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Abstract

This paper proves bounds for the zeros of complex valued polynomials. The
assertions stated in this work have been specialized in the area of the location
of zeros for complex polynomials in terms of two foci: (i) finding bounds for
complex valued polynomials with special conditions for the coefficients and (ii)
locating zeros of complex valued polynomials without special conditions for the
coefficients — especially we are searching for bounds, which again are positive
roots of concomitant polynomials. As a result we obtain new zero bounds for
univariate polynomials with complex coefficients.
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The problems in the analytic theory of polynomials concerning locating zeros of
complex polynomials have been frequently investigated. Over many decades,
a large number of research papers, elg,”] 3, 5, 6, 8, 9, 12, 13, 14] and
monographs’, 10, 11] have been published.

The new theorems in this paper provide closed disks in the complex plane

K(zp,7):={2€C|lz—20| <7}, 20€C, reRy,

containing all zeros of a complex valued polynomial. The steps to achieve this ~ ©n the Location of Zeros of
Complex Polynomials
are as follows: Let

Matthias Dehmer

fn:C— C; fn(Z)zzaizi, a;€C, n=>1,
=0

Title Page
be a complex polynomial. Construct a bousid= S(ay, ay, ..., a,) in such a E—
way that all zeros of (z) are situated in the closed disk ontents
K(Z()?S(a())ah”'uan)) = {ZECHZ_ZO| Ss(amalv'”aan)}‘ « dd
< 4

Without loss of generality we sety = 0. A special case is the existence of
certain conditions, thus resulting in special bounds. Go Back
This paper is organized as follows: Secti®provides such bounds on the
basis of certain conditions, concerning the polynomials’ coefficients. In Sec-
tion 3 mainly zero bounds are proved which are positive roots of algebraic Quit
equations. The main result of Secti@ns a theorem which is an extension
of a classical result of Cauchy. Sectidrshows applications of the bounds in
such a way that the bounds will be evaluated with certain polynomials. The | s ———————

paper finishes in Sectidawith conclusions. http://jipam.vu.edu.au
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Definition 2.1. Let
fo:C—C; fulz)= Zaizi, n>1,

be a complex polynomial.
(21) fn(z) - anzn + fn—l(z) ) fO(z) = ap
denotes the recursive descriptionf z).

Theorem 2.1. Let P(z) be a complex polynomial, such th&t ) is reducible
in C[z],

P(z) = [,(2)gn,(2) =
with

(bnlznl + fnl_l(z))(chan + gn2—1(2)>

bn, | > 1bi], 0<i<ni—1, |ep|>lal, 0<i<ng—1.
If ny + ny > 1, then all zeros of the polynomiél(z) lie in the closed disk
(2.2) K(0,9),
whereéd > 1 is the positive root of the equation
(2.3) gt gpmtnatl g g mitne 4 pmatl L mitl ) — ),

It holds forl < § < 2 + /2.
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Proof. Expandingf,, _1(z), we conclude

ni—1
fum1(z) = > bid,
=0
analogously
na—1
Inr—1(2) = Z ¢z’
=0
Assuming On the Location of Zeros of

] ] Complex Polynomials
(2.4)  Jbp,| > b, 0<i<mni—1, |ep|>|al, 0<i<ng—1,

Matthias Dehmer
it follows that

np—1 3
|fn1—1(2’)| | Z Lo bzl Title Page
by . |b”1 | Contents
niy—
< Z |b | «“ b
ni
ni—1 < >
1— |n1 -1
< Z|Z| =1 Go Back
. . .. Cl
With the inequalitiesZ.4) above, we fmd that ose
uit
P(:) K
Page 5 of 27
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= le] {177 — | [ 2t o i)

|Cns | |bn, |

+ ’fn1—1(z)| . |gn2—1(2)|:|}
|bn1| |C'I'L2|
|Z|n2_1 |Z|n1 -1
> bn - nit+ng N il o e
| 1“62'{'2' {M 2] =1 Tl 2] =1
zIMm — 1)(|z" =1
RS )H
(2] = 1)
bu, || cn
= %{|Z|m+n2+2 _ 4|Z|n1+n2+1 + 2|Z|n1+n2 + |Z|n2+1 + |Z|n1+1 . 1},
zZl —
—
>0
Let
H(’z‘) = ‘Z|n1+n2+2 o 4|Z|n1+n2+1 + 2|Z|n1+n2 + ’Z‘nﬁ_l + |Z|n1+1 B 17

and we assume; + ny, > 1. Hence|P(z)| > 0 if H(|z|]) > 0. Applying
Descartes’ Rule of SigngJto H(|z|), we can conclude thdi (|z|) has either
one or three positive zeras, J,, andds.

Now we examine the positive zeros 1 |z|). At first

H(1)=0.
Dividing H(|z]) by |z| — 1 yields

([ — dfzmtmetd 4 2z mofme 2| 4 2 — 1) 2 (2] = 1)
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ni+na—1

n2
= [amrnett 3zt — N 2 ) Jaf
j=0

j=ni+1
Further, let
ni+ns—1 n2
R(J2l) i= [t =zt — 7 [P 43 L
j=n1+1 7=0

We see thaf?(1) = 0 and infer

H(l2]) = (Iz] = DR(|2]) = (|2 = 1)*Q(l2]),  deg(Q(|2])) = na + no,

henced, = J, = 1 is a zero with multiplicity two. Altogether{ has exactly
three positive zeros. Now, we note that

sign{H(0)} = -1,  sign{H (o)} = 1,

and we choosé( > 1 such thatd (K) > 0. On the other hand, it holds that
H(1) = H'(1) = 0andH"(1) < 0. Therefore, there existsda> 0 such that
H(z) < 0,1 <z <1+86. Now, we obtainH(1 +6) < 0 < H(K) and
therefored; := 6 € (1 + 6, K), henced > 1. Thus,|P(z)| > 0, if H(|z|) > 0,
|z] > 0. According to this, all zeros aP(z) lie in the closed disk< (0, 9).

In order to examine the value 6f> 1, we replacez| with § in equation 2.3)
and examine the equation

ni+ns—1
R(§) = gmimtl —ggmtme — N~ g7 4 Z(sﬂ = 0.

j=ni+1
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The formulas

gritnz _q
L+64+ 62+ 48" +0MH 4o pgmtmt = — 1
mine=l o snidne g
= 2 V= (e P
Jj=ni+1 N
ni+ngs—1
) Jritnz 1 gmtl 1 gritnz _ gnitl
— o = — =
=n1

yield the result

gritnz _ gnit+l gretl

grmtnetl _ gsmitne =0.
-1 1
N——

>0

From this equation follows the inequality

gmtnz _ 5n1+1
0—1

5n1+n2+1 _ 36n1+n2 _

< 0,

and, furthermore,
(2.5) Mttt —46m 426" 4 1) <0,

Inequality @.5) implies

n9 2
) (5 4+5)< 1
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and we finally conclude
(2.6) 2 —45+2<0.

To solve inequality Z.6) take a closer look at

2 —46+2=0,
and see that

§1p0=2% V2.
With the fact thaty > 1, the inequality holds fod < ¢ < 2 + /2. This
completes the proof of Theoreml O

Theorem2.1 can be strengthened by Theorer?j.
Theorem 2.2. Let

P(Z)::anzn+an—lzn_1+"'+a07 an#oa nZl? Z':(),].,...,TL

be a complex polynomial such that,| > |a;|, i = 0,1,...
zeros ofP(z) lie in the closed disk (0, 2).

,n— 1. Then all

Proof. For |z| < 1 the conclusion of Theoreih 2is evident. If we assume that

|z| > 1 we obtain immediately

’P(Z)’ = ‘an«zn + an,lz”” + -+ &0’
> |an||z|n — {’an_1’z|"_1 4 ao}

1 1
= ol {1 [l L el T
o T T el T
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Now if |a,| > |a;|, i =0,1,...,n — 1 is assumed, we conclude

n— 1 1
PG 2 lanllap {1 - [l el LT

jan| 2] |an] [2]"

7j=1
= ]anHZ|n{1 R —i—l}
|2|
|an|2]"
>0

Hence, we get
|P(2)] >0 if |z| > 2.
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Now we prove Theorerfi.2, which is similar to Theorer3.1. TheorenB3.1lis a
classic result for the location of zeros found by Cauchly The zero bound of

the new Theoren3.2, as well as Theorerf.1, depends on an algebraic equa-

tion’s positive root.

Theorem 3.1 (Cauchy).Let
a, #0, k=0,1,....n

be a complex polynomial. All zeros ¢fz) lie in the closed diski< (0, p¢),
wherepc denotes the positive zero of

f(2) =an2"+an 12"+ +ag,

He(z) = |ao| + [ar]z + -+ - + |an_1]2" " — |an|2".
Theorem 3.2. Let
a, # 0,

be a complex polynomial. All zeros fz) lie in the closed disk (0, max(1,0)),
ando # 1 denotes the positive root of the equation

f(2) = ap2™ + ap 12"+ +ag, k=0,1,...,n

whereM := max ‘ﬁ
0<j<n—1|9n

2 (14 M)2"+ M = 0.
Proof. On the basis of the inequality

(3.1) [f(2)] = lan] [l2]" = M{[["" + - +1}]
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we get the modulus of ()

£ 2l [le” = M 4+ 1)
~feal |l - =

2] =1
o [ M)
" 2] =1
Define On the Location of Zeros of

Complex Polynomials

F(z):=2"" = 2"(1+ M) + M.

Using the Descartes’ Rule of Signs we have that) has exactly two positive
zerosd; andd,, andF'(9; = 1) = 0 holds. With

Matthias Dehmer

Title Page
Slgn{F(O)} =1 Contents
and from the fact thak’(z) has exactly two positive zeros, we finally conclude <« Y
that ) ,
1f(2)] >0 for |z] > max(1,d).
Hence, all zeros of (2) lie in K (0, max(1,d)). 0 Go Back
Close

Now, we express a further theorem, the proof of which is similar to that of _
Theorem3.2. Quit

Theorem 3.3. Let Page 12 of 27

_ n n—1 . o J. Ineq. Pure and Appl. Math. 7(1) Art. 26, 2006
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be a complex polynomial. All zeros fz) lie in the closed disk (0, max(1,0)),
where

M := max
0<j<n

Gnoj = Gnmjmt|
a, ’

ando # 1 denotes the positive root of the equation
22 (14 M)2" + M = 0.

Furthermore we can state immediately a new TheoBefmwhich is very
similar to a well known theorem due to Cauchy.[It provides an upper bound
for all zeros of a complex polynomigl(z). In many cases the bound of Theo-
rem3.4is sharper than the bound of Cauchy (K (0,1 + M)).

Theorem 3.4. Let
f(2)=anz"+ap 12" P+ +ay, a,#0, k=0,1,....n
be a complex polynomial. All zeros ffz) lie in the closed disk< (0, 1 + M).

Proof. For the zeros withz| < 1, we have nothing to prove. Assumifng > 1
and define

P(2) = (1= 2)f(2) = —apn2"" + (ap — ap_1)2" + -+ + (a1 — ag)z + ay.
Now, we obtain the estimation

1P(2)] = lanll2""" = {lan — anal[2]" + |an—1 — anaf 2" + -+

+la1 — aol|z| + |aol}

On the Location of Zeros of
Complex Polynomials

Matthias Dehmer

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 13 of 27

J. Ineq. Pure and Appl. Math. 7(1) Art. 26, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:matthias@dehmer.org
http://jipam.vu.edu.au/

Qp — Qp—1 ’Z‘n Qp—1 — Ap—2

|Z‘n71 +

_ \an\{|z\““ - [

a1 — Qo |Z’+

ag — 0
a,
an| q 2™ = MZ|Z| }

’n—i—l 1
| { |Z|n+1 } On the Location of Zeros of
el -1

n

+

Complex Polynomials

> ‘an‘ |n+1 y Z’ } Matthias Dehmer
M=
- \z| -1 {’Z‘n+2 2™ (1 + M)} Title Page
N——
>0 Contents
Finally, we conclude A 44
- - < >
|22 = 2" 1+ M) = |2" 2] = 1+ M)] > 0.
Go Back
We infer|P(z)| > 0if |z| > 1+ M. Hence, all zeros aP(2) lie in K(0, 14 M). Close
Because of the fact that all zeros ff-) are zeros of°(z), Theorem3.4 holds _
also forf(z). O Quit

. . Page 14 of 27
Now, we prove Theorer8.5, which provides a zero bound for complex poly-

nomials that are in a more general form than the previous ones.
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Theorem 3.5. Let
f(2)=a2"+an 12" '+ +ap, a,#0, k=0,1,....n

be a complex polynomial anll (z) := (f(2))?, N 3 ¢ > 1. All zeros ofH (z)
lie in the closed disks (0, p), wherep is the positive zero of
On the Location of Zeros of

n—1 g
3.2) H(z):=|a,|"2" — a;| 2
(3.2) H(z) == |ay| i
=0
o—1 n—1 o=j o Complex Polynomials
+Z ‘an|]znj (ZMJZZ) (]) : Matthias Dehmer
j=1 i=0

Proof. DefineH(z) := (f(z))’, this yields the estimation Title Page
n o n—1 o Contents
|H (2)] <;az) <;az+az> < 33
o n—1 o=j o 4 4
- Z (@nz")’ ( aizz) (j> Go Back
j=0 =0
. . Close
o—1 4 n—1 =] o
= (a,2")’ + (anz") a; %" ( ) Quit
J=0 J

=0 ) J Page 15 of 27
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e () )

n— g
> |a,z" aizZ
1= 7j=1

> lan|”|2|"7 — {(Z |ai|2]" )
On the Location of Zeros of

Complex Polynomials

o— n— o—j
+ lan 2" (Z !ai||z]i> (0> Matthias Dehmer
j =0 J

7=1

H

= ﬁ(|z|) Title Page
~ . . i . . Contents
H(z) is a polynomial with only real and positive coefficients. Therefore we
apply the Descartes’ Rule of Signs and obtain fiét) has exactly one positive 4 dd
zerop. ) < >
Furthermore, we determine east(0) = —|ao|” < 0. With
Go Back
- 1 il i o Close
Hi(2) := (a,2")° and H,(z g ;2" ( ) ,

. Page 16 of 27
we infer

deg(Hl (Z)) = deg(HQ(Z)) J. Ineq. Pur(la. and Appl. Math. 7(1) Art. 26, 2006
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The following corollary states that the bound of Theoréris a general-
ization of Cauchy’s bound concerning Theor8&ri.

Corollary 3.6. ¢ = 1 in Equation (3.2) leads to the bound of Cauchy, Theo-
rem3.L

Proof. If we seto = 1 in equation(3.2), we obtain

n—1

~ B 0 i

H(z) - |a"|z Z |CLZ|Z : On the Location of Zeros of
=0 Complex Polynomials

Matthias Dehmer

Therefore, we havél () = —H(z) andH (=) posseses the same positive zero

asHcq(z). Thus we have the bound of Cauchy, Theoremm O
) ) Title Page
The last theorem in this paper expresses another bound for the zéf¢s)of
Here, the belonging concomitant polynomial is easier to solve that the concomi- Contents
tant polynomial of Theorerfi.5. pp >
Theorem 3.7. Let < >
f(Z):anzn+an—lzn_1+"'+a07 CLn?éO, k:Oa17"'7n GoBack
. Close
be a complex polynomial anlH (z) := (f(z))?, N 5 ¢ > 1. Furthermore let _
B = maxp<;<n—1 |CI,Z| and K := maXo<j<o—1 |6Ln|jBoij (j) All zeros OfH(Z) Quit
lie in the closed disk<' (0, p), wherep > 1 is the largest positive zero of the Page 17 of 27
equation
|an|0(‘z| — 1)‘7 — K’z‘g — Bg‘z| + B°. J. Ineq. Pure and Appl. Math. 7(1) Art. 26, 2006
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Proof. Starting fromH (|z|), obtained in the proof of Theoref5 and the in-

equality
n—1 n—1
Salel < BY L,
=0 =0

we have

z p—
HE) 2 ol - {5 ()
o—1 ‘ | o—j On the Location of Zeros of
. . o 2" —1\" Complex Polynomials
j=1 ’ ”’ ’ ‘ J |Z| -1 Matthias Dehmer

If we now assuméz| > 1 we obtain the inequalities

Title Page
n n o—j
|H(2)| > |an|?|2" — {B <||ZZ| — ) +KZ‘ & <z|—> } Contents
44 44
o—1
|ZWU |ZPU < ’
> lan|?|2[" = B s + K )
(Iz] = 1) ; (2] = 1) G
o Back
o—1
b7 K j Close
= IZ\"”{\an\”— -+ - (2] —1)3”-
(=17 " (el 17 = ou
On the basis of the relation Page 18 of 27
o—1 o—1
J— -] J . Ineq. Pure an . Matn. rt. B
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we conclude furthermore that
Bo’

HE) > a4 flonr - [ 2

7 <|zr[—( 07 |r|r—_ 11”

B K|z|”
> i flenl” = | o+ e |
(Il =17 (Il = 1)
| |no— g g g g
:Wﬂanl ‘Z’—l) +1—K‘Z‘ —B‘Z|+B}
———
>0
DefineP(z) := |a,|?(z — 1)°™! — K2° — B2 + B?. We see immediately that

deg(P(2)) = deg (|an|”(z = 1)7*" -

<0'+ 1) otl=j _ [0 _BUZ+BU>

(\an\ %

=o0+1,

hence we infer

Kz — Bz + BU)

(3.3) lim P(z) = oo.
Now, it holds
la,|” + B’ :oisodd
P(0) = .
—la,|” + B? : o iseven

Furthermore we obtaif?(1) = —K < 0. In the first casé’(0) =

la,|”+ B >

0 it follows that P(z) has at least two positive zeras < o, andas > 1. The
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caseP(0) = —l|a,|” + B > 0 <= B’ > |a,|? leads us to the same situation.

Now, we assumé(0) = —|a,|” + B? < 0 <= B’ < |a,|” and it holds that

P(1) < 0. With equation 8.3) we conclude thaP(z) has at least one positive
zeroa > 1. Letayg,as,...,a,, 1 < 7 < deg(P(z)) be the positive zeros of
P(z)and

pi= max_ (g, q0,...,00).

1<r<deg(H ()

Finally, we infer thai P(z)| > 0 if |z| > p > 1. This inequality completes the
proof of Theorens.7. O
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Let f(z) = > aiz", a, # 0,n > 1, be acomplex polynomial and, 25, .. .

be the zeros of (z). Define¢ := max (|11, |22}, . . ., |2n|) @and
S1 :=max(1,d), Theorem@.1)
Sy := ¢, Theorem8.?2)
S3 := 9, Theorem8.3)
Sy :=14 M, Theorem8.4)
S5 := p, Theorem8.7)

7Z’Vl

Now, we consider the closed diskg < S;, i = 1,2,...,4 for each complex

polynomial f;(z), j = 1,2,...,6.
1.
fi(z) :=360- 2% — 1942° — 792" + 3323 + 112> — 122 — 5
= (182% — 7z — 5) - (202" — 32% + 2 + 1),
therefore it holds
|b2| > [bs],
Zeros of f1(z):

0<i<1, |aa|l>le|, 0<i<3.

2 = —0,3051 — 0, 2775 ,
2o = —0,3051 + 0, 27751 ,
23 = 0,3801 — 0, 38644 ,
24 = 0,3801 + 0, 38644 ,
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25 = —0, 3673,
26 = 0, 7562 .

2. fo2) = 2% —izt + 02 — 2 4.
Zeros of f5(2):

2 = —1,1140 — 0, 1223 ,

29 = —0, 87661

2 ’ ’ On the Location of Zeros of
z3 = 0,595017, Complex Polynomials
Zy = 1, 52621 , Matthias Dehmer

25 = 1,1140 — 0, 1223 .

Title Page
3 2
3. fg(Z) =z 10002 + 20002 + 1500 Contents
Zeros off5(z):
f3(2) 44 44
z1 = —0,5810, 4 >
2z = 2,5866,
Go Back
z3 = 997,9944 .
Close
4, Quit

fa(z) = 1024 + 23 + (3+2i)z2 b oa(—2 4 i)+ Page 22 of 27

= (522 =22 +414)- (222 + 2+ 1),
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therefore it holds
|b2| > |b2\,0 <1< 1, |02| > |Ci|,0 <3 <1

Zeros of f4(z):

21 = —0,25 —0,66141
29 = —0,25+ 0, 66141 ,
73 = _0’ 1492 + 07 28631 ) On the Location of Ze_ros of
24 = _0’ 5492 + 0’ 28631 . Complex Polynomials

Matthias Dehmer

5 f5(2) =2"— 2+ 1.

Zeros off5(z): Title Page
= 11197, Contents
2 = —0,6170 — 0, 90084, A D
23 = —0,6170 + 0,9008i , < 3
zy = 0,3636 — 0,95257 , Go Back
25 = 0,3636 + 0,95257 , Close
26 = 0,8098 — 0, 2628 , _

Quit

zr = 0,8098 + 0, 2628: .
Page 23 of 27

6. fo(2) = (22" — 22+ 22+ 22— 1)}, 0 =2,
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Sl S [ S [ S [ S [ S | &[]
f1]3,2918| 1,4895| 2,5366| 2,5388| 2,1757(c =1) | 0,756

f2 - 1,9659| 2,4069| 2,4142 - 1,5262

f3 - 1501,0| 3001,0| 3001,0 - 997,9914
fa | 3,1746| 1,7897| 1,8595| 1,9 | 1.6683(c =1) 1,25

fs - 1,9919| 1,2301| 3,0 - 1,1127
fe - 2,7494| 4,2499| 4,25 | 3,850(c =2) | 0,4184

Figure 1. Comparison of zero bounds

Zeros of fg(2):

2 = —0, 8035,

2o = 0,4184,

25 = 0,4875 — 1, 04854 ,
24 = 0,4875 + 1, 048574 ,
z5 = —0, 8035,

26 = 0,4184

2y = 0,4875 — 1,04857i ,
25 = 0,4875 + 1, 04857 .
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Tablel shows the overall results of the comparison of the new zero bounds. In
general, the comparison between zero bounds is very difficult. Hence, it is not
possible to obtain general assertions for describing the quality of zero bounds.
Table1 shows that the quality of the proven bounds depends on the polynomial
under consideration. We observe that the bouds), are very large forfs(z).

This is due to the fact that the numb&f := max

aj H
E’ is very large. In the

0<j<n—1
case of a polynomiaH (z) := (f(z))?, the bound of Theorer.5 is directly On the Location of Zeros of
. i . . . Complex Polynomials
applicable (without expanding/(z)) in order to determine the value of the
bound. The new bounds of the present paper can be used in many applications. TS DG
The characteristic property of our new bounds is that we can compute these zero
bounds more effectively than the classic bound of Thediein Title Page
Contents
44 44
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