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Abstract:

Acknowledgements:

Let p (f) andp2 (f) denote respectively the order and the hyper order of an entire
function f. In this paper, we obtain some precise estimates of the hyper order of
solutions of the following higher order linear differential equations

k—1
f(k) + Z A, (z) er(Z)f(j) -0
=0

and X
-1
I3 (452 4 B,(2)) 1 =0
Jj=0

where k& > 2, Pj(z) (j=0,...,k—1) are nonconstant polynomials
such thatdegP; = n (j=0,...,k—1) and A, (z) (£0), B;(z) (#£0)
(j=0,...,k—1) are entire functions withp(4;) < n, p(B;) < n
(j =0,...,k—1). Under some conditions, we prove that every solufida) Z 0
of the above equations is of infinite order and(f) = n.

The author would like to thank the referee for his/her helpful remarks and suggestions
to improve the paper.

Solutions of Complex Linear
Differential Equations
Benharrat Belaidi
vol. 8, iss. 4, art. 107, 2007

Title Page
Contents
44 44
< >
Page 2 of 30
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:belaidi@univ-mosta.dz
http://jipam.vu.edu.au

Contents

1 Introduction and Statement of Results 4
2 Lemmas Required to Prove Theorenil.2and Theorem1.3 8
3 Proof of Theorem1.2 11
4 Proof of Theorem1.3 15
5 Lemmas Required to Prove Theoreni.4 18
6 Proof of Theorem1.4 22

Title Page
Contents
4« >
< >

Page 3 of 30

Go Back

Full Screen

Close



http://jipam.vu.edu.au
mailto:belaidi@univ-mosta.dz
http://jipam.vu.edu.au

1. Introduction and Statement of Results

Throughout this paper, we assume that the reader is familiar with the fundamental

results and the standard notations of Nevanlinna’s value distribution theory and with
basic Wiman-Valiron theory as well (se@,[[7], [9], [10]). Let / be a meromorphic
function, one defines

2
m(r, f) = %/0 log™ ‘f (reit) ’ dt,

"(n(t,f) —n(0,
Ve - | 0 6)=n0.)
0
andT (r, f) =m(r, f) + N (r, f) (r > 0) is the Nevanlinna characteristic function
of f, wherelog™ x = max (0,log z) for z > 0 andn (¢, f) is the number of poles of
f(z) lying in |z| < t, counted according to their multiplicity. In addition, we will

usep(f) = @ bgbl# to denote the order of growth of a meromorphic function

f(z). See B, 9] for notations and definitions.
To express the rate of growth of entire solutions of infinite order, we recall the
following concept.

dt +n (0, f)logr,

Definition 1.1 (see B, 11]). Let f be an entire function. Then the hyper order
p2 (f) of f (2) is defined by

o Jog logT — log log log M
po(f) = Tim —228 (r, f) _ g logloglog M (r, f)

r—-00 log r r—-+o0
whereM (r, f) = max;.|_, | f ()|
Several authors have studied the second order linear differential equation
(1.2) F' 4 AL(2) PO f 4 Ay (2) PP f =,

(1.1)
log r
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where P, (z), B (z) are nonconstant polynomiald; (z), Ay (z) (# 0) are entire
functions such thap (4,) < deg P (2), p(Ao) < deg Py (2). Gundersen showed in
[4, p. 419] that ifdeg P, (z) # deg P, (z) , then every nonconstant solution (©f2)

is of infinite order. Ifdeg P, () = deg P (z), then(1.2) may have nonconstant
solutions of finite order. For instange(z) = e* + 1 satisfiesf” + e*f — e*f = 0.

In [3], Kwon has investigated the order and the hyper order of solutions of equa-

tion (1.2) in the case wherdeg P, (z) = deg P (z) and has obtained the following
result.

Theorem A ([3]). Let P, (z) and P (z) be nonconstant polynomials, such that

(1.3) P (2) = apz" + an12""' 4+ a1z + ag,
(1.4) Py(2) = bpz" 4+ by12" 4o + iz + by,
wherea;, b; (i = 0,1,...,n) are complex numbers,, # 0, b, # 0. Let A; (z) and

Ay () (# 0) be entire functions with (A4,) < n (j = 0,1) . Then the following four
statements hold:

(i) If either arga, # argb, or a, = cb, (0 < c < 1), then every nonconstant
solutionf of (1.2) has infinite order wittp, (f) > n.

(i) Leta, = b, anddeg (P, — Py) = m > 1, and let the orders of4; (z) and
Ay (2) be less thamn. Then every nonconstant solutighof (1.2) has infinite
order withp, (f) > m.

(i) Leta, = cb, with ¢ > 1 and deg (P, —cF) = m > 1. Suppose that
p (A1) < m and A, (z) is an entire function witl) < p(A4y) < 1/2. Then
every nonconstant solutiohof (1.2) has infinite order withp, (f) > p (Ao).

(iv) Leta, = cb, withc > 1 and letP; (z) — c¢P, (z) be a constantSuppose that
p (A1) < p(Ap) < 1/2. Then every nonconstant solutigrof (1.2) has infinite
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In [1], Chen improved the results of Theoreh(i), TheoremA(iii) for the linear
differential equatior{1.2) as follows:

Theorem B ([1]). Let P (z) = > ja;2" and Py (2) = >, b;z* be nonconstant
polynomials where;, b; (i =0,1,...,n) are complex numbers,, # 0, b, # 0,
andletA; (z), Ao (2) (# 0) be entire functions. Suppose that either (i) or (ii) below,
holds:

(i) arga, # argb, ora, =cb, (0<c<1),p(A;) <n(j=0,1);

(i) a, =cb, (c > 1)anddeg (P, —cP) =m>1,p(A4;) <m(j=0,1).
Then every solutiotf (z) # 0 of (1.2) satisfiesr, (f) = n.
Recently, Chen and Shon obtained the following result:

Theorem C ([2]). Lethy # 0, hq,..., hy—; be entire functions withy (h;) < 1
(j=0,...,k—1). Letay # 0, a4, ..., ax_, be complex numbers such that for
j=1,... k-1,

(i) a; =0, 0r
(i) arga; = argag anda; = cjap (0 < ¢; < 1), 0r
(i) arga; # argao.
Then every solutiotf (z) # 0 of the linear differential equation
(A5) f® g (2) e = fED L by (2) eMFf 4 ho (2) e f =0
satisfie (f) = coandp, (f) = 1.

The main purpose of this paper is to extend and improve the results of Theorem

B and Theorent to some higher order linear differential equations. In fact we will
prove the following results.
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Theorem 1.2.Let P;(z) = > " ja;;2" (=0,...,k — 1) be nonconstant poly-
nomials whereq ;,...,a,; (j =0,1,...,k — 1) are complex numbers such that
Anjano # 0 (7 =1,..., k—1),and letA4,(z) (#0) (j=0,...,k—1) be en-
tire functions. Suppose thatga,; # arga,o Or a,; = cja,o (0 <c¢; <1)
(j=1,...,k—1)andp(A4;) <n(j=0,...,k—1). Then every solutiorf (z) #

0 of the equation

(1.6) f® 4+ Ay (2)eP1 @ =D i A (2) PO 4 Ay (2) PP F =0,
wherek > 2, is of infinite order anc; (f) = n.

Theorem 1.3.Let P;(z) = > " ja; ;2" (j =0,...,k—1) be nonconstant poly-
nomials wherey ;,...,a,; (j=0,1,...,k — 1) are complex numbers such that
Qn,j0n,0 §£ 0 (] =1,..., k-l), and IetAj (Z) (7_é 0) , Bj (Z) (7_é 0) (] =0,...,k— 1)
be entire functions. Suppose thag a,, ; # arga, o Of a,; = cjano (0 < ¢; < 1)
(j=1,...,k—=1)andp(4;) < n,p(Bj) < n(j=0,...,k—1). Then every
solutionf (z) # 0 of the differential equation

(L.7) O 4 (Apor (2) €@ £ By (2)) fED 4
+ (A1 (2) ") + By (2)) f+ (Ao (2) e + By (2)) f =0,
wherek > 2, is of infinite order andh, (f) = n.

Theorem 1.4.Let P;(z) = > " ja;;2" (j =0,...,k—1) be nonconstant poly-
nomials whereqg ;,...,a,; (7 =0,1,...,k— 1) are complex numbers such that
anjano # 0 (j = 1,..., k—1),and letA; (2)(#0) (j =0,...,k—1) be en-
tire functions. Suppose that, ; = ca,o (c > 1) anddeg (P; — cPO) =m >1
(j=1,...,k—1),p(A;) <m (j=0,...,k—1). Then every solutiorf (z) # 0

of the equatior(l.(’j) is of infinite order ancbz (f) =n.
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2. Lemmas Required to Prove Theorenml.2and Theorem1.3

We need the following lemmas in the proofs of Theoremand Theoreni..3.

Lemma 2.1 ([B]). Let f (z) be a transcendental meromorphic function, andilet
1 ande > 0 be given constants. Then the following two statements hold:

(i) There exists a constant > 0 and a setE; C [0,00) having finite linear
measure such that for all satisfying|z| = r ¢ E;, we have

Solutions of Complex Linear

Differential Equations

f(]) (Z) ' Benharrat Belaidi
(2.1) ‘ e < A[T (ar, f)r®logT (ar, f)) (j eN). vol. 8, iss. 4, art. 107, 2007
z
(i) There exists a constaft > 0 and a setF, C [0, 2x) that has linear measure Title Page
zero, such that it € [0, 27)\ £, then there is a constarit;, = R; (0) > 1 Content
such that for allz satisfyingargz = 6 and |z| = r > Ry, we have onents
0 - ; < »
J
e2) |0 < T D o myogr(on | Gem). <
f(z) r
Page 8 of 30
Lemma 2.2 (2]). LetP (2) = a 2"+ -+ aop, (a, = o + i3 # 0) be a polynomial o Back
with degreen > 1 and A (z) (# 0) be an entire function withr (4) < n. Set o Fac
f(z) = A(2)e’® 2 = re? §(P0) = acosnd — Bsinnb. Then for any given Full Screen
e > 0, there exists a sel’; C [0,27) that has linear measure zero, such that for Close
anyd € [0,27) \ (E3 U Ey), whereEy; = {0 € [0,27) : 0 (P,0) = 0} is a finite set,
there isR, > 0 such that forjz| = r > R,, the following statements hold: journal of inequalities
. in pure and applied
() if 6 (P,0) > 0, then mathematics
23) exp{(1—-¢e)d(P0)r"} <[f(2)] < exp{(1+€)d(P,0)r"}, peen MAASETEe
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(i) if 5 (P,0) < 0, then

(2.4) exp{(1+¢e)0(P,0)r"} <|f(2)| <exp{(1—¢)d(P,0)r"}.

Lemma 2.3 (2]). LetAq (2), ..., Ax_1 (2) be entire functions of finite order. ffis

a solution of the equation

(2.5) FO L A () fE D A (2) f 4+ A (2) f =0,

then

Lemma 2.4.Let P (z) = b,,2™ + by 12™ 4 -+ + biz + by With b, # 0 be a
polynomial. Then for every > 0, there existd?; > 0 such that for all|z| = r > R;

the inequalities
(2.6)

hold.

Proof. Clearly,

Denote

p2 (f) <max{p(Ao),....p(Ar-1)}-

(1 =) [bm|r™ < [P (2)] < (1 + &) [bm| 7™

CLmll
a z
Clm_l]_
Ay, R
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Obviously,|R,, (z)| < ¢, if |z| > R3 for somes > 0. This means that

(L =) |an|r™ < (1= [Rp (2)]) |an|r™
< |1+ R (2)] |am| ™
=[P (z)|
< (L4 Ry (2)]) [am| r™

< (1+¢)|ay|r™.
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3. Proof of Theorem1.2

Assumef (z) # 0 is a transcendental entire solution(af6) . By Lemma2.1 (ii),
there exists a séf, C [0, 27) with linear measure zero, such thaf i€ [0, 27) \ Es,
there is a constan®, = R; (f) > 1 such that for allz satisfyingargz = 6 and
|z| > Ry, we have

19 ()
1)

Let P (2) = an 02"+ +aop (ano = a+if #0), § (P, 0) = acosnfd—[Fsinnb.
Suppose first thairga,, ; # arga,o (j=1,...,k—1). By LemmaZ2.2, for any
givene (0 <e < 1), there is a sef’; that has linear measure, and a tay >z =
6 € [0,27)\ (E5 U Ey), whereEy, = {6 € [0,27): §(F,0) = 0o0rd(P;,0) =
0(=1,....k—=1)} (&£, is a finite se}, such that) (Fp,0) > 0, 6 (P;,0) < 0

< B[T (2r, f)]F™ (j=1,...,k), (B>0).

(3.1) ‘

(j =1,...,k— 1) and for sufficiently largez| = r, we have
(3.2) | Ao (2) ePO(Z)‘ >exp{(1—¢)d(P,0)r"}
and

(3:3) |4;(») er(Z)‘ <exp{(l—¢)d(F;,0)r"} <1 (j=1,...,k—1).

It follows from (1.6) that

(11¥4 f(k) <Z> k—1(” f(k_l) (Z)
(3.4) IAo<z>eP“|§‘ 7 |+l Am @ U" e
o | ()
+ +‘A1(2)€P()‘ m
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Now, take aray € [0,27)\ (E, U E3 U E,) . Hence by(3.1) — (3.3) and(3.1) , we
get for sufficiently largez| = r

(3.5) exp{(1—¢)d (P, 0)r"}
k—1
< (1 + Zexp {(1—¢)d(F;,0) r”}) BT (2r, f)]**!
< kBT (2r, f)]*".

By 0 < e < 1land(3.5) we getthap (f) = 400 and

(3.6) oo (f) = T eloelln f)

r—-+00 log r

By Lemma2.3, we havep, (f) = n.

Suppose nowt,, ; = cjano (0<c¢; <1) (j=1,...,k—1). Thend (P;,0) =
cj6 (Po,0) (j=1,...,k—1). Putc = max{c; : j = 1,...,k —1}. Then0 <
¢ < 1. Using the same reasoning as above, for any givéh < 2= < %ﬁ) there
exists a rayargz = 6 € [0,27) \ (E5 U Eg), where E5 and E are defined as in
Lemma2.2, E5 U Es is of linear measure zero, satisfying?;, 6) = c;d (F,6) > 0
(7 =1,...,k— 1) and for sufficiently largez| = r, we have

(3.7) ’AO (2) ePO(Z)’ >exp{(1—¢)d(P,0)r"}
and

(3.8) |Aj (2) er(z)‘ <exp{(l1+¢)d(P;,0)r"}
<exp{(1+¢e)cd(P,0)r"} (j=1,....,k—1).
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Now, take aray € [0,27) \ (F, U F5 U Eg) . By substituting(3.1) , (3.7) and(3.8)
into (3.1), we get for sufficiently largéz| = r,

(3.9) exp{(l—¢)d(P,0)r"}
< (14 (k—1)exp{(1+¢)cd (P, 0)r"}) BT (2r, )
< kBexp{(1+¢)cd (Py,0)r"}[T (2r, )]

By 0 < 2¢ < 3¢ and(3.9) we have

(3.10) exp { u ; s (P, 6) 7‘"} < kBT (2r, f)]".

Thus,(3.10) impliesp (f) = 400 and

(3.11) oo (f) = Tm Bl ]) 5,
r—4o00 log r

By LemmaZ2.3, we havep, (f) = n.

Now we prove that equatiofi.G) cannot have a nonzero polynomial solution.

Suppose first thairga, ; # arga,o (j=1,...,k—1). Assumef (z) # 0 is a
polynomial solution of(1.6). By Lemma?2.2, for any givene (0 < e < 1) there
exists a rayargz = 0 € [0,27) \ (B3 U Ey) satisfyingé (Fp,0) > 0,6 (P;,0) < 0
(7 =1,...,k—1) and for sufficiently largez| = r, inequalities(3.2) , (3.3) hold.
By (1.6) we can write

(8.12) Ag (2) e f = — (¥ 4 Ay (2) P fETD 4 Ay (2) PG f)
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By using(3.2), (3.3), (3.12) and Lemm&2.4we obtain for sufficiently largée:| = r
(3.13) (1 =€) |bp|r™exp{(1l —¢)d6 (P, 0)r"}
< ’Ao (2) @PO(Z)f‘
— ‘ FO 4 Ay (2) PG pED A () PG
<k(l+e)m|by|r™,

’

wheref (z) = b, 2™ + by 12™ 1+ -+ - + b1z + b With b, # 0. From(3.13) we get
for sufficiently largejz| = r
1+¢e 1

m-—.
l1—¢ r

(3.14) exp{(1—¢)0 (FPp,0)r"} <k

This is absurd sincé < ¢ < 1. By using similar reasoning as above we can prove
that if a, ; = cja,0 (0 < ¢; < 1), then equatior{1.6) cannot have nonzero poly-
nomial solution. Hence every solutigh(z) # 0 of (1.6) is of infinite order and

p2 (f) =n.
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4. Proof of Theorem 1.3

Assumef (z) # 0is asolution of 1.7) . By using similar reasoning as in the proof of
Theoreml .2, it follows that f (z) must be a transcendental entire solution. Suppose
first thatarga, ; # arga,o (j=1,...,k—1). By Lemma2.2, for any givene

(0 < 2¢ <min{l,n—a}), wherea = max{p(B;) : j = 0,...,k — 1}, there
exists a rayarg z = 0 such that € [0, 27) \ (E5 UE,), whereEs and E4 are defined

as in Lemma&.2, E5 U E, is of linear measure zero, andFy, 0) > 0,6 (P;,0) <0

(j =1,...,k—1) and for sufficiently largez| = r, we have

4.1)  [Ag(2) ™ + By (2)] = (1 -0 (1) exp{(1 —€) 5 (P, 0)r"}
and

(4.2) |4 ()P + B (2)] <exp{(1—¢)

5 (P
)
J=

,0) 1"} + exp {1 B2}

Sexp{ +E} k’—l).
It follows from (1.7) that
(4.3) |4 (z) @ 4 B, (2)]
' (2) Pi1(2) ‘f(k Y (2) .
7 + ‘Ak,l (z)e + By (z)‘ 5 +
+ ‘Al (2) M@ 1 B, (z)‘ ff((;)
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Now, take aray € [0,27)\ (E, U E3 U E,) . Hence by(3.1) and(4.1) — (4.3) , we
get for sufficiently largez| = r

(4.4) (1—o(1))exp{(1—¢)d (P, 0)r"}
< (14 =vexp {r P BIT @
< kBexp {r““} T (2r, )]+

Thus,0 < 2e < min{1,n — «} impliesp (f) = +oc and

(4.5) oo (f) = T gloel(r /)

>n
r—-+00 log r

By Lemma2.3, we havep, (f) = n.

Suppose now,, ; = cjano (0<c¢; <1) (j=1,...,k—1). Thend (P;,0) =
cj6 (Po,0) (j=1,...,k—1).Putc =max{c; :j=1,...,k—1}. Then0 < c < 1.
Using the same reasoning as above, for any givgh < 2= < 7<) there exists a
rayargz = 60 € [0,27) \(Es U Eg), E5 U Eg is of linear measure zero, satisfying
d(P;,0) =c¢;j6 (P,0) >0(j=1,...,k— 1) and for sufficiently largez| = r, we
have

(4.6)  [Ao(2)e®P + By (2)] = (1—0(1)exp{(1 =€) (P, 0) 1"}
and
4.7) |4;(2)eH® + B; (2)]
<(I+o(1)exp{(14+¢€)cd (P,0)r"} (j=1,...,k—1).
Now, take aray € [0,27) \ (E> U E5 U Ej) . By substituting(3.1) , (4.6) and(4.7)
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into (4.3), we get for sufficiently largéz| = r,
(48)  (1—o(1))exp{(1—2)d(F,0)r"}
< (14 (k-
<kB(1+

By 0 < 2e < =< —¢ and(+4.8) we have

(4.9)

2

1) (1+o0(1)exp{(1+¢)cd(Py,0)r"}) B
L+ o0(1)) exp{(1+¢)cd (Ro,0)r"} T (2r, )"

whered > 0 is some constant. Thu§}.9) impliesp (f) =

(4.10) o (f) = Tim

r—-400

By LemmaZ2.3, we havep, (f) = n.

log logT (r,

f)

log r

>

exp { (L=c)s (P, 6) r”} < kBd[T (2r, f)]"*,

+o00 and

n.

(7 (2r, )
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5. Lemmas Required to Prove Theoreml.4

We need the following lemmas in the proof of Theoréem

Lemmab5.1 (B, pp. 253-255]).Let P, (z) = > ", biz*, wheren is a positive integer
and b, = a,e, «a, > 0,0, € [0,2r). For any givens (0 < & < 7/4n), W
introduce2n closed angles

Solutions of Complex Linear

(51) Sj : _H_n + (2] _ 1) i +e< 0 < _(9_n + (2] + 1) 1 —c Differential Equations

n ) 2n n 2n Benharrat Belaidi

(] =0,1,...,2n — 1) : vol. 8, iss. 4, art. 107, 2007
Then there exists a positive numbiey = R, (¢) such that foriz| = r > Ry,
(5.2) Re Py (2) > a,r" (1 — ) sin (ne) , Title Page
. « . . Content
if = =re’” € S}, whenj is even; while i
44 44

(5.3) Re By (2) < —a,r™ (1 — €) sin (ne) , p ,

if 2 =re’ € S}, whenj is odd.
Page 18 of 30

Now for any giver € [0,27),if § # —% + (2 — 1) = (j =0,1,...,2n — 1), Go Back
then we take: sufficiently small, and there is sontg (j =0,1,...,2n — 1) such
thatz = re? ¢ S;. Full Screen
Lemma 5.2 ([1]). Let f (z) be an entire function of ordes (f) = a < +o00. Then Close

for any givens > 0, there exists a set; C [1,+o0) that has finite linear measure
and finite logarithmic measure, such that for alkatisfying|z| = r ¢ [0,1] U Ex,
we have
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Lemma5.3 ([1]). Letf (z) = >, a, 2™ be an entire function of infinite order with
the hyper ordep, (f) = o, u (r) be the maximum term, i.gs,(r) = max{|a,|r";
n=0,1,... }and letv; (r) be the central index of, i.e.,vs (r) = max{m, u(r) =
|ay| 7™}, Then

— logl
(5.5) o leslog vy (r)
r—+400 logr
Lemma 5.4 (Wiman-Valiron, [7, 10]). Let f (z) be a transcendental entire function

and letz be a point withz| = r at which|f (2)| = M (r, f). Then for all|z| outside
a setE; of r of finite logarithmic measure, we have

= 0.

J9E) _ (um)Y isani
(5.6) ONE . (14+0(1)) (j isaninteger,r ¢ Fg).
Lemma 5.5 ([1]). Let f (z) be an entire function with (f) = +oc and ps (f) =

a < 400, leta setEy C [1,4+00) have finite logarithmic measure. Then there exists
{z, = rpe'%} such that|f (z,)| = M (rp, f), 6, € [0,27), lim,_.0c 0, = Oy €
0,27), 7, ¢ Eo, 1, — +00, and for any giverx > 0, for sufficiently larger,, we
have

(5.7) im M

= —’—007
p—+oo logm,
(5.8) exp {7‘"‘ *} <wp(rp) <exp {Ta+€}
Lemma 5.6.Let P; (z) = > ja;;2' (j=0,...,k —1) be nonconstant polyno-
mials whereay ;,...,a,; (j = 0,1,..., k — 1) are complex numbers such that

Unjlno #0(j=1,...,k—1),letA;(2)(#0) (j =0,...,k— 1) be entire func-

tions. Suppose that, ; = ca,o (c > 1)anddeg (P; —cPy)) =m >1(j=1,...,k—1),

p(A;) <m(j=0,...,k—1). Then every solutioff (z) # 0 of the equatior{1.6)
is of infinite order angp, (f) > m.
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Proof. Assume f (z) # 0 is a solution of 1.6) . By using similar reasoning as in the
proof of Theorem.2, it follows that f (z) must be a transcendental entire solution.

From(1.6), we have

(5.9) |A(2) e!!P)]

_ () Cie)- (@)
e—CcPo(2) ) g1 —ch(z)| |\~
A (2) —ePo(e)) ";((Z)) .

By Lemma2.1(i), there exists a constart > 0 and a sef”; C [0, co) having finite
linear measure such that for alkatisfying|z| = r ¢ F,, we have

f(j) (2)
f(

(5.10) < Ar[T (2r, f)]F

By (5.9) and(5.10) , we have for all: satisfying|z| = r ¢ F;
(5.11) |Ao (2) e(lfc)Po(z)‘ < Hecho(z)‘ + |Ak ) )ePkfl(z)cho(z)‘ 4.
+ |A1( Pl(z) cPo(z H AT[ (27,7 f)]k—i-l.

Sincedeg (P; —cPy) = m < degFPy =n (j=1,...,k—1), by Lemma5.1 (see
also B, p. 385]), there exists a positive real numtbeand a curve tending to
infinity such that for allz € I" with |z| = r, we have

(5.12) RePy(2) =0, Re(Pj(z2)—ch(z)<-br"™ (j=1,....k—1).

Letmax{p(4;) (j=0,....,k—1)} = § < m. Then by Lemm&b.2, there exists
a setFE; C [1,+o0) that has finite linear measure, such that for-aBatisfying
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|z| =7 ¢ [0,1] U E7, we have
(5.13) exp {—r""} <|A; (2)| <exp{r’*} (j=0,...,k—1).
Hence by(5.11) — (5.13) , we get for allz € T with |z| = r ¢ [0,1] U By U Ex

(5.14) exp {—7“[”5} < (14 (k—1)exp {7"[”6} exp {—br"™}) Ar [T (2r, I
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6. Proof of Theorem1l.4

Assumef (z) # 0 is a solution of(1.6) . Then by Lemmé.6 and Lemma?.3, we
havep (f) = co andm < py (f) < n. We show thap, (f) = n. We assume that
p2 (f) = A (m < X <n),andwe prove thai, (f) = A fails. By the Wiman-Valiron
theory, there is a sef’s C [1, +o00) with logarithmic measurén (Eg) < +o0 and
we can choose satisfying|z| = r ¢ [0,1] U Es and|f (z)| = M (r, f), such that
(5.6) holds. Seinax{p(4;) (j =0,...,k—1)} = 8 < m. By Lemma5.2, for any
givene (0 < 3¢ < min (m — B,n — X)), there exists a set; C [1, +oo) that has
finite logarithmic measure, such that for alkatisfying|z| = r ¢ [0,1] U E, the
inequalities(5.13) hold and

(6.1) exp {—rm+5} <lexp{P;(z) — cFy (2)}|
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<exp{r™™} (j=1,....k-1).
) Contents
By Lemma5.5 we can choose a point rande, = r,¢'’»} such that|f (z,)| =
M (rp, f), 0, € [0,27) , lim, 100 6, = 6 € [0,27), 7, ¢ [0,1] U B7 U Eg, 7, — « i
+o00, and for the above > 0, for sufficiently larger,, we have < >
(6.2) exp {1} <wvyp(rp) <exp{r)™}, Page 22 of 30
(6.3) lim M = 1 00. Go Back
p—+oo  log 7y,
Full Screen
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For the abové), and0 < 3z < min (m — 3,n — A, =), there are three cases: 1ssn H4A3STSE

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:belaidi@univ-mosta.dz
http://jipam.vu.edu.au

1. r,e'® € S; wherej is odd;
2. rpe“’o € S; wherej is even;

3.00=— (2j — 1) 5. forsomej =0,1,...,2n — 1.

Now we have three cases to prove Theorerh
Case (1):r,e'’ € S; wherej is odd. Sincdim,_., ., 0, = 6y, there is aV > 0

such that,e'’» € S; whenp > N. By Lemmab.1, we have SR E SRV ELEEr
) Differential Equations
(64) Re {PO (rpelep)} < —67’; ((5 > 0) , i.e., Re { —FB (T’p )} > (57“ Benharrat Belaidi
From(6.1) and(6.4) , we obtain for sufficiently large, Vol & 5. &, art 107, 2007
i0,\ i0,
(6.5) Re { B (rpe'™) = Py (rye'™) } Title Page
=Re{(c—1) P+ (P —cP)} .
<yt —(c—1)6r) (G=1,....,k—1). ontents
44 44
By (1.6), we have
< >
f(k) f(k )
(6.6) — P L A1 (2) efe-1(z)=Po(z) L_ 4 ... Page 23 of 30
f f f/ Go Back
+ A, (Z) ePl(Z)—PO(Z)7 + A (Z) ] Full Sercen
Substituting(5.6) into (6.6) , we get forz, = r,e'% Close
6.7) — Vf (r,) (1+0(1))exp{—Py(2,)} j:ournql of inequo!ities
1 in pure and applied
= Ap-1 (%) exp{Pr-1(2) — Po (%)} ZpVy (rp) (14+0(1)) + - mathematics
+ A1 (2p) exp {P1 () = Po ()} 2, vr (1) (1 +0(1)) + 2,40 (2) - issni ISt
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Thus we have, fronf6.2) and(6.4)

(6.8) |—vf(rp) (1 +0(1)) exp{—Fo (%)}

=z

1 —€ n
> 5 €XP {57’g}exp{kr;‘ } > exp {5rp}.
And by (5.13), (6.5) and(6.2) , we have
(6.9)  [Air (zp)exp {Poi () = Po ()} 50~ () (L4 0 (1) + -+
_ ifferential Equations
+A1 (Zp) eXp {Pl (zp) - PO (Zp)} Z;; lyf (Tp) (1 + 0 (]‘>> + Z;;AO (Zp)} Benharrat Belaidi
<2(k-1) r’;_l exp {r§+a} exp {r)"** — (¢ —1)dry} vol. 8, iss. 4, art. 107, 2007
x exp {(k — 1) TZ’}J“E} + 7"1]; exp {r5+6}
< exp {(k -1) 7"1’)\“5} ) Title Page
From(6.7) we see that6.8) contradictg6.9) . Contents
Case (2):r,ei® € S; wherej is even. Sincéim, .., 0, = 6, there is av > 0 <« b

such that,e'% € S; whenp > N. By Lemma5.1, we have
(6.10) Re { Py (rpewp)} > or,, Re {—cPy (rpewp)} < —cory

p’

< >

Page 24 of 30

(6.11) Re{(1—¢) Py (Tpewp)} <(I—=c)dry, Re {P; (rpewp) —cPy (Tpewp)} Go Back
< —cory (j=2,...,k=1).

Full Screen
By (1.6), we have e
P P f P J® P P JED i - it
(6.12) — A, (2) e =ePE L — o=eP@L__ 4 4, | (z) el mePE L journal of inequalities
/ / / in pure and applied
erin [ AP mathematics
4+ 4 A2 (Z) ePQ( )—cPo( )7 + AO (Z) 6(1 ) Po ( ) N —
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Substituting(5.6) into (6.12) we get forz, = r e’

(6.13) — Ay (2,) exp {P1 (2) — cPo (2)} 25wy (1) (1 + 0 (1)
= v (rp) (1 +o0(1) exp{=cPy (2)} + v (1) (1 +0(1))
X 2y A1 () exp { Pt () = cPo ()} + -+ 25203 (r) (1 + 0 (1))
x Ay (2,) exp { P2 (2) — cPy (2)} + 2, Ay (zp) exp{(1 —¢) Fo(2)}
Thus we get, fron{5.13), (6.1) and(6.2)

(6.14) |_A1 (2p) exp { P (2p) — Py (%)} Zk 1Vf (rp) (140 (1))|
1
> 5 Lexp {—rg“} exp {—r;”“} exp {7“2’5} > exp {—7“;”5} )
And from (5.13) , (6.2) and(6.10), (6.11) we have for sufficiently large

(6.15) ‘1/’; (rp) (14+o0(1))exp{—cPy(2y)} + 1/’;_1 (rp) (14 0(1))
X 2p A1 (2p) exp{Pa1 (2,) — cPo ()} + -+ + 20725 () (1 + 0(1))
x Az (2p) exp { P2 (2) — cPo (2,)} + 25 Ao (Zp) exp {(1 —¢) Py (2)}]
< 2exp {kry*}exp {—cori} +2(k —2)ri 2 exp {(k — 1) r) ™}
X exp {7‘5+5} exp {—657‘;}} + rp exp {7’5“} exp {(1 —0) 57“2}

<eXp{(1;C)(5rg}.
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of {r,e’®}  thereis aV > 0 such that whep > N, we have

(6.16) —1 <Re{P, (rpewp)} <1, —c < Re{P; (Tpewp)} <c
G=1,....k—1).

By consideringRe { P; (r,e'%) — Py (r,¢') } , we again split this into three cases.

Case (i):
(6.17) Re { P; (rpewp) —cPy (rpew”)} <—dr)' (j=1,...,k—1)
(d > 0 is a constant) whep is sufficiently large. We have a slightly modified form
of (6.7)
(6.18) — y’; (rp) (L4+o0(1))exp{—cPy(2zp)}

= A1 (z) exp { Pio1 () — P (2)} 2~ (1) (L4 0(1)) + -+

+ A1 (2) exp {P1 (2p) — cFo (2p) } Z;:_l’/f (rp) (14 0(1))
+ ZSAO (zp)exp{(1—c) Py (zp)}.

Thus we get, fron{5.13) and(6.16) — (6.18)

S Oy exp {=c} < [~k (ry) (14 0 (1)) exp {~cPy ()}
< }Akz—l (2p) exp { P (2p) — cPo () } Zp’/];_l (rp) (1 +o0 (1))‘

+o o [AL(z) exp {Pr () = ¢Po (2)} 257wy () (140 (1))

+ |Z§A0 (zp)exp{(1 —c¢) Py (zp)}’

<2(k-1) T;f_ll/}“_l (rp) exp {ri*te —drt}

+ 7"; exp {7"5*5} exp{(c—1)}

< z/lff’l () exp {7“5“5}
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1
SVt (rp) < exp{c}exp {TB’L%}

This is in contradiction withy; (r;,) > exp {r;~*} .
Case (ii):

i o

Re {P] (Tpe p) cFo (Tp )} > dT (‘7 =L... k— 1) ! Solutions of Complex Linear
i.e.’ Differential Equations
Benharrat Belaidi
. 1 . d i
(619) Re {PO (Tpez%) o _Pj (Tpezep)} < __Tp (] _ 1’ o E— 1) vol. 8, iss. 4, art. 107, 2007
C C
(d > 0 is a constant) whep is sufficiently large. From(6.16), we obtain for Title Page
sufficiently largep, e
_ 1 A
(6.20) Re {PS (rpe’®) — =P, (rpew")} « .
¢ X < >
70 70,

=Re { P, (r,e'™) } _gRe {P (rpe'™) } Page 27 of 30

<ec41 (s=1,...,7—1,j+1,... k—1). T
We have a slightly modified form df;.7) Full Screen
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Fyem{ (1= 1) P} () (o () 4
) exw { P () = 21 () b vy ) (L0 1)

1
+ zﬁAo (2p) exp {PO (2p) — EPJ (zp)} .
Thus we get, fron{5.13), (6.16) and(6.19) — (6.21)

SV () exp (1)

Aj (z) exp { (1 - %

Ar e {Pu(s) = 1 () o v ) (14 0(1)
o exp { P = 11 () |

<2(k-1) y’;_l (rp) 7“’5’1 exp {7‘5*5}

+

Solutions of Complex Linear
Differential Equations
Benharrat Belaidi

vol. 8, iss. 4, art. 107, 2007

Title Page
Contents
44 44
< 4
Page 28 of 30
Go Back
Full Screen

Close

d journal of inequalities
x exp{e+ 1} +rpexp {r)"} exp {__T;n} in pure and applied
¢ mathematics
<V () exp {7

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:belaidi@univ-mosta.dz
http://jipam.vu.edu.au

ie.,
vs(rp)exp{—1} < 2exp {rﬁ+2€}

This is in contradiction withv; (r,) > exp {r)~¢} .
Case (iii): Whenp is sufficiently large,

—1 < Re{P; (r,e’'”) — cPy (rpe'’)} < 1 (Gj=1,...,k—1).

Solutions of Complex Linear

By using the same reasoning as in Case (ii) we get a contradiction. The proof of
Theoreml.4is completed.
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