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ABSTRACT. In this article, an open problem posedlin|[12] is studied once again, and, following
closely theorems and methods froim [5], some extensions of several integral inequalities are
obtained.

Key words and phrasedntegral inequality, Cauchy’s Mean Value Theorem.

2000Mathematics Subject Classificat/oRrimary 26D15.

1. INTRODUCTION

In [12], the following interesting integral inequality is proved: Lg&tr) be continuous on
[a, b] and differentiable offa, b) such thatf(a) = 0. If 0 < f'(z) < 1forz € (a,b), then

(1.2) / ) da < [ / @) dx} }
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If f'(x) > 1, then inequality[(1]1) reverses. The equality[in(1.1) holds onl§(if) = 0 or
f(z) =z —a.
As a generalization of inequality (1.1), the following more general result is also obtained in
[12]: Letn € N and suppos¢g(x) has a continuous derivative of theth order on the interval
[a, b] such thatf¥(a) > 0for0 <i <n—1andf™(z) > n!. Then

1.2) [rwreaes [ [l

At the end of[12] an open problem is proposed: Under what conditions does the inequality

(1.3) / ORIE { / ) dx}

hold fort > 17?

This open problem has attracted some mathematicians’ research interests and many gener-
alizations, extensions and applications of inequality|(1.2) of (1.3) were investigated in recent
years. For more detailed information, please refer to, for example, [1] 2, 3,4,15,/6, 7, 8, 9, 10,
11,/13, 14| 15] and the references therein.

In this paper, following closely theorems and methods friom [5], we will establish some more
extensions and generalizations of inequality|(1.2] orf (1.3) once again. Our main results are the
following five theorems.

n+1

Theorem 1.1.Let f(x) be continuous and not identically zero pnb|, differentiable in(a, b),
with f(a) = 0, and leta, 5 be positive real numbers such that> g > 1. If

/> (a—pB)pYeEY

< a—1

(1.4) [f(a—ﬂ)/(ﬂ—l)(x)}

forall x € (a,b), then

1.9 [rwracz[[ s dtr.

Theorem 1.2.Leta € R and f(x) be continuous ofu, b] and positive ina, b).
(1) For 5 > 1, if

(1.6) /m f(t)dt ; BY/(1=h) [f(x)}(a—l)/(ﬂ—l)

forall x € (a,b), then inequality(L.5)is validated:;
(2) For 0 < ¢ < 1, ifinequality (1.68) is reversed, then inequalifiL.5) holds;
(3) For 3 =1, if [f(x)]' § 1 forall = € (a,b), then inequality(1.5)is valid.

Theorem 1.3.Suppose: € N, 1 < 5 < n+ 1, and f(x) has a derivative of the-th order on
the interval[a, b] such thatf(a) = 0for0 < i <n — 1 and f™(z) > 0.

—171/(e=p)
Q) If f(z) > [(mg;‘),i ] and f(™ () is increasing, then the inequality with direction
> in (L.5) holds.
—171/(a=B)
(2 1F0 < fa) < |95 } and ™ (z) is decreasing, then the inequality with
direction<in )is valid.

Theorem 1.4.Suppose: € N, 1 < 5 < n+ 1, and f(x) has a derivative of the-th order on
the interval[a, b] such thatf®(a) = 0for0 <i <n — 1 and f™(z) > 0.
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z—ay@-n ]/ (@=F) . e
Q) If f(z) > [w] , then the inequality with directior in (1.5) holds.

B(a—a)-1 |/ (@=F) . o . )
2 1f0< f(x) < [W] , then the inequality with directioq in (1.5)is valid.

Theorem 1.5. Let«, 5 be positive numbersy > § > 2 and f(z) be continuous of, b] and
differentiable on(a, b) such thatf(a) > 0. If

a- , _ BB=1)(a—B)(z—a)?
[fe ) > p—

for x € (a,b), then the inequality with directior in (I.5) holds.

Remark 1.6. Theorenj 1.b generalizes a result obtained in [9, Theorem 2] bagreeand Pe-
jkovic.
2. PROOFS OF THEOREMS

Proof of Theorerm T]1Lf

(@-0)/(0-1) (] > (@ = BB
oD () =0T

forxz € (a,b) anda > [ > 1, thenf(x) > 0 for z € (a,b]. Thus both sides of (1.5) do not
equal zero. This allows us to consider the quotient of both sidgs gf (1.5). Utilizing Cauchy’s
Mean Value Theorem consecutively yields

rwad” s lrtsmad” fo

Vv

[@eae @ £ € (o)
. (e
B LV o
(2.2) {( —[ )ﬁl/ o 1)/((60[}_ 1)}ﬁ1

<1

So the inequality with directio in (1.5) follows.
If
(a-9)/(5-1) ()" < (@ = BBV
0<[f (@) < ——

forz € (a,b) anda > 8 > 1, thenf(@=9/(6-1) (1) is nondecreasing ant{z) > 0 for z € [a, b].
Without loss of generality, we may assurfiec) > 0 for = € (a, b] (otherwise, we can find a
pointa; € (a,b) such thatf(a;) = 0 and f(x) > 0 for = € (ay,b] and hence we only need
to consider the inequality with directiof in (1.5) on|a,, b]). This means that both sides of
inequality [1.5) are not zero. Therefore, the inequality with directiom (1.5) follows from

2.2). O

Proof of Theorem 1]2The first and second conclusions are obtained easily by (2.1) of Theorem
[L.1.
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For 5 = 1, inequality (1.5) is reduced to

(2.3) / )t 2 / £(t)dt

Now consider the quotient of both sides pf (2.3). By Cauchy’s Mean Value Theorem, it is
obtained that

LLf@)edt  [fe)

2.4 t = = o=l
(2.4) 7 (0)dt 70 [£(8)]
The third conclusion is proved. O

~171/(a=p)
Proof of Theorerp 1]3Utilization of the condition thaf (z) > [—(Z"“)B ]

pr-2
Mean Value Theorem gives

Llf@ede [f(by)]?

and Cauchy’s

(2.5) _ b _ R
[ el BLL ) da)’ hs
(2.6) o (b — ) (b)) /57
T Bl @ da]) T
ﬂ,
(by —a)f(by)
2.7 _ | (e —a)f(br)
- lﬁfflf(x)dx]

Now for the term in[(2.]7), by using Cauchy’s Mean Value Theorem several times, we have

(by — a)f(b1) (by — a) f'(bs)

T T ) by < b
fablf(x)d:c bt F(b) a < by < b
:2+W a < by < by

(bng1 — a)f( )<bn+1)

(28) =n-+ f n— 1)<b +1) a < bn+1 < bn
But f=V(t) = f=U(t) — fY(a) = (t — a)f™(t,) for somet; € (a,t). If f(z)is
increasing, therf ™ (¢,) < f™ ( ). Therefore,
(2.9) 0< fO0() < PO - a).
Applying (2.9) to (2.8) yields
(2.10) w >n+ 1.
S, (@) de

Hence,

b a B-1
(2.11) Jul@ldz (“ 1)

[Jo f(x)da] &
for 1 < 5 < n+ 1. Then the inequality with directior in (1.5) holds.
Suppose that

0< fz) < [%} 1/(a—B)
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and (" () is decreasing. The statement of the theorem implies that the inequdlities (2.6) and
(2.9) reverse, this means that the inequaliies (2.10) [and](2.11) reverse also, so the inequality
with direction< in (1.5) holds. O

Proof of Theorem 1]4lf

B(x — a)B=Dq1/(a=p)
{ )

f(z) > W

)

(2.3) becomes

L [f @) da >[ (b — a)f(by) r
2 f@da]”~ LO=D [ @)

Note that if all the terms i (28) are positive, t f;()j)(?; > n. Therefore, foll < § < n+1,
the inequality with directior® in (1.5) holds. ’
If

9

B(x — a)B=Dq1/(a=p)
0< /) < | 75—y )

the inequality with directior< in (1.5) follows from a similar argument as above. O
Proof of Theorern 1|5Suppose that
_ _ _ q)82
[f(a—ﬁ) (l‘)]/ > 6(/6 1)(04& _ﬁl)(x a) .

Now consider the quotient of the two sides|of {1.5). Applying Cauchy’s Mean Value Theorem
three times leads to

Llf@lede [f(by)]?

]
[P fyda)” B[ fa)da]®
(

1

o @B () b b
T BB -1 [ f(2)da)’
B—2
b2 b2 —a
[fj('bQ %f((x) dx)] a < b3 < b2
_ f'(bs)(bs — a)r_Q
R
> 1.
This completes the proof. O
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