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ABSTRACT. This paper proves bounds for the zeros of complex valued polynomials. The asser-
tions stated in this work have been specialized in the area of the location of zeros for complex
polynomials in terms of two foci: (i) finding bounds for complex valued polynomials with spe-
cial conditions for the coefficients and (ii) locating zeros of complex valued polynomials without
special conditions for the coefficientsespecially we are searching for bounds, which again are
positive roots of concomitant polynomials. As a result we obtain new zero bounds for univariate
polynomials with complex coefficients.
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1. INTRODUCTION

The problems in the analytic theory of polynomials concerning locating zeros of complex
polynomials have been frequently investigated. Over many decades, a large number of research
papers, e.gl[1,/2/3]5]16,8,[9,/12] 13, 14] and monographs|[7, 10, 11] have been published.

The new theorems in this paper provide closed disks in the complex plane

K(zg,7):={2€C|lz—2|<r}, 2€C, reR,,

containing all zeros of a complex valued polynomial. The steps to achieve this are as follows:
Let

fo:C—C; fa(z) =) ', @ €C, n>1,
1=0
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2 MATTHIAS DEHMER

be a complex polynomial. Construct a bou®id= S(ag, a4, . . ., a,) in such a way that all zeros
of f(z) are situated in the closed disk

K(Z()aS(aOaala s 7an)) = {Z S (C| |Z - ZO| S S(a()aala s 7a’VL)}'

Without loss of generality we sef = 0. A special case is the existence of certain conditions,
thus resulting in special bounds.

This paper is organized as follows: Sectjgn 2 provides such bounds on the basis of certain
conditions, concerning the polynomials’ coefficients. In Secfipn 3 mainly zero bounds are
proved which are positive roots of algebraic equations. The main result of Sgction 3 is a theorem
which is an extension of a classical result of Cauchy. Sefjion 4 shows applications of the bounds
in such a way that the bounds will be evaluated with certain polynomials. The paper finishes in
Sectiorl b with conclusions.

2. BOUNDS FOR THE ZEROS OF COMPLEX POLYNOMIALS WITH SPECIAL
CONDITIONS FOR THE COEFFICIENTS

Definition 2.1. Let
fnC—>C7 fn(z)zzal217 nzla
be a complex polynomial.
(21) fn(z) = anzn + fn—l(Z) ) fO(z) ‘= Qg
denotes the recursive descriptionfQf 2).
Theorem 2.1. Let P(z) be a complex polynomial, such th&t-) is reducible inC|[z],
P(Z) = fnl (Z>gn2(z) = (bmznl + fm*l(z))(cmznz + gnQ*l(Z))
with
|bn1‘>|b2|, 0§2§n1—1, ’Cn2|>’62’7 0<i<ng—1.
If ny + ny > 1, then all zeros of the polynomiél(z) lie in the closed disk

(2.2) K(0,9),
whereé > 1 is the positive root of the equation
(23) Zn1+n2+2 . 4Zn1+n2+1 4 22n1+n2 + zﬂ2+1 + Zn1+1 —1=0.

It holds forl < 6 < 2 + /2.

Proof. Expandingf,, _1(z), we conclude

ni—1

fnl—l(z) - Z bizi7

=0
analogously
no—1
Ina1(2) = Y i’
=0
Assuming
(2.4) by | > 1bi], 0<i<n;—1, |cp|>la|, 0<i<ny—1,
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it follows that

Fuar ()] _ 1205 b
] .

ni—1
< Z |bm” 2
il n1
<Xl - =
With the inequalities] (2]4) above, we find that
[P(2)] = (b, 2" + far-1(2))(€ng2"™ + gny—1(2))]
> |bny [leng [[2[™ 772

= {16n, 12" | gn> -1 (2)] + ICnQIIZ” IIfm 1]+ [ -1(2) | gno-1(2) [}

= ‘banCn2| { ‘n1+n2 _ | |: |n1 |gn2 1 + ’ ‘n2|fnl——1(z)|
| nz’ |6, |
+ |fn1 1(Z)| |gn2 1(Z :|}
|b"1| |Cn2|
Z‘TL2 _ 1 |Z‘TL1 _ 1
> bn - nitngz __ nll— ng 17l T 4
bl {1t = [l S

L™ = D™ = 1)“

(|2 = 1)
("bn|1||cn2)| {’ ‘n1+n2+2 4‘z‘n1+n2+1 + zlz‘n1+n2 + ‘Z’anrl 4 |Z‘n1+1 o 1}7
z
W_/
>0
Let
H(|Z|) = |Z|n1+n2+2 . 4|z|n1+n2+1 + 2|z|n1+n2 + |Z|n2+1 + |Z|n1+1 . 17

and we assume; + ne > 1. Hence|P(z)| > 0if H(|z|) > 0. Applying Descartes’ Rule of
Signs [4] toH(|z|), we can conclude that (|z|) has either one or three positive zersds,
andos.

Now we examine the positive zeros Hf(|z|). At first

H(1)=0.
Dividing H(|z]) by |z| — 1 yields

([t — dfermeth g om0 4 2 — 1) 2 (J2] - 1)

ni+ns—1 ng
e L (N ET R N ET
j=ni1+1 j=0
Further, let
ni+ng—1 n2
R(J2l) = [afmmett = gt — 37 Jef 4+ 3 Jal
j=n1+1 j=0

We see thaf?(1) = 0 and infer
H(|z]) = (2| = DR(I2]) = (|z] = 1)*Q(|z]), deg(Q(|2])) = n1 + no,
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henced, = d, = 1 is a zero with multiplicity two. Altogetherd has exactly three positive
zeros. Now, we note that

Sign{H(0)} = —1,  sign{H(c0)} = 1,
and we choos& > 1 such thatd (K') > 0. On the other hand, it holds that(1) = H'(1) =0
andH”(1) < 0. Therefore, there existsta> 0 such thatH(z) < 0,1 < z < 1+ 4. Now,
we obtainH (1 4+ 0) < 0 < H(K) and therefore; := § € (1 + 6, K), henced > 1. Thus,
|P(z)| > 0,if H(|z|) > 0, |z| > d. According to this, all zeros aP(z) lie in the closed disk
K(0,9).

In order to examine the value 6f> 1, we replacez| with ¢ in equation[(2.3) and examine
the equation

ni+ngs—1
R(8) = omotmatt —ggmtme — N 5l Z 5 = 0.
j=ni+1
The formulas
gmtnz _ 1
A T
ni+ns—1
) 5n1+n2 —1
— = (1 464+8+--- 4™
> s (L0074 ™)
J=ni1+1
ni+ng—1
) gmtnz _q gm+l _q ymtnz _ gnitl
= 0 = — =
Z o0—1 o0—1 0—1
j=ni+1

yield the result

n1+n n1+1 na+1
5n1+n2+1_35n1+n2_51 2 —om +52 _1:0

0—1 0—1
——

>0

From this equation follows the inequality

1 Jmtnz _ 5n1+1
gritnetl _ gsmidne < 0’

0—1

and, furthermore,
(2.5) 6”1“(5”2“ —46™2 4 262 4 1)<0.

Inequality [2.5) implies
o2 (5—4+§) < —1

and we finally conclude

(2.6) 6> —45+2<0.
To solve inequality[(2]6) take a closer look at
€2 —464+2=0,
and see that
§i2=2% V2.
With the fact that > 1, the inequality holds fot < § < 2 + /2. This completes the proof of
Theoreni 2.1. O

Theorenj 2.1 can be strengthened by Theofen (2.2).
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Theorem 2.2. Let
P(2) = ap2" + ap12" P4 +ay, an#0, n>1, i=0/1,...,n

be a complex polynomial such that,| > |a;|, ¢ = 0,1,...,n — 1. Then all zeros oP(z) lie
in the closed disk(0, 2).

Proof. For |z| < 1 the conclusion of Theorefn 2.2 is evident. If we assume [tHat- 1 we
obtain immediately

|P(2)] = |anz" + ap_12" "+ -+ + agl
> |an||z|™ = {{an1|2|" + - + a0}

oy a
:|an|\z|"{ {' 1] 1 SIS +| o n”
lan] 2] |an| |2]

Now if |a,| > |a;|, ¢ =0,1,...,n — 1 is assumed, we conclude

an—1| 1 ag| 1
|P(z)]2|an|]z\”{1— [| |—+---+‘—O|—n]}
\an\ 7| |an| |2|

Hence, we get
IP(2)| >0 if |2 >2

3. FURTHER BOUNDS FOR THE ZEROS OF COMPLEX POLYNOMIALS

Now we prove Theorein 3.2, which is similar to Theoiienj 3.1. Thegrem 3.1 is a classic result
for the location of zeros found by Cauclhiy [7]. The zero bound of the new Thgorém 3.2, as well
as Theorerm 3]1, depends on an algebraic equation’s positive root.

Theorem 3.1(Cauchy) Let
f(2)=an2"+a, 12" "+ +ap, a,#0, k=0,1,....n

be a complex polynomial. All zeros §fz) lie in the closed disk< (0, p-), whereps denotes
the positive zero of

He(z) = lao| + |aa]z + -+ + |an—1]2"" — |an|2".
Theorem 3.2. Let
f(2) = ap2" +ap 12" 4 +ag, a,#0, k=0,1,...,n
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be a complex polynomial. All zeros ffz) lie in the closed disk{ (0, max(1,)), whereM :=
ﬂ) ando # 1 denotes the positive root of the equation

an

max
0<j<n—1

(14 M)2" + M =0.
Proof. On the basis of the inequality
(3.1) [f()] = Jan| [J2* = M{[[""" + -+ 1}]
we get the modulus of (z)
[f(2)] = lan| [|2" = M{]z["" + -+ + 1}]
= lonl [Je" - 3=

R
oy [P G )
' -1

Define
F(z):=2""" = 2"(1+ M) + M.

Using the Descartes’ Rule of Signs we have that) has exactly two positive zerads andods,
andF'(6; = 1) = 0 holds. With

Sign{F(0)} = 1
and from the fact thak'(z) has exactly two positive zeros, we finally conclude that

|f(2)] >0 for |z| > max(1,0).
Hence, all zeros of (z) lie in K (0, max(1,9)). O
Now, we express a further theorem, the proof of which is similar to that of Thelorem 3.2.
Theorem 3.3. Let
f(2) =ap2" +ap 12" - tag, a,#0,k=0,1,....n
be a complex polynomial. All zeros ffz) lie in the closed disk (0, max(1, 9)), where

M := max
0<j<n

Ap—j — Qp—j—1
Qnp,

ando # 1 denotes the positive root of the equation
22 (14 M)z" 4+ M =0.

Furthermore we can state immediately a new Thedrein 3.4 which is very similar to a well
known theorem due to Cauchy! [7]. It provides an upper bound for all zeros of a complex
polynomial f(z). In many cases the bound of Theoren] 3.4 is sharper than the bound of Cauchy
[7] (K(0,1+ M)).

Theorem 3.4. Let
f(2)=ap2" +ap 12" 4 tag, a,#0, k=0,1,....,n

be a complex polynomial. All zeros ffz) lie in the closed disk< (0, 1 + M).
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Proof. For the zeros withz| < 1, we have nothing to prove. Assumilig > 1 and define
P(z):=(1—=2)f(2) = —an2"" + (an — an_1)2" 4+ -+ (a1 — ag)z + ao.
Now, we obtain the estimation

|P(2)] 2 lan]l2""" = {lan — an-all2]” + lan-1 — an—a||2]"™ + - + a1 — aol|2| + |ao|}

~ lonl{ 21+ - [

ay — Qo

Qp — Qp—1 |Z|n Qp—1 — Op—2

|Z|n_1 _l_...

ag — 0
Qn
> |an] {! - MZIZ\ }
oo -

-1
|n+1 "~ Z|n
z|—1

{|z|"+2 |z|"+1<1 +0D)}.

n

> |a|

:rz\—l
N——

>0

Finally, we conclude
|22 = [2[" N1+ M) = |2 |2 = (14 M)] > 0.

We infer|P(z)| > 0if |z| > 1 + M. Hence, all zeros oP(z) lie in k(0,1 + M). Because of
the fact that all zeros of (=) are zeros of”(z), Theoreni 3}4 holds also fgf(z). O

Now, we prove Theorein 3.5, which provides a zero bound for complex polynomials that are
in a more general form than the previous ones.

Theorem 3.5. Let
f(2) =ap2" +ap 12" ' tag, a,#0, k=0,1,....n

be a complex polynomial anll (=) := (f(z))?, N 3 ¢ > 1. All zeros ofH (z) lie in the closed
disk K (0, p), wherep is the positive zero of

n—1 g o—1 n—1 o=j
(3.2) H(z) :=la,|”z"" — <Z|ai|zi> + |a, |2 (Zmiw‘) (j)
i=0 1=0

Jj=1
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Proof. Define H(z) := (f(z))?, this yields the estimation

|H(2)| = ( 3 )
(&

n—1 T o1 n—1 o—j
o no 7 nl|j 7 o
> lanl? |2l — (§j|ainz|) £3 [janzn (}j\aiuz\) ()
i=0 j=1 1=0 j
—(|2]).

H(z) is a polynomial with only real and positive coefficients. Therefore we apply the Descartes'’
Rule of Signs and obtain thaf(z) has exactly one positive zero

Furthermore, we determine easii§(0) = —|a,|” < 0. With
- o—1 n—1 o—J o
H(z):= (a,z")° and H a; 2 . ,
(2) 1= (a7") )= | (2 ) (%)
j= i=
we infer

deg(Hi(2)) > deg(Ha(2)).
Finally, it follows that all zeros of{(z) lie in the closed disk{ (0, p). O

The following corollary states that the bound of Theofen 3.5 is a generalization of Cauchy’s
bound concerning Theorgm B.1.

Corollary 3.6. ¢ = 1 in Equation [3.2) leads to the bound of Cauchy, Thedrem 3.1.

Proof. If we seto = 1 in equation(3.2), we obtain

n—1
2) = |a,|z" — Z la;| 2"
i=0
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Therefore, we havél (z) = —H(z) andH (=) posseses the same positive zeréfagz). Thus
we have the bound of Cauchy, Theorem 3.1. O

The last theorem in this paper expresses another bound for the zefds pf Here, the

belonging concomitant polynomial is easier to solve that the concomitant polynomial of Theo-
rem3.5.

Theorem 3.7.Let
f(2)=an2"+ap 12" "+ +ap, a,#0, k=0,1,....n

be a complex polynomial ard(z) := (f(2))?, N 3 ¢ > 1. Furthermore letB := maxo<;<,—1 |a;]
and K := maxo<j<o-1|a,’ B/ (7). All zeros offi(z) lie in the closed disk« (0, p), where
p > 1is the largest positive zero of the equation

la,|7(|z| — 1)7 — K|z|” — B?|z| + B°.

Proof. Starting fromH (|z|), obtained in the proof of Theor.5 and the inequality

n—1 n—1
> ailel <BY Ll
=0 1=0

we have

o—1 o
n— 7 . 3 ) n __ 1 o—]
) 2l = {7 (D) 3 flablapme (7) (1))
=1 J 2] — 1

If we now assuméz| > 1 we obtain the inequalities

H()| > a2 — {B” (%—__11> *KZ’ . (M—)}

o—1

|z|n0' |Z|ncr
7 ml 1 { EED ;M—no—f

. . Be alZ
— {'“”' FETASEE ”

j=1
On the basis of the relation

.

o—1

> (2] = 1) <Z| 1,

J=1
we conclude furthermore that

|H(z)| > [2|* {’an’(’ - {(|Z|B—01)0 - (\zll—(l)" . llzlr—_ll}}
> |z|" {|an|” - [(|Z|B_ 07 (|z|K—|Zl|)"+1}}

|Z|ng o o o o o
:W{\an| (|Z|—1) +1—K|Z| - B ’Z“i‘B }

>0
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Define P(z) := |a,|?(z — 1) — K27 — Bz + B°. We see immediately that
deg(P(2)) = deg (Jan|” (= = 1) = K27 — Bz + B")

o+1 o+ 1
= deg | an|” ) (—1)j( , )sz“—f ~ K2 — B2+ B")
j=0 J
=o0+1,
hence we infer
(3.3 lim P(z) = 0.

Z— 00

Now, it holds
la,|” + B :oisodd
(0) = { .
—l|a,|” + B :oiseven
Furthermore we obtai?’(1) = —K < 0. In the first casé’(0) = |a,|” + B? > 0 it follows
that P(z) has at least two positive zeras < a, andas > 1. The case’(0) = —|a,|” + B >
0 <= B > |a,|? leads us to the same situation. Now, we ass#(® = —|a,|” + B <
0 <= B’ < |a,|” and it holds thai’(1) < 0. With equation[(3.3) we conclude th&(z) has
at least one positive zer > 1. Letay, s, ..., a,, 1 < 7 < deg(P(z)) be the positive zeros
of P(z) and

pi= max (g, 0,00 00p).

1< <deg(H (2))

Finally, we infer that|P(z)| > 0 if |z| > p > 1. This inequality completes the proof of
Theorem 3.J7. O

4. EVALUATION OF ZERO BOUNDS
Let f(z) = > ya;2', a, # 0, n > 1, be a complex polynomial and, z,, .. ., z, be the
zeros off(z). Define¢ := max (|z1|, |z2|, - - ., |2x|) @and
S1:=max(1,§), Theoreni(2.1)
Sy :=9, Theoreni(3R)
Sy := 9, Theoreni(3.8)
S, :=1+ M, Theoren|(3}4)
S5 := p, Theoren|(3.]7)

Now, we consider the closed disks < S;,i = 1,2,...,4 for each complex polynomial
fj(z), j=12...,6.
1)

fi(2) =360 - 2% — 1942° — 792* + 332° + 1122 — 122 — 5
= (1822 = 72 —5) - (202" =323 + 2 + 1),

therefore it holds

o] > b, 0<i<1, lea|>lcil, 0<i<3.

J. Inequal. Pure and Appl. Math?(1) Art. 26, 2006 http://jipam.vu.edu.au/
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Zeros off(z):

2 = —0,3051 — 0, 27754 ,
2o = —0,3051 + 0, 2775 ,
23 = 0,3801 — 0, 38644 ,
24 = 0,3801 + 0, 38644 ,
25 = —0, 3673,

26 = 0,7562.

(2) foz) = 25 — izt +i2% — 2+,
Zeros of fy(2):

2 = —1,1140 — 0, 12237,

2o = —0, 87664 ,
23 = 0, 59504 ,
2 = 1,5262i

25 = 1,1140 — 0, 1223 .

(3) f3(z) := 2* — 100022 4 2000z + 1500.

Zeros of f3(z):
z1 = —0,5810,
29 = 2,5866 ,
z3 = 997,9944 .
4)

fa(2) = 102" + 2% + (3 +20)2% + 2(—=2 +1i) + i

= (52 =2z +41)- (222 + 2 + 1),
therefore it holds
|ba] > 1b:],0 <@ < 1,|co| > |ei],0 <i < 1.
Zeros of f4(2):

2 = —0,25—0,6614i,
29 = —0,25 +0,6614i ,
23 = —0,1492 + 0, 28631,
2 = —0,5492 + 0, 2863 .

() f5(z) =2"— 2+ 1.
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Sl S [ S | S | S | S | €[]
J: | 3,2918| 1,4895| 2,5366| 2,5388) 2,1757(c — 1) | 0,756

fr| - | 1,9659]2,4069] 2,4142 - 1,5262

fs| - | 1501,0] 3001,0] 3001,0 . 997,9914
fi|3,1746] 1,7897 1,8595] 1,9 | 1.6683(c —1)| 1,25

f-| - |1,9919/1,2301 3,0 . 1,1127

fo| - | 2,7494]4,2499 4,25 | 3,850(c = 2) | 0,4184

Figure 4.1: Comparison of zero bounds

Zeros of f5(z):
2= —1,1127,
29 = —0,6170 — 0,9008¢ ,
23 = —0,6170 + 0, 9008 ,
2 =0, 3636 — 0, 95250,
25 =0, 3636 + 0, 9525 ,
26 = 0,8098 — 0, 26284 ,
z7 = 0,8098 + 0, 2628: .

(6) fo(z) = (22" — 23+ 22+ 22 — 1)%, 0 = 2.

Zeros of fg(2):
21 = —0,8935,
2 =0,4184,
23 = 0,4875 — 1, 04854,
24 = 0,4875 + 1,04857: ,
25 = —0,8935,
2 = 0,4184
27 = 0,4875 — 1,04857i ,
zg = 0,4875 + 1,04857i .

5. CONCLUSIONS

Table[4.1 shows the overall results of the comparison of the new zero bounds. In general, the
comparison between zero bounds is very difficult. Hence, it is not possible to obtain general
assertions for describing the quality of zero bounds. Table 4.1 shows that the quality of the
proven bounds depends on the polynomial under consideration. We observe that the bounds

Ss, S, are very large forfs(z). This is due to the fact that the numhéf := [ Jnax 2\ is
SjSn—1]7n

very large. In the case of a polynomidl(z) := (f(z))?, the bound of Theorefn 3.5 is directly
applicable (without expanding/(z)) in order to determine the value of the bound. The new
bounds of the present paper can be used in many applications. The characteristic property of
our new bounds is that we can compute these zero bounds more effectively than the classic
bound of Theorem 3 1.
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