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Abstract

Weighted distributions occur naturally in a wide variety of settings with appli-
cations in reliability, forestry, ecology, bio-medicine, and many other areas. In
this note, bounds and stability results on the distance between weighted reli-
ability functions, residual life distributions, equilibrum distributions with mono-
tone weight functions and the exponential counterpart in the class of distri-
bution functions with increasing or decreasing hazard rate and mean residual

. . . . . Some Inequalities and Bounds
life functions are established. The problem of selection of experiments from for Weighted Reliability
the weighted distributions as opposed to the original distributions is addressed. Measures

The reliability inequalities are applied to repairable systems.
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When data is unknowingly sampled from a weighted distribution as opposed to
the parent distribution, the survival function, hazard function, and mean residual
life function (MRLF) may be under or overestimated depending on the weight
function. For size-biased sampling, the analyst will usually give an over opti-
mistic estimate of the survival function and mean residual life functions. It is
well known that the size-biased distribution of an increasing failure rate (IFR)
distribution is always IFR. The converse is not true. Also, if the weight func- "

. . . . . . . Some Inequalities and Bounds
tion is monotone increasing and concave, then the weighted distribution of an for Weighted Reliability

IFR distribution is an IFR distribution. Similarly, the size-biased distribution of leEEEs
a decreasing mean residual (DMRL) distribution has decreasing mean residual Broderick O. Oluyede
life. The residual life at age is a weighted distribution, with survival function
given by _
Title Page

(1.1) Fy(x) = M, Contents

F() 44 44
for z > 0. The weight function iV (z) = f(z + t)/f(z), where f(u) = < >
dF (u)/du, the hazard function and mean residual life functions)aréx) =
Ap(z +t) anddp,(z) = dp(z + t). Itis clear that ifF is IFR, (DMRL) dis- Go Back
tribution, thenF; is IFR, (DMRL) distribution. The hazard functiohg(x) Close
and mean residual life functiofy-(z) are given by\p(z) = f(x)/F(z), and .
op(x) = [ F(u)du/F (x) respectively. The functionsp(z), 6 (z), andF () Quit
are equivalent (f]). The purpose of this article is to establish bounds and stabil- Page 3 of 27
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exponential counterpart in the class of life distributions with increasing or de-
creasing hazard rate and mean residual life functions. We also present results
on increasing hazard rate average (IHRA) weighted distributions and obtain in-
equalities for the weighted mean residual life function for large values of the
response. In SectioB some basic results and utility notions are presented.
Section3 contains stochastic inequalities for reliability measures under distri-
butions with monotone weight functions as well as inequalities for IHRA and
mean residual life weighted distributions. In Sectibmequalities and stabil-

ity results for repairable systems are established. Sebtammtains results on Some Inequalities and Bounds
selection of experiments under weighted distributions as opposed to the parent  foreighted Rellavilly
distributions.
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Let X be a nonnegative random variable with distribution functiofr) and
probability density function (pdff (x). Let W (z) be a positive weight function
such that < E(W (X)) < oo. The weighted distribution ok is given by

_ F@){W(z) + Mp(2)}

where o
_ L F@W’(t)dt

assumingV (z)F(x) — 0 asz — co. The corresponding pdf of the weighted
random variableXyy is

Y

(2.2)

x > 0, where0 < E(W(X) < oco. We now give some basic and important
definitions.

Definition 2.1. Let X andY be two random variables with distribulion func-
tions F' and G respectively. We saly <, G, stochastically ordered, if'(x) <

G(x), for x > 0 or equivalently, for any increasing functian x),

(2.3) B(®(X)) < B(B(Y)).

Some Inequalities and Bounds
for Weighted Reliability
Measures
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Definition 2.2. A distribution functionF' is an increasing hazard rate (IHR)
distribution if F'(z +t)/F(t) is decreasing i) < ¢ < oo for eachz > 0. Simi-
larly, a distribution functionF’ is an decreasing hazard rate (DHR) distribution
if F(z+t)/F(t)isincreasing ind < ¢ < oo for eachz > 0. It is well known
that IHR (DHR) implies DMRL (IMRL).

Definition 2.3. Let F' be a right-continous distribution such tha{0+) = 0. F’

is said to be an increasing hazard rate average (IHRA) distribution if and only

ifforall 0 <o <1,andz > 0,
(2.4) F(az) > F*(z).

It is well known thatF' is an IHRA distribution if and only if

/g@MF@>§{/Q“GQdF@%Ui

forall 0 < a < 1 and all nonnegative non-decreasing functigns

(2.5)

Consider a renewal process with life distributifiiz) and weighted distri-
bution function Fy, (z), with weight functionW (z) > 0. Let X; denote the
residual life of the unit functioning at time Then ast — oo, X; has the
limiting reliability function given by

wa:u*/mfwm%

x > 0. The corresponding limiting pdf is

(2.6)

2.7)

Some Inequalities and Bounds
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x > 0. The weighted equilibrium reliability or survival function is

(2.8) Fu o) =il [ Fwlo)ds

T

whereFyy () is given by @.1). Note thatFy, (z) can be expressed as

(2.9) Fy.(x) = tip, Fw(2)dp, (2),

x > 0, and the corresponding hazard function is

- fw.(2) - 2N
x > 0, where
(2.11) Or, () = (r(e)F() ™ [ Flw)deCo)dy
x> 0.

Some Inequalities and Bounds
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In this section, we derive inequalities for reliability measures for weighted dis-
tributions. Bounds and stability results on the distance between the equilibrium
reliability functions, weighted reliability functions and the size-biased equilib-
rium exponential distributions are established. These results are given in the
context of life distributions with monotone hazard and mean residual life func-
tions.

Theorem 3.1. ([1]). If F" has DMRL, therby(z) < Sk
andSk(:c) > uSk,l(O)e_w/“ — ,U,Sk71<0) + Sk(O), k=

(0)6‘”3/“ k=1,2,.
2,3,...,where

F(x) if k=0,

Sl®) =\ [T 4 e

ifk=1,2 ...
(k—1)!

is a sequence of decreasing functions for whithossess moments of ordér
thatisyuy, = E(X*) exists k= 1,2,...,J.

We letS_;(z) = f(x) be the pdf ofF" if it exists. ThenS,(0) = ux/k!,
and Sy (z) = —Sk-1(z), k = 0,1,2,...,J. The ratioS;_,(x)/Sk(x) is a haz-
ard function of a distribution function with survival functiéfy(z)/Sk(0). The
inequalities in Theorer3.1 are reversed if” has increasing mean residual life
(IMRL).

Theorem 3.2.Let Fyy, (x) be an IHR weighted equilibrium reliability function

Some Inequalities and Bounds
for Weighted Reliability
Measures
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with increasing weight function. Then

2 M2

(3.1) / |Fy, (z) — ze”/#|dx < 2 |pu® — =2
0 24

Proof. Let A = {z|Fy,. < xe~*/*}. Then we have for > 0,

/ [Py, (z) — ze”/"|dx < 2 / (ze™®/* — Fy. (z))dx
0 A

oe —z/ — Some Inequalities and Bounds
<2 (xe™™H — Fo(x))dx for Weighted Reliability
0 Measures
— 2/ <xef/ﬂ _ M) dx Broderick O. Oluyede
0 H
S2(0
=2 (/UL2 — 2 )> Title Page
o
L1 Contents
(3.2) :2(2__).
2u 44 44
The first inequality is trivial and the second inequality is due to the stochastic < >
order betweert'y, (x) and F'.(z) whenWW (z) is increasing inc > 0. O p—
Theorem 3.3. Let F'y. be the weighted equilibrium reliability function with Close
decreasing hazard rate(DHR). If the weight functidf{x) is increasing, then
Quit
/ |Fw. (x) — ze~®*|dz > 2™ max{0, | — nu — 1|}, Page 9 of 27
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Proof. Let Fy. be DHR reliability function, then there exigt> w such that
Fyw. () < ze @/ or Fy, () > ze /" asz < norz > n. Now,

o0

/ ’FWP (ZL’) — xe‘x/“|dq; = 2/ (FWe (ZE) _ xe—m/#)dx
0

n

> 2/00(76@) — ze M) dx

2\ [ .
= <_) / (Sl (:E) — pe /M)dx Some Inequalities and Bounds
K/ Jn for Weighted Reliability
2 ) y y Measures
== _ —n/p -n/p
- (U) (52(77) {N ne + pe }> Broderick O. Oluyede
> 28y (n) — 27" (un + 1)
> 2115y(n) — 26_’7/“(/ﬂ] +1) Title Page
(3.3) = 26_"/“(u —np—1). Contents
o o . L — 44 44
The firstinequality is due to the fact thidt(z) is increasing in:, so thatF'y, (x)
and F',(r) are stochastically ordered. The last two inequalities are due to the < >
faogt thatSy(x) > uSk_1(x) forallz > 0, k = 1,2,..., where Si(z) = Go Back
fx Sk-1(y)dy. O
o o Close
Theorem 3.4. Let F' and F'yy be the parent and weighted survival functions Quit

respectively. Suppos€ () is increasing and” has DMRL, then

B4 Fuwl) > e max {0, (QW@) ; ﬂ_) _2_ u_} |
o ap
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where0 < o = E(W (X)) < 0.
Proof. Note that

Fule) = {WF@) + [ Fuyw sy
a71W($)52(5L“) [ Sa(y)dy
N S2(0) S5(0)
= (aS5(0))"{W (x)S2(0) + Ss(x)}
> (0S5(0)) W (2)[1S1(0)e ™" — S ()]
+ S2(0)e ™/ — 1uS5(0)}
= (@S5(0) e MV (2)S1(0) + 55(0)] — $1(0) — Su(0))}

=2(ap)™" {e‘x/“ (W(a:)u + %) — - %}

(3.5) :e—z/u{MJr&}_z_&

o QL a ap

The inequalities follows from the fact th&t’(x) is increasing and from the
application of Theorer. 1 O

Theorem 3.5.Let Fy, be a weighted distribution function with increasing weight
functionW (z) > 0, thendr(z) < 6r, () < (Mg, (z))~! for all z > 0. Fur-
thermore, if the hazard ratéz, (=) is such that

(3.6) Afy (1) >

ISHEs)

Some Inequalities and Bounds
for Weighted Reliability
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for z > x4, wherec is a positive real number, then

(3.7) (1) /0 t{)\p(x)}_kdx > ¢t F

t
fort > 0, k > 1, wherec* is a real number.

Proof. Let W (x) be increasing inc, then Ap, (z) < Ap(z) andip(z) <
dp, (x) for all z > 0. Note that,

_ fmoo ?W(y

(3.8) Opy () o) )dy < /0 h e Mw@dy = (A, (z)) 7",

for all x > 0. Consequently,

(3.9) =t

fort > 0. O

Theorem 3.6.Let Fy, be a weigthed distribution function with increasing weight
functionW(z) > 6* > 0. If F'is an IHRA distribution, therFy, is an IHRA
distribution.

Some Inequalities and Bounds
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Proof. Let ' be an IHR distribution, anéll’(z) > ¢* > 0 be increasing. We
show thatFy, (ax) > Fyp () forall 0 < a < 1, andz > 0.
Clearly,
Fy(ar) > F(ax)

forall 0 < a < 1, andx > 0. This follows from the fact thafy, and F' are
stochastically ordered. For @< o < 1, andz > 0, set
h(z) = F*(z) = Fy(2),

ando* = E(W(X)). Simple computation yeilds

) = aFy @) { Gy} - oF @) @)

> oF @) f(2) {EWA _ 1}.

(3.10) W (X))

Sinceafa_l(x)f(:v) > 0, W(zx) > ¢* andh(0) = 0, thush(x) is increasing
andh(z) > 0. Using the fact that” is an IHRA distribution we get

(3.11) Fy(az) > F(ax) > F(z)

forall0 < « < 1,andx > 0. Sinceh(x) > 0 for all z > 0, it follows therefore
that N B
Fy (ax) > Fy(x),

forall0 < a < 1,andz > 0. The proof is complete. O

Some Inequalities and Bounds
for Weighted Reliability
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Theorem 3.7. Let Gy and Hy, be two weighted distribution functions with
increasing weight functions. Suppose the conditions of the previous theorem
are satisfied, then the convolution 6%y, and Hy,, Gw * Hy, is an IHRA
distribution.

Proof. The proof follows directly from7]. O

Theorem 3.8.Let Fy, be a weighted distribution function with increasing weight
functionW (x) and pdf fy (z) > 0 for x > z,. Suppose the hazard function
ARy (7) is such that\p, () > < for 2 > x4, wherec is a real positive number.

If X is the original random variable then

PX—z<at|X>t)<1—(1+1t)°
forall ¢t > 0 andxz > x.

Proof. Let W (x) be increasing i, then the hazard function of the distribution
function F' of X satisfies the inequality

Ap(e) > Ary (1) 2

for x > xy. Now for¢ > 0,

(1+t)z (1+t)z
/ Ar(y)dy > / s (9)dy

(14+t)x 1
(3.12) > c/ (—> dy>1— (14171,
x Y
for ¢ > 0, using the fact thatn(a) > 1 — a~! for a > 0. O

Some Inequalities and Bounds
for Weighted Reliability
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The last result provides simple inequalities for the lower bound of the resid-
ual life time distributions for large values effrom the use of the information
about the hazard function of the weighted distribution function.
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In this section we obtain useful inequalities for repairable systems under weighted
distributions. Let{ X;}°, be a sequence of operating times from a repairable
system that start functioning at time= 0. The sequence of timgs¥; };°, form

a renewal-type stochastic point process. Followifgif a system has virtual
ageT,,_, = t immediately after thé¢m — 1)*" repair, then the length of the!"

cycle X,,, has the distribution

S | liti d Bound
@1)  Fx) = P(Xm < o[y, =) = L@+ = FO} o Weighted Ratabiity
- F(t) Measures

- . T . Broderick O. Oluyede
x > 0,whereF(z) = 1—F(x) is the reliability function of a new system. When

t = [ z-‘:1 XZ} ,7=1,2,...,m — 1, minimal repair is performed, keeping the m———
|
virtual age intact and wheh = 0 we have perfect repair. The virtual age of g
the system is equal to its operating time for the case of minimal repair. The Contents
reliability function corresponding tal(1) is given by <« >
— Flx+t < >
4.2) Fi(z) = g,
F(t) Go Back
x > 0. The weighted reliability function corresponding t@3) is given by Close
_ Quit
- FW ($ + t)
(4.3) Fw,(z) = T(t)7 Page 16 of 27
x> 0. J. Ineq. Pure and Appl. Math. 3(4) Art. 60, 2002
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Theorem 4.1.1f Fy, () is an IHR reliability function with increasing weight
function. Then

0 B 11
4.4 F —e M dy < 2u (1 — == |.
(4.4) [P = g < 21 - 2

Proof. Let A = {z|Fy, < e~*/#}. Then we have for > 0,

/ P, (2) — e~/ da < 2 / (=l — Ty (2))da
0 A

Some Inequalities and Bounds
for Weighted Reliability

S 2/ (e_x/“ . FWt (x))dx Measures
0 - Broderick O. Oluyede
<2 {/ (e/* — Fyy(z + t))dw}
OOO Title Page
<2 {/ (e"/" — F(z+ t))dm} Contents
0
<9 / (e-w _ M) do “« | »
0 M < 3
2
_of, "
= (M 9 ) Go Back
7
Close
2
4.5 =2ull—=—=]).
(4.5) K ( 2M2) Quit
The first two inequalities are straightforward,the third inequality follows from Page 17 of 27
the fact thatil’(z) is increasing, so thalt'y, and I’ are stochastically ordered.
The fourth and fifth inequalities follow from Theoresnl. ] 3. Ineq. Pure and Appl. Math. 3(4) Art. 60, 2002
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Theorem 4.2.1f Fy, () is an DHR reliability function,
(4.6) | Fwnla) = e olde > 2pue-irjetin -1
0

providedlV (x) is an increasing weight function.

Eroof. Let FWt b_e a DHR survival function, then there exist> 1 such that
Fy, <e ®rorFy, > e */"asr < eorz > e. Now,

/ |Fw, (z) — e */*|dx = 2/ (Fw,(z) — e */")dx
0

€

v

2 /OO(FW(SU +t) — e "/ M)da

> 2/OO(F(3U + 1) — e M) dx

= 2{8) (e +1) — e~}
> 2uSo(€ + t) — pe~/*
4.7) = 2ue~/H(e=m — 1).
The first inequality is trivial. The second inequality follows from the fact that

W (x) is increasing, so thaty, (y) > F(y) for all y > 0. The last inequality
follow from Theorem3. L ]

Theorem 4.3.1f Fyy_ (z) is an IHR reliability function with increasing weight
function. Then

o . Lo
(4.8) /o |Fw, (z) —e /“\d:L’SQ,u‘l—Q—Mz.

Some Inequalities and Bounds
for Weighted Reliability
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Proof. Let D = {z|Fy, < e */#}. Then we have for > 0,

/ P (2) — e*/M|dz < 2 / (= — Ty (x))da
0 D

2 255(0)
7
—ou— 12
i
2
4.9 =2ull——=].
(4.9) u( QMQ)

The first two inequalities are straightforward,the third inequality follows from
the fact thatV'(x) is increasing, so thaty, andF', are stochastically ordered.
O

Theorem 4.4.1f F'yy,_ () is an DHR reliability function,
(M_) e
H2 H

J

(4.10) / |Fy. (2) — e™/#|dx > 2ue”/"
0

providedW (x) is an increasing weight function.
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Proof. Using the fact thaf'y;, have DHR survival function, we have, fer>

e}

/0 P (@) — e /]de = 2 / (F (2) — e*/")da

€

2/ {,u;‘;/ F(y)dy—e’x/“}da:
o[ i [ -}

2 o
=— [ (Si(x) — prye ") da
KEy Je

2
= ——55(€) — 2y (pe~ )
HFy

> (2—“) S1(6) — 2 (")

> (QL) Sole) — 24y (e~

— 2#36_5/“ ) <&) e~ ¢/H
L

2
(4.11) = 2pe~/m {“— - @} ,
M2

wherepp, = [ Fw(z)dz. The inequalities follows from the fact théit (z)
is increasing, so thaty, (y) > F(y) forall y > 0, andS(z) > S,_,(x) for all
r>0,k>1. O
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In this section, we deal with the problem of sampling and selection of experi-
ments from weighted distribution as opposed to the original distribution. The
results also extends to any general competing distribution funcfivasd G

with probability density functions f and g respectively. For this purpose we
consider two probability spacé$), ¥, 4) and (2, ¥, 1) such that the proba-
bility measures/; andw, are absolutely continous with respect to each other.
Let A be a probability measure defined @nand equivalent te; andv,. Sup-
posef(z) andg(x) are Radon-Nikodym derivatives of andv, with respect to

A

Theorem 5.1. Let

1. Bi(x;n) = min (g&ffi) — 77,0) :
and
2. By(x;¢) = min (gW(x) — 77,0) ,

f(=)

and suppos¢ (z) and gy (x) satisfy,
Py(z: gw(x) =0) = Py, (x: f(z) = 0),

then
B(nf,gw) < B(f,ngw)

if and only if
Egy{Bi(,;m)} < Ef{Ba(;n)},
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whereE; and E,,, are expectations with respect to the probability density func-

tions f andgyy, respectivelygy (z) = W(x) f(z)/E(W (X)), W(x) is increas-
ing in X, and

B(f.gw) = / max{ £ (z), gw () }dA(x).

Proof. Note that

B(f.ngw) = / f(x) d\(@) + / ngw (2) dA(x).
{zmgw ()< f(x)} {zmgw (x)>f(x)}
Similarly,
Blnf,guw) = / nf (@) dA(x) + / ow (@) dA(x),
{znf(x)>gw (x)} {znf(x)<gw(z)}
Note that,

B(nf,gw) — B(f, ngw) =/

{zmgw (2)>f ()}

_ / nf(x) — gw(z)} dA(z)
{z:nf(x)>gw (x)}

{ngw (x) — f(x)} M)

_ / {(f(2)/gw () — n}gw (x) dA(x)
{z:ngw (z)>f(x)}

-/ {(ow(@)/£(x)) — 0} f(a)dA(z)
{zmf(z)>gw ()}

(5.1) = Egy{Bi(z,n)} — Ef{Ba(z,n)}.
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Consequently,

if and only if
Egy{Bi(z,n)} < Ef{Ba(z,1)}
O

Now let us consider the case in which one of the two hypothesis is true. The
hypothesis arél, : X ~ fandY ~ gy, andH; : X ~ gy andY ~ f.

Some Inequalities and Bounds

Let Rx(v)(m;) be the Bayes risk wheA (Y') is performed andr; the prior for Weighted Reliability
probability thatH; is true,i = 0, 1. We obtain the following comparisons g, Measures
andf. Broderick O. Oluyede
Theorem 5.2. B(nf, gw) < B(f,ngw) ifand only if Rx (my) < Ry (m), where
n = agm/aym, m > 0, anda; > 0is the loss ifH; is true and is not accepted. Title Page
Proof. Let D = {z : (agmo/c1m1) f(z) < gw(x)} andd; the Bayes decision to Contents
acceptH;, then «“ b

Rx(ﬁo) = Oéo’/ToP(dlyHo) + CY17T1P(d0|H1) < >
= ocmro/ gw(x)d\(z) + aym f(x)d\(x) Go Back
b be Close
= B(agmogw, a1 f) Quit
ul
(5.2) = anm B(gw, nf).
Page 23 of 27
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so that

if and only if

B(nf,gw) < B(f,ngw)

Rx(’iro) S Ry(’/To).
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Example 6.1. Let
ma—lﬁa

/B ifr>0,a>008>0
o) e x Q I6]

flz;a,0) =
0 otherwise.

Thenu = o andu, = a(a+1)5% and the hazard rate is increasing far> 1
and decreasing forv < 1. If W (z) = «z, then the weighted pdf is given by

xaﬁa—&—l

— e B ifr>0,aa>03>0
NEESIN r>0,a>0,p0

fw(z;a,B) =

0 otherwise.

Applying Theore.1, for o > 1, we have

(6.1) /Ooo | Fw,(2) — e */*Pldx < 203 |1 — (%) ‘ = Bla —1].
With 3 = 1/2,

6.2 c@) = [ F(a) — e-2/oaw < 12 =11

(6.2) (Oé)/o\wt(a:)e o < 125

Similarly, fora < 1 and = 1/2, we have

(6.3) Cla) = [ [P (o) = e/l < o~ 1]
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Note thatur, = 5(a + 1). Consequently, fotv < 1 and5 = 1/2, we get

1
2(1+a)

/ | Fw, (z) — e72%/%|dx > 202/
0

Example 6.2. Let

21237 1e=2/8 if 1 > 0
f(@:8) =

0 otherwise.
The corresponding weighted pdf withi(z) = z is given by
2232 /8 ifx >0
gw(w; 8) =

0 otherwise.

Note that, by Theore.2and fors > n > 1, B(nf,9w) < B(f,ngw) and
Rx(m) < Ry(m). Consequently, the experiment with lower Bayes risk is se-

lected.
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