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Abstract

A generalization of an inequality involving the generalized elementary symmet-
ric mean and its elementary proof are given.
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Leta = (ay,aq,- - ,a,) andr be a nonnegative integer, whergor 1 <i <n
are nonnegative real numbers. Then

(1.1) EM=Ela) = Y [
i1+i2+"‘+in%T7 =1
11,19, ,in >0 are integers
with EY = E%(a) = 1 forn > 1 andEL) = 0 for r < 0 orn < 0is called the

rth generalized elementary symmetric functioruof
Therth generalized elementary symmetric mean o defined by

[7"] )

Z Z = n+r 1)

r

(1.2)
In 1934, I. Schur®, p. 182] obtained the following

w3 z - [ /( ) .

wherex,, = 1 — (21 + 22 + - - - + x,_1) and the integral is taken ovey, > 0

fork =1,2,...,n — 1. By using (L.3) and Cauchy integral inequality, he also
proved that

-1 [r+1] w7
(1.4) Y@ (@)= (a)

n n n
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In 1968, K.V. Menon ] proved that forn = 2 orn > 3 andr = 1,2, 3,
inequality (L.4) is valid.

In [1], the generalized symmetric means of two variables was investigated.

In [3] and [4] a problem was posed: Does inequality4) hold for arbitrary
n,r € N?

In 1997, Zh.-H. Zhang generalized.) in [/] and also proved1(.4) by a
similar proof as in §].

In [6], some inequalities of weighted symmetric mean were established.

In this paper, we shall obtain an identity relat@ﬁf} (a) to EY! (a) and give
an elementary proof of an inequality which generalized)( Our main result
is as follows.

Theorem 1.1.1f r,s € Nandr > s, then

[s] [r+1] [r] [s+1]
(1.5) Y (@)d (@)= ()Y (a),
The equality in(1.5) holds if and only ifa; = as = -+ - = a,,.

Lettings = r — 1 in inequality (L.5) leads to inequalityX(.4).
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1.1

To prove inequality 1.5), the following properties foE! are necessary.

Property 1. If n,r € N, then

(2.1) EN=E" 4 q,E1

and

(2.2) B =" al BN
=0

Proof. If n =1 orr = 0, (2.1) holds trivially.
Whenn > 1 andr > 1, we have

i1+ig+Fin=r n i1+ig+Fin=r n i1+ig+Fin=r—1 n

(2.3) Z H aﬁf = Z H + a, Z H

11,02, ,in>0 k=1 11,92, ip—-120 k=1 11,02, ,in >0
in=0

Combining the definition o2’ and @.3), identity (2.1) follows.

Identity (2.2) can be deduced from the recurrencefl).

Property 2. If r is an integer, then

(2.4) (r+1)EL*Y (Z af“> EfH,
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Proof. It will be verified by induction. It is clear that identity?2(4) holds triv-

ially for n = 1. Suppose identityA 4) is true forn — 1 and nonnegative integers

T.
By (2.2), for0 < k < r, we have

r—k
Eg_k} = Z al E[T_k_ﬂ,
=0

Y G+ B = a B + B+ an B B

n

+ a;ﬂ Elzoll

+ aZET[llll + aTHELO]A

e

T r—

GHk+1 plr—k—7]
an Enfl :

k=0 j

I
o

According to the inductive hypothesis, for nonnegative integesd0 < j <
r, we have

r—j3 [/n—1
@8 g e S (z ) B,

k=0 =1
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From Propertyl and the above formula, we have
(2.6) (r+1)Ertt

r+1
=+ )Y a B
j=0
T r+1
=Y " (r—j+ Dal B —l—ZjCL]ET s
j=0
r r—j /n—1 A Generalization of an
. . Inequality Involving the
= Z a’l) af“ Er f . + Z Jj+1) j—HEq[;fl]] Generalized Elementary
=0 k=0 \i=1 Symmetric Mean
ror-k  (n-1 - r.or—k o Zhi-Hua Zhang and
= Z Z agl aerl Eg:lj_ }_i_ Z Z aiL‘*‘k“‘lEnT:l = Zhen-Gang Xiao
k=0 j=0 i=1 k=0 j=0
r n—1 r—k :
. s Title Page
k=0 \i=1 =0 Contents
- 44 44
-3 ()
- < >
This shows that;{.4) holds forn. The proof is complete. O Go Back
Property 3. If r,s € Nandr > s, then Close

AR MON GE G CE Quit
(2.7) (T+1)(8+1)(T+1) (s+1> ZZ ZZ Page 7 of 13
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T

i Z (E}f*k]ngﬂ _ Ek*j]ET[;‘*k])

=0 k=0 L1<v<u<n

.

G—k—1

% Z a{)flftaﬁﬂi (ay — ay)?

t=0

Proof. Whenj > k, we have

n n n n
k j+1 j k+1
(2.8) E a; g a;’ — g a; E a;
=1 i=1 =1 =1

— E E ay a]-l—l + a]—l—lak ayak—l-l ak—l-la])

v=1 u=1
1 n n
= 3 Z Z [afjafj (ai_kJr1 + affkﬂ — a{;_kau — avaﬂ_k)}
v=1 u=1
1 n n
S Z Z [a¥al (al™" —al %) (ay — ay)]
v=1 u=1
— Z [akal (al7™% —al7%) (ay — ay)]
1<v<u<n
and
j—k—1
(2.9) (@) —al ™) = (aw—a,) Y a7,
t=0
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Therefore

n n

(2.10) z”: af Zn: af“ _ Z a{ Z af—i—l
=1 i=1 i=1 =1

k—j—1
_ j—1—t, k+t N2
= E al rar T (ay — aw)? | -
1<v<un t=0

Whenk > j, we have

n

n n n
- ,
(2.11) E a¥ E al™t — E al E ait!
=1 = =1 =1

1<v<u<n
From Property, it is deduced that
(2.12) (r+1E=>" (Z ag'“) Er=]
j=0 \i=1
and

(2.13) (n+r)EN = nEN 4 r gl Z ( o ) Er=71,

i=1
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Hence, using the above formulas and notEib_k] = 0 for k > r yields

eI D2

= (n+s)(r+ )EFEM — (n 4 1) (s + 1) BN B+
S n T n )
-3 (et oy (o)
k=0 \i=l J=0 \i=1 A Generalization of an
r n s n Inequality Involving the
_ J [r—4] k+1 [s—k] Generalized Elementary
ai) En Z (Z a; ) En Symmetric Mean
j=0 \i=1 k=0 \i=1
s r n n n n Zhi-Hua Zhang and
k i+1 : ka1 —k s Zhen-Gang Xiao
S99 o SEUES oD RN PR
k=0 j5=0 i=1 i=1 i=1 i=1
roj j—k—1 Title Page
—k —j i—1—t _k
- [ Z Eif }ET[“LT 7 ( Z @, ' tdjt) (a” o a“>2] Contents
7=0 k=0 Ll1<v<u<n t=0
sk k—j—1 44 44
_ Z [ Z ELs_k]Ev[mr_J] ( az)—&-taqu—l—t) (aU . au>2] % 5
k=0 7=0 Ll1<v<u<n t=0
roj G—k— Go Back
- [ Z Er[zs_k}Er[:_]] ( azj_l_taZH) (ay — GU>2] Close
j=0 k=0 [1<v<u<n t=0 ]
r J j—k—1 Quit
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T

Els=1 glrH)

i[ S (BEHEla -

7=0 k=0 L1<v<u<ln
)

J—k—1
j—1—t k+t 2
X E UJZ) a,, (a'v - a'u)
t=0

which implies the expressioi (7). ]

Property 4. If r, s € Nandr > s, then
(215) ET[LT*HET[{G} > Ey[LT}ET[lsfl}

The equality in(2.15 holds if and only if at least. — 1 numbers equal zero
among{ay, as, ..., a,}-

Proof. From Propertyl, we have
(2.16) Er-UEk _ plipls=i]
— B (B + B ) — (BRL + 0B 1) B

= ELT_”EE]—l - E’r[:]—lELS_l]

s—1
(Zawy_u)ml— ( ] ﬂ)
7=0
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»
|
—_

— J
= ay,

; r—1—j s T s—1—j
(B, — 5 )

<
Il
o

o (ZQ%ELT 11 J) .
Since @.19 holds forn = 1, it follows by induction thatZ.15 holds forn. [

Property 5. If r, 5,7,k € Nandr > s > j > k, then
(2.17) ElEHElr=il > pls=ilplr=k

The equality in(2.17) is valid if and only if at least: — 1 numbers equal zero
among{ay, as,...,a,}

Proof. From Property, if r — (k+1) >s—(k+1),r —(k+2) >s— (k+
2),...,r—j>s—j,then
J J
(2.18) [T (BL-mEE—+) H (BIr—mHIpl=ml)
m=k+1 m=k+
This implies €.17).
It is easy to see that the equality in.{7) is valid. The proof is completed.

O
Proof of Theoreni..1. Combination of Property and Propertys easily leads
to Theoreml.L O

Remark 2.1. Finally, we pose an open problem: Give an explicit expression of
ErIEE — pUEE 0 terms ofay, as, . . ., ay,.
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