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on an Integral Inequality, JIPAM(4) (2006), Art.120] and give some answers
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74].
) . . journal of inequalities
Acknowledgements: The authors are indebted to the referees and the editor for their many helpful and

in pure and applied
mathematics
issn: 1443-575k

valuable comments.

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au
mailto:yumiao728@yahoo.com.cn
mailto:junfen_li@yahoo.com.cn
mailto:neil.barnett@vu.edu.au

Contents

1 Introduction 3
2 Main Results 5
3 Further Discussion 11

Title Page

Contents

Page 2 of 14
Go Back
Full Screen

Close



http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

1. Introduction

In [4], the following inequality is found.

Theorem A. Let f(z) > 0 be a continuous function dn, 1] satisfying

(1.1) /xlf(t)dt > /xl tdt, Vel
then

@2 [ ot [ o,
and

w3 [ o [ @,

hold for every positive real number > 0.
The authors next proposed the following open problem:

Open Problem 1. Let f(z) > 0 be a continuous function dn, 1] satisfying

1 1
(1.4) /f(t)dtz/ tdt, Ve l0,1].
Under what conditions does the inequality
1 1
(15) [z [ e p
0 0

hold for o and 5?
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Several answers and extension results have been given to this open proldem [
In the present paper, we obtain a generalization of the above Open Prolaec
provide some resolutions to it. Here, and in what follows, weXige denote a non-
negative random variable (r.v.) df, oo) with probability density functiorp(z).
E(X) denotes the mathematical expectation¥ofand1, := 1,(X) denotes the
indicator function of the everd. Let A; = [t,00). We now consider the following
generalization of Open Problein

Open Problem 2. Let f(xz) > 0 be a continuous function 0, co). Under what
conditions does the inequality

(1.6) E(f**7(X)) > E(X*f?(X))
hold for o and 5?

Remarkl. Let X possess a uniform distribution on the support intef9al], i.e.,
the probability density function ok is equal tol, = € [0, 1] and zero elsewhere,
then the above open problem becomes Open Problem

For convenience, we assume that all the necessary functions in the following are

integrable.
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2. Main Results

Theorem 2.1.Let f(z) > 0 be a continuous function df, co) satisfying

(2.1) E(f7(X)1,4,) > E(X1,,), Vte[0,00).
Then
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= [ R oL e
104 Ooo Full Screen
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:/ 27 Top(x)dr = B(XT).
0

Using Cauchy’s inequality, we have

B iars Y yatp ap
(2.4) a+5f+““+a+gX+ > X fA(X),
which, by ¢.9), yields
L at+p a a+p a B B+a
(2.5) (HﬁE(f - (X))+Q+BE(X ) > B(XYf7(X)) > E(X7).

]

Remark2. If we assume thafX possesses a uniform distribution on the support
interval[0, 1] (or [0, b]), then the above theorem is Theorem 2.1 (or Theorem 2.4) of
Liu-Li-Dong in [3].

Theorem 2.2.Let f(x) > 0 be a continuous function df, o) satisfying

(2.6) E(f(X)14,) > E(X14,),  Vte€|0,00).
Then
(2.7) E(f*"(X)) > B(X7 (X))

holds for every positive real number> 1 and (.
Proof. By Fubini’'s Theorem and(6), we have

(28)  B(X“f(X)) = / e f@)pla)da

- _ i 1 /OOO (/0 tadt) F(@)p(z)da
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T a —1F 1 /000 t* (/too f(w)p(a:)dx) dt
([ )
= i 1 /000 xp(x) (/093 tadt> dz = E(X°*2),

Applying Cauchy’s inequality, we get

a—1

(2.9) éfa(X) + X > f(X)Xx 1,

Multiplying both sides of £.9) by X#, we have

(2.10) éE(fO‘(X)Xﬁ) pozl

E(X*) > B(f(X) X7 > B(X*),
which implies

(2.11) E(f*(X)X") > E(X*7).

The remainder of the proof is similar to that of Theorgm ]

Remark3. If we assume thafX possesses a uniform distribution on the support
interval [0, 1] then the above theorem is Theorem 2.3 of Boukerrioua and Guezane-
Lakoud in [L].

Next we consider the case.“> 0, 5 > 2” by using the ideas of Dragomir-Ngo
in[2].
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Lemma 2.3 (R]). Let f : [a,b] — [0,00) be a continuous function ang: [a,b] —
[0, 00) be non-decreasing, differentiable om b) satisfying

[ sz [

/: fAt)dt > /: g°(t)dt

Then

holds fors > 1.

Lemma 2.4. Let f(z) > 0 be a continuous function o}, co) with f'(x) > 0 on
(0, 00) and satisfying

(2.12) E(f(X)14,) > E(X1y4,), Vtel0,00).
Then
(2.13) E(f7(X)14,)) > E(X"14,)

holds for every positive real numbgr> 1.
Proof. The proof is a direct extension of Theorem 32 [ O

Theorem 2.5. Let f(x) > 0 be a continuous function d, co) with f'(x) > 0 on
(0, 00) and satisfying

(2.14) E(f(X)14,) > E(X1y4,), Vtel0,00).
In addition, for every positive real numbar> 0, 3 > 2 satisfying
(2.15) lim f*(2)z" E[(f(X) — X)14,] =0,

Further Development of
an Open Problem

Yu Miao and Junfen Li

vol. 9, iss. 4, art. 108, 2008

Title Page
Contents
44 44
< >
Page 8 of 14
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

and

(2.16) Jim f (@)2Bl(f77(X) ~ X7 )1a] =0,
then
(2.17) E(f*"(X)) > E(X? f*(X)).

Proof. It is obvious that
(f(z) =) (f*(z) — 2" = 0,
which implies that
(2.18) fore(@) > a1 (@) + a f () — 27 f ().
Integrating by parts and using.(4) and ¢.15, we have
E(f* (X)X 7 H(f(X) — X))

= [ 5@t ) ~ el
= [ re@ea ([T - opoar) o
=@ ([Tt - omtnar) |7
# [T (ar @@ - v @) ([ - poar) e
[ (or @@+ - 0e2ew) ([0 - opoar) do
| (0 @ e 4 (5= 100 27@)) BASCY) = X)L do 20
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which yields

(2.19) (/7 (X)X?) = E(f*(X)X").

Furthermore, by Lemma.4 and the conditiond.16), we have
E(f*(X)X(f*71(X) = X")

o) Further Development of
_ / Fo(@)a (4 (2) — 25 Vp(a)da
0

an Open Problem

_ /oo fa (x)xd (/oo(fﬂl(t> B tﬁ1>p(t>dt> i vol. 9, iss. 4, art. 108, 2008
0 T
== rotae ([0 - i) |7 Tile Page
o ’ o:,) Contents
+ [Cer @ s ([T - o) d —
= [ @) )R (P00 - XL de 20, I
0 Page 10 of 14
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Go Back
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3. Further Discussion

Letg(z) > 0,0 < [;° g(x)dz < oo. If p(z) := W, then it is easy to check

thatp(x) is a probablllty density function on the intervl co). Thus we have the
following:

Theorem 3.1.Let f(z) > 0 be a continuous function df, co) satisfying

Further Development of
an Open Problem

(31) / fﬂ dt > / tﬂg(t)dt Vte [O, OO) Yu Miao and Junfen Li

vol. 9, iss. 4, art. 108, 2008

Then
(3-2) / frP(@)g()de > / o fo(2)g(x)dx Thifs Ptz
0 0 Contents
holds for every positive real numbarand ;. o <
Theorem 3.2. Let f(z) > 0 be a continuous function df, co) satisfying ; S
(3.3) / F(B)g(t)dt > / tg()dt, Vit [0,00). Page 11 of 14
Go Back
Then
00 0o Full Screen
3.4) | @ = [t @ Close
0 0
holds for every pair of positive real numbers.“> 1 and 5 > 0”. Furthermore, journal of inequalities
for every positive real numberd’ > 0,5 > 2" satisfying (2.15 and .16, the in pure and applied
inequality 3.4) holds. mathematics

issn: 1443-575k
Two more general results follow.

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

Theorem 3.3. Let f(z) > 0, g(z) > 0 be two continuous functions df, oo)
satisfying

(3.5) /toofﬁ(t)dtz/toogﬁ(t)dt Vit e |0,00).

Furthermore, for any positive real numbefsand 3, let g(x) be differentiable with
[¢°(x)] > 0andg(0) = 0, then

(3.6) / T () de > / " P £ (0)da

Proof. Denoting the derivative aj*(x) by G(x), we obtain,

3.7) [r@rwa= [T [ cwa) P

[ oo ([ re)a

/OOOG (/ (:c)d:c)dt
/Owg ( / Gl dt) aa
/Ogma

Using Cauchy’s inequality, we have

B
a+ 0

v

«

——g" " (2) > g°(2) (@),

(3.8) i

F ) +
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which, by (3.7), yields

(3.9) +&/f“ﬂdw%jf WWW@MEAwWMﬁ@ME

The desired result then follows. O
A similar proof yields the following:

Theorem 3.4. Let f(z) > 0, g(z) > 0 be two continuous functions dfi, oo)
satisfying

(3.10) /OO F(B)dE > /Oog(t)dt, Vi e 0,00).

Furthermore, for every pair of positive real numbers satisfying™ 1 andj3 > 07,
let g() be differentiable withg®(z)]" > 0 andg(0) = 0, then

(3.11) Amﬂwumxzﬂmfmﬁ%wm

Additionally, for every positive real numbern“> 0,3 > 2” satisfying (2.15 and
(2.16), inequality ¢.11) holds.
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