()2 Bl(f(X) — X)14,] =0,
and

(2.16) Tim 2 (@)aB[(f*1(X) = X1, =0,
then

(2.17) E(f*7(X)) > B(X7f*(X)).

Proof. It is obvious that
(f(x) = 2)(f7H(x) —2"71) >0,

which implies that

(2.18) frre(a) 2 a7 )+ a fOT (@) — 2P f0 ().
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Integrating by parts and using (2]14) ahd (2.15), we have
E(f* (X)X (f(X) - X))
= /00 fUx) 2 (f () — 2)p(x)da

/ [z f“d(/ (f(t)—t)p(t)dt)dx
= et ([0 - optoa) |

# [ (ar @@+ 6 - o) (00 - o) e
- [T (ar @ @e s o= neew) (o - o) e

_ /OOO (af'(x)fa—l(:c):cﬁ—l + (8 — 1)x6—2f"‘(:c)) E((f(X) = X)14,)dz >0,
which yields

(2.19) E(f7(X)X?) 2 B(f*(X)X?).
Furthermore, by Lemnfja 2.4 and the conditipn (2.16), we have

E(f*(X)X(f71(X) - X))
:/ fe(x)x( 5_1 (x) —x’g_l)p(m)d:ﬂ

/ f(z)zd ( / (fP1(t) — tﬁ—l)p(t)dt) dz
=— f*(x)z (/w (fP1(t) — 71 )p(t)dt) ‘:O

+ /Ooo(axf/(x)fal(:v) +/%(2)) (/:O(fﬁl(t) - tﬁl)P(t)df) dz

= [ (@ @5 )+ @B (00 - X ) dr 2,
which yields
(2.20) E(f*71(X)X) = B(f*(X)X").
From (2.18){(2.20), inequality (2.1.7) holds.

3. FURTHER DISCUSSION

Letg(z) > 0,0 < [;° g(z)dz < co. If p(x) := foo , then it is easy to check thatz) is
a probability density functlon on the intervill o). Thus we have the following:

Theorem 3.1.Let f(x) > 0 be a continuous function df, oo) satisfying

(3.1) /fﬁ dt>/ tPgt)dt Yt e0,00).
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Then

(3.2) | @ > [t @
0 0

holds for every positive real numbarand ;.

Theorem 3.2. Let f(z) > 0 be a continuous function df, co) satisfying

(3.3) / f(t) dt>/ tg(t)dt, Vit el0,00).
Then

> a+ OO B ra
(3.4) / 14 (@) g ) de > / 2 [*(2)g(x)da

holds for every pair of positive real numbers“> 1 and 3 > 0”. Furthermore, for every
positive real number & > 0, 5 > 2” satisfying (2.1%) and[(2.16), the inequalify (8.4) holds.

Two more general results follow.

Theorem 3.3.Let f(z) > 0, g(z) > 0 be two continuous functions ¢f co) satisfying
(3.5) / fAt)dt > / gt)dt  Vtelo,o00).
t t

Furthermore, for any positive real numbersand 3, let g(z) be differentiable withg® ()" > 0
andg(0) = 0, then

(3.6) | e = / " @) ()

Proof. Denoting the derivative oj*(x) by G(x), we obtain,

(3.7) /Ooo g%(z) fP(x)dz _/ </ G(t dt) fP(x)

G t) ( /t fﬁ(x)dx> dt
(1) ( /t N gﬁ(a;)dx) dt
Oogﬁ(x) (/0 G(t)dt) dz

g% (x)dz.

v
)

I I
o\o\c\go\

Using Cauchy'’s inequality, we have

B
a+ 3

which, by [3.7), yields
R | s S [ [ e

(3.8) frP(@) + 9"t (@) > g% () f(x),

a
a+p3

The desired result then follows. O
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A similar proof yields the following:

Theorem 3.4.Let f(x) > 0, g(x) > 0 be two continuous functions ¢ co) satisfying

(3.10) /OO f(t)dt > /Oog(t)dt, Vtel0,00).

Furthermore, for every pair of positive real numbers satisfying> 1 ands > 07, let g(x) be
differentiable withjg®(x)]" > 0 andg(0) = 0, then

(3.11) / " et (a)de > / " ) (a)de.

Additionally, for every positive real number” > 0,3 > 2" satisfying (2.15) and[(2.16),
inequality [3.11) holds.
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