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ABSTRACT. In this paper, using the arithmetic-geometric mean inequality, we obtain some new
mean value inequalities. Finally, some applications are given, they are extension of Holder's
inequalities.
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1. INTRODUCTION AND MAIN RESULTS

Leta > 0,b > 0 andt € (0,1). It is well-known that the following arithmetic-geometric
mean inequality holds

(1.1) a'b' ™t <ta+ (1 —t)b.

The arithmetic-geometric mean inequality is a classical inequality with many applications.
Also, there exist extensive works devoted to generalizing or improving the arithmetic-geometric
mean inequality. In this respect, we refer the readerito [L] — [7] and the references cited therein
for updated results.
In this paper, by[(1]1), we obtain some new mean value inequalities. Finally, some applica-
tions are given.
In this paper, we agree
q
ZbZ:O, (b,ER, QGN)
1=q+1
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Theorem 1.1.Letz; >0 (i =1,2,...,n; n > 2)andt € (0,1).
(1) For the following

we have
0 (2 5
—B)<B@2)<---<B(k)<Bk+1)<--- < B(n) = %ix
and -
o (25
) < Cn—1) < <C()<C(—1) << C(1) = lixz

(2 For1 <j<k<I1<n(n>3),wehave
l l
@) Gy -k S (X)) (£4)
k 1 1
<(l—-7+ 1)2331 + <Z xf) <Z x}t) T (Z :Cf) (Z x}t) .
i=j i=j i=j i=k i=k

Corollary 1.2. Letz; >0 (i =1,2,...,n, n > 2) andp, ¢ be any two positive numbers.
(1) For

e s f () (5

~

= i=k+1

+<zn: xf> (zk:ﬂ)] (k=1,2,...,n)

i=k+1
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and
1 n n 7j—1
Jr
£0) & i n-a 03 () (S4)
1= 1= 1=
7—1 n
+( x) (Zx)] (=12...n)
i=1 i=j
we have

—~~

=

o
/\

%3
\/

SHN
1 s

:D(l)SD(2)§...§D(1§)§DU{;—|—1)S...SD(n):%ixf-Fq

—Bn) < En-1)< - <EG)<BEG—1)< < B(1) ==Y 2™

2 For1<j<k<l<n(n>3),wehave

k

Q7)) (k—j+1)> al* 4 (—k+1) Z p*u(za;) (Zx;?)

=7

< (l—j—l-l)zycﬁ”q%— (fo) (fo) + (fo) (fo) :

2. PROOF OF THEOREM AND COROLLARY

Proof of Theorer 1]1(1) Two equalities are clear if (1.2). To complete the proof of| (1.2), we
only need to prove thaB(k) < B(k + 1) (1 < k < n — 1). Indeed, from[(1]1) we have

k
(2.1) Thin Z z! Z Ty Z trpy + (1 —t)x;),
and
k k k
(2.2) T Z xl = Z z) < Z (1 = t)xger + tay) .
i=1 i=1 i=1

Using (2.1) and[(2]2), after a simple manipulation we get

k
(2.3) ZEZ_HZSB% t—|—$k+12x <l€35k+1+2:xZ
i=1
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Fork=1,2,...,n—1, by (2.3) we get

= i3 (554) (35 ) (55 4) (5]

i=k+1

B k n n
— % kZl‘Z + Tpr1 + <Z mf) ( Z xllt)
= i—1

i=k+-2

k n n
+ (ZxH > x;§> T+ ( > x;§>
=1

i=k+2 i=k+2

1 k k
_ t 1—t
= k:g xi—i-xkﬂ—i-kag x; +xk+1g x

i=k+1

(E(E) (£ 6

k k
1
< 2 [k2$i+$k+1 —l—kxkﬂ—i‘zxi

i=1 i=1

: (i xﬁ) (Z) (22) G

i=k+2

= B(k+1).

=1

k k
(z ) al, zxw]
=1

=1

)

By same arguments of proof fgr (1.2), we can also get inequaliti¢s ih (1.3).

(2) Forl < j <k <1< n,from (1.1) we have

k—1 l k=1 1
(2.4) (Z xf) (Z ZEZ-I_t) = Z Z rlalt

i=k+1 i*j s=k+1

and

(2.5) <i )(le t) l—k)f(l—tmz

i=k+1
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Using (2.4) and[(2]5), after a simple manipulation we have

k—1 ! 1 k—1
o (£9(£4)-(£E)
i=j i=k+1 i=k+1 i=j

—kz)Za:i—l—(k—j) >

i=k+1

From [2.6) we obtain

l l
E—j4+1 le +(I—-k+1 le (Z@f) (Z%l_t)
=7 =7
= —j—i—lZmz +(l—k+1 in—i—l—

i=k+1

EE) (59 (5

! !
t 1-t 1-t t
+ Xy E T, E T; + xg

i=k+1 1=k+1

(S ) (% xf) (fii +)

kE—j+1) Zml (Il—k+1) sz

i=k+1

) B

_k;)in—k(k—j) pE?

i=k+1

Sz (S () () ()

which implies [1.4).
This completes the proof of Theor¢gm]1.1. O

Proof of Corollary{L.2.Replacet, 1 — ¢ and, in Theoren] 1.1 by.2-, ~ andx*, respec-
tively. We obtain Corollary 1]2. O
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3. APPLICATIONS

Proposition 3.1. Letz;,, >0 (i=1,2,...,n,n>2;r=1,2,...,m, m > 2) andt € (0,1).
For

a5 (2 (£ (6

i=1 i=k+1 \r=1
n m t k m 1t
+<Z <Z$zr)> Z(Zajzr) , (k=1,2,...,n)
i=k+1 \r=1 i=1 r=1
and
. noon h t h 1—t m
G(h) é 2 Z (wa> (Z%?) + Z xzrlert , (h=1,2,...,m),
- VS = r=1 r=1 r=h+1
we have
1 n n m B
n =1 j=1 r=1
=G() <CE) < <Gh) < Ch+1) < - < Clm)
1

Proof. Forz;, > 0,z;, >0(1 <i,j<mn,r=1,2,...,m)andt € (0,1). We write

h t h 1-t m
P(i,j;h) A <Z$1r> (Zl’jr> + Z SL’;‘;SL’;? (h=1,2,...,m).
- r=1 r=1

r=h+1

The first named author of this paper showed in [8] that the following chain of Holder’s inequal-
ities holds

3.2) D alalt=P(ij1)
r=1
< P(i,j;2) < -+ < P(i,j;h) < P(i,jih+1) < - < P(i, j:m)

(55

From the properties of inequality arfd (3.2), we have

SORE9) DI PO E ) IS 99 SLTHES

i=1 j=1 \r=1 i=1 j=1

S%ZZP(@',]’;Q)

i=1 j=1
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IA
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3M| —
]
g
o
=
=

<33 Pgim)
1 n n m t m 1—t

i=1 j=1 \r=1

(EE))(EE) )

(3.4) Gy = =S S Pljsh), h=1,2...m

n? 4

It is easy to see that

(3.3) and|(3.4) imply inequalities between the first equality and the second equdlity]in (3.1).
Replacingr; in (1.2) by >""" | x;,, we obtain inequalities between the third equality and the

fourth equality in[(3.1L).
This completes the proof of Propositipn|3.1. O

Proposition 3.2. Let f; : [a,b] — (0, +00) (a < b) be continuous functiong = 1,2,...,n, n >
2) andt € (0,1). For

S ([ o) (S s ) (55 ([ 50) )

=1 =

+<Z > /fl dx>)<;(/abfi(x)dx>”>], (k=1,2,....n)

and anyy € [a, b], we have

89 >3 ([ e e

H(k) =

1 [é;((/ o) ([ o)+ [ s
Gz
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Proof. For1 < i,5 <mn,t € (0,1), y € [a,b] and continuous functions : [a,b] — (0, +00)
(¢ =1,2,...,n;n > 2), in [8], Wang also obtained the following refinement for the integral
form of Holder’s inequalities:

b
(3.6) / (i) (f ()

< ([ ot ([ niwre) "+ [y
< ( / b ﬁ(sc)dx)t ( / b fj(a:)dx>lt.

Using the properties of inequality arjd (3.6), we have

S35 ([ ey -a)

i=1 j=1 ‘@

%ii ((/y fi(x)dx)t (/y fj(x)dx>1t+/yb( i(I))t(fj(x»l_tdx)

i=1 j=1

XS ([ nwm) ([ nma)

i=1 j=1

- (35 ([ ) ) (235 ([ o) )

which is two inequalities of left hand ifi (3.2).
Replacingz; in ) by fj fi(z)dz, we obtain inequalities between the two equalities in

B2.
This completes the proof of Proposition|3.2. O

IN

IA

Remark 3.3. (3.1) and[(3.R) are extensions of Holder’s inequalities.
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