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In this paper, using the arithmetic-geometric mean inequality, we obtain some
new mean value inequalities. Finally, some applications are given, they are ex-
tension of Hélder's inequalities.
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e

Leta > 0,b > 0 andt € (0,1). Itis well-known that the following arithmetic- @
geometric mean inequality holds A

1. Introduction and Main Results

(1.1) a'b*™t < ta+ (1 —t)b.

Some New Mean Value
Inequalities

The arithmetic-geometric mean inequality is a classical inequality with many appli-
cations. Also, there exist extensive works devoted to generalizing or improving the
arithmetic-geometric mean inequality. In this respect, we refer the readgr-t¢1]
and the references cited therein for updated results.
In this paper, by 1.1), we obtain some new mean value inequalities. Finally,
some applications are given. Title Page
In this paper, we agree
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we have
1 - t 1 - 1-t
=B(1) < B(2) < < B(k) < B(k+1) < B(n) = %zn:xz
i=1
and
@ (545
=Cn)<Cn-1)<---<C(j <C’(j—1)§---§0(1):%zn:a:i.
i=1

2.For1 <j<k<l<n(n>3),wehave

(1.4) ( —J+1Zf’fl l_kﬂlz (Zx><éxl_t>
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Corollary 1.2. Letz; > 0 (: = 1,2,...,n, n > 2) andp, ¢ be any two positive

numbers.
1. For
1 k n n
D(k) A = [kzxf“ur (Z:ﬁ’) <Z x;f)
=" i=1 i=1 i=k+1
n k
—i—(Z xf) fo)], (k=1,2,...,n)
i=k+1 i=1
and
1 n n 7—1
+
E(G) & [(H—J+1)fo T+ (Zl:vp> (leq>
=) 1= 1=
7j—1 n
+ (fo) fo) ., (J=12,...,n),
i=1 i=j
we have
1 & 1 &
0 (24) ()
=1 i=1
— D)< D)< < D) < D(E+1) <o < D(n) = = 3 4™
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2. Proof of Theorem and Corollary

Proof of Theorem..1. (1) Two equalities are clear iri (2). To complete the proof of
(1.2), we only need to prove thaé# (k) < B(k+ 1) (1 < k < n —1). Indeed, from
(1.1) we have

(2.1)
and

(2.2)

i=1

Using (2.1) and @.2), after a simple manipulation we get

k
) A < ko +
Lht1 Z; xk-ﬁ-l x; Lk+1 5’%
i=1

(2.3)
Fork=1,2,...,
1
B(k) = —
1
2

n — 1, by (2.9 we

Mk n n

L =1 =1 i=k+1
& n
kZZL’l +l’k+1 + <Z$f) <
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k n
; (z a3
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get

> )

>
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n

doa

+ (
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1-t

n

Zx
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t

E)(

< (1= gy + ta)

k

k k k
t 1-t t
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By same arguments of proof fot.¢)), we can also get inequalities if.().
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3. Applications

Proposition 3.1. Letz;,, >0 (i =1,2,...,n,n>2;r=1,2,...,m, m > 2) and
t € (0,1). For

F(k) A % k’z (Z xir) + < (Z -’Ijir> ) Z (Z xir> Some New Mean Value

Inequalities
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Proof. Forz;, > 0,z;, >0(1 <4,7 <mn,r=1,2,...

write

P(i,j;h)

The first named author of this paper showed &h that the following chain of

Holder’s inequalities holds

(3.2)

E xzr ]r

:P(Z,j,l)

+ Z x’L’f‘ ]T‘

r=h+1

From the properties of inequality anél.p), we have

(3.3)

L33 (L)

i=1 j=1

r=1

=%ZZP(M;1>

i=1 j=1

,m) andt € (0,1). We

(h=1,2,...,m).

< P(i, j;m)
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(3.9) and (3.4) imply inequalities between the first equality and the second equality
in (3.1).

Replacinge; in (1.2) by > | z;,, we obtain inequalities between the third equal-
ity and the fourth equality in31).

This completes the proof of PropositiGnl. O
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Proposition 3.2. Let f; :

[a, 0] —
1,2,...,n, n>2)andt € (0

(0,1). Fo

1
:_2

(2 (L)) ()

and anyy € [a, b], we have

89 > ([ e )
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Proof. Forl <i,j <n,t € (0,1), y € [a,b] and continuous functionf : [a, b
,n;n > 2), in [8], Wang also obtained the following refine-
ment for the integral form of Holder’s inequalities:

| @) et

([ fi(:c)dx)t ([ fm)dx)l_t
<(/ b fi(:v)dx)t (/ b fia)ie)

Using the properties of inequality andl.¢), we have

=3[

(0,4+00) (1 = 1,2,...

+ [ ) () o

D)

(/ e )(/ fi@ dm) /y b(fz‘(w»t(fj(x))l‘tda:)
/a bfi(ar)dar) ( / bfj(:c)dx>

(] fz-(w)dw>t) (% (f fi<x>dx)“) |
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which is two inequalities of left hand iIr8(2).

Replacingz; in (1.2) by f;’ fi(z)dz, we obtain inequalities between the two
equalities in 8.2).

This completes the proof of PropositiGr2. O

Remarkl. (3.1) and (3.2) are extensions of Holder’s inequalities.
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