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Abstract: Let ρ (f) andρ2 (f) denote respectively the order and the hyper order of an entire
function f. In this paper, we obtain some precise estimates of the hyper order of
solutions of the following higher order linear differential equations

f (k) +

k−1∑
j=0

Aj (z) ePj(z)f (j) = 0

and

f (k) +

k−1∑
j=0

(
Aj (z) ePj(z) + Bj (z)

)
f (j) = 0

where k ≥ 2, Pj (z) (j = 0, . . . , k − 1) are nonconstant polynomials
such thatdeg Pj = n (j = 0, . . . , k − 1) and Aj (z) ( 6≡ 0) , Bj (z) ( 6≡ 0)
(j = 0, . . . , k − 1) are entire functions withρ (Aj) < n, ρ (Bj) < n
(j = 0, . . . , k − 1). Under some conditions, we prove that every solutionf (z) 6≡ 0
of the above equations is of infinite order andρ2 (f) = n.
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to improve the paper.
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1. Introduction and Statement of Results

Throughout this paper, we assume that the reader is familiar with the fundamental
results and the standard notations of Nevanlinna’s value distribution theory and with
basic Wiman-Valiron theory as well (see [6], [7], [9], [10]). Let f be a meromorphic
function, one defines

m (r, f) =
1

2π

∫ 2π

0

log+
∣∣f (reit

)∣∣ dt,

N (r, f) =

∫ r

0

(n (t, f)− n (0, f))

t
dt + n (0, f) log r,

andT (r, f) = m (r, f) + N (r, f) (r > 0) is the Nevanlinna characteristic function
of f, wherelog+ x = max (0, log x) for x ≥ 0 andn (t, f) is the number of poles of
f (z) lying in |z| ≤ t, counted according to their multiplicity. In addition, we will
useρ (f) = lim

r→+∞
log T (r, f)

log r
to denote the order of growth of a meromorphic function

f (z) . See [6, 9] for notations and definitions.
To express the rate of growth of entire solutions of infinite order, we recall the

following concept.

Definition 1.1 (see [3, 11]). Let f be an entire function. Then the hyper order
ρ2 (f) of f (z) is defined by

(1.1) ρ2 (f) = lim
r→+∞

log logT (r, f)

log r
= lim

r→+∞

log log log M (r, f)

log r
,

whereM (r, f) = max|z|=r |f (z)| .
Several authors have studied the second order linear differential equation

(1.2) f
′′

+ A1 (z) eP1(z)f
′
+ A0 (z) eP0(z)f = 0,
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whereP1 (z) , P0 (z) are nonconstant polynomials, A1 (z) , A0 (z) ( 6≡ 0) are entire
functions such thatρ (A1) < deg P1 (z) , ρ (A0) < deg P0 (z). Gundersen showed in
[4, p. 419] that ifdeg P1 (z) 6= deg P0 (z) , then every nonconstant solution of(1.2)
is of infinite order. Ifdeg P1 (z) = deg P0 (z) , then (1.2) may have nonconstant
solutions of finite order. For instancef (z) = ez + 1 satisfiesf

′′
+ ezf

′ − ezf = 0.
In [3], Kwon has investigated the order and the hyper order of solutions of equa-

tion (1.2) in the case whendeg P1 (z) = deg P0 (z) and has obtained the following
result.

Theorem A ([3]). LetP1 (z) andP0 (z) be nonconstant polynomials, such that

P1 (z) = anz
n + an−1z

n−1 + · · ·+ a1z + a0,(1.3)

P0 (z) = bnz
n + bn−1z

n−1 + · · ·+ b1z + b0,(1.4)

whereai, bi (i = 0, 1, . . . , n) are complex numbers,an 6= 0, bn 6= 0. Let A1 (z) and
A0 (z) ( 6≡ 0) be entire functions withρ (Aj) < n (j = 0, 1) . Then the following four
statements hold:

(i) If either arg an 6= arg bn or an = cbn (0 < c < 1) , then every nonconstant
solutionf of (1.2) has infinite order withρ2 (f) ≥ n.

(ii) Let an = bn and deg (P1 − P0) = m ≥ 1, and let the orders ofA1 (z) and
A0 (z) be less thanm. Then every nonconstant solutionf of (1.2) has infinite
order withρ2 (f) ≥ m.

(iii) Let an = cbn with c > 1 and deg (P1 − cP0) = m ≥ 1. Suppose that
ρ (A1) < m and A0 (z) is an entire function with0 < ρ (A0) < 1/2. Then
every nonconstant solutionf of (1.2) has infinite order withρ2 (f) ≥ ρ (A0).

(iv) Let an = cbn with c ≥ 1 and letP1 (z) − cP0 (z) be a constant. Suppose that
ρ (A1) < ρ (A0) < 1/2. Then every nonconstant solutionf of (1.2) has infinite
order withρ2 (f) ≥ ρ (A0).
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In [1], Chen improved the results of TheoremA(i), TheoremA(iii) for the linear
differential equation(1.2) as follows:

Theorem B ([1]). Let P1 (z) =
∑n

i=0 aiz
i andP0 (z) =

∑n
i=0 biz

i be nonconstant
polynomials whereai, bi (i = 0, 1, . . . , n) are complex numbers,an 6= 0, bn 6= 0,
and letA1 (z) , A0 (z) (6≡ 0) be entire functions. Suppose that either (i) or (ii) below,
holds:

(i) arg an 6= arg bn or an = cbn (0 < c < 1) , ρ (Aj) < n (j = 0, 1) ;

(ii) an = cbn (c > 1) anddeg (P1 − cP0) = m ≥ 1, ρ (Aj) < m (j = 0, 1) .

Then every solutionf (z) 6≡ 0 of (1.2) satisfiesρ2 (f) = n.

Recently, Chen and Shon obtained the following result:

Theorem C ([2]). Let h0 6≡ 0, h1, . . . , hk−1 be entire functions withρ (hj) < 1
(j = 0, . . . , k − 1). Let a0 6= 0, a1, . . . , ak−1 be complex numbers such that for
j = 1, . . . , k − 1,

(i) aj = 0, or

(ii) arg aj = arg a0 andaj = cja0 (0 < cj < 1) , or

(iii) arg aj 6= arg a0.

Then every solutionf (z) 6≡ 0 of the linear differential equation

(1.5) f (k) + hk−1 (z) eak−1zf (k−1) + · · ·+ h1 (z) ea1zf
′
+ h0 (z) ea0zf = 0

satisfiesρ (f) = ∞ andρ2 (f) = 1.

The main purpose of this paper is to extend and improve the results of Theorem
B and TheoremC to some higher order linear differential equations. In fact we will
prove the following results.
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Theorem 1.2. Let Pj (z) =
∑n

i=0 ai,jz
i (j = 0, . . . , k − 1) be nonconstant poly-

nomials wherea0,j, . . . , an,j (j = 0, 1, . . . , k − 1) are complex numbers such that
an,jan,0 6= 0 (j = 1, . . . , k − 1), and letAj (z) (6≡ 0) (j = 0, . . . , k − 1) be en-
tire functions. Suppose thatarg an,j 6= arg an,0 or an,j = cjan,0 (0 < cj < 1)
(j = 1, . . . , k − 1) andρ (Aj) < n (j = 0, . . . , k − 1) . Then every solutionf (z) 6≡
0 of the equation

(1.6) f (k) + Ak−1 (z) ePk−1(z)f (k−1) + · · ·+ A1 (z) eP1(z)f
′
+ A0 (z) eP0(z)f = 0,

wherek ≥ 2, is of infinite order andρ2 (f) = n.

Theorem 1.3. Let Pj (z) =
∑n

i=0 ai,jz
i (j = 0, . . . , k − 1) be nonconstant poly-

nomials wherea0,j, . . . , an,j (j = 0, 1, . . . , k − 1) are complex numbers such that
an,jan,0 6= 0 (j = 1, . . . , k−1), and letAj (z) (6≡ 0) , Bj (z) (6≡ 0) (j = 0, . . . , k − 1)
be entire functions. Suppose thatarg an,j 6= arg an,0 or an,j = cjan,0 (0 < cj < 1)
(j = 1, . . . , k − 1) and ρ (Aj) < n, ρ (Bj) < n (j = 0, . . . , k − 1) . Then every
solutionf (z) 6≡ 0 of the differential equation

(1.7) f (k) +
(
Ak−1 (z) ePk−1(z) + Bk−1 (z)

)
f (k−1) + · · ·

+
(
A1 (z) eP1(z) + B1 (z)

)
f
′
+
(
A0 (z) eP0(z) + B0 (z)

)
f = 0,

wherek ≥ 2, is of infinite order andρ2 (f) = n.

Theorem 1.4. Let Pj (z) =
∑n

i=0 ai,jz
i (j = 0, . . . , k − 1) be nonconstant poly-

nomials wherea0,j, . . . , an,j (j = 0, 1, . . . , k − 1) are complex numbers such that
an,jan,0 6= 0 (j = 1, . . . , k − 1), and letAj (z) ( 6≡ 0) (j = 0, . . . , k − 1) be en-
tire functions. Suppose thatan,j = can,0 (c > 1) and deg (Pj − cP0) = m ≥ 1
(j = 1, . . . , k − 1), ρ (Aj) < m (j = 0, . . . , k − 1) . Then every solutionf (z) 6≡ 0
of the equation(1.6) is of infinite order andρ2 (f) = n.
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2. Lemmas Required to Prove Theorem1.2and Theorem1.3

We need the following lemmas in the proofs of Theorem1.2and Theorem1.3.

Lemma 2.1 ([5]). Letf (z) be a transcendental meromorphic function, and letα >
1 andε > 0 be given constants. Then the following two statements hold:

(i) There exists a constantA > 0 and a setE1 ⊂ [0,∞) having finite linear
measure such that for allz satisfying|z| = r /∈ E1, we have

(2.1)

∣∣∣∣f (j) (z)

f (z)

∣∣∣∣ ≤ A [T (αr, f) rε log T (αr, f)]j (j ∈ N) .

(ii) There exists a constantB > 0 and a setE2 ⊂ [0, 2π) that has linear measure
zero, such that ifθ ∈ [0, 2π)\E2, then there is a constantR1 = R1 (θ) > 1
such that for allz satisfyingarg z = θ and |z| = r ≥ R1, we have

(2.2)

∣∣∣∣f (j) (z)

f (z)

∣∣∣∣ ≤ B

[
T (αr, f)

r
(logα r) log T (αr, f)

]j

(j ∈ N) .

Lemma 2.2 ([2]). LetP (z) = anz
n + · · ·+ a0, (an = α + iβ 6= 0) be a polynomial

with degreen ≥ 1 and A (z) ( 6≡ 0) be an entire function withσ (A) < n. Set
f (z) = A (z) eP (z), z = reiθ, δ (P, θ) = α cos nθ − β sin nθ. Then for any given
ε > 0, there exists a setE3 ⊂ [0, 2π) that has linear measure zero, such that for
anyθ ∈ [0, 2π) \ (E3 ∪ E4) , whereE4 = {θ ∈ [0, 2π) : δ (P, θ) = 0} is a finite set,
there isR2 > 0 such that for|z| = r > R2, the following statements hold:

(i) if δ (P, θ) > 0, then

(2.3) exp {(1− ε) δ (P, θ) rn} ≤ |f (z)| ≤ exp {(1 + ε) δ (P, θ) rn} ,
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(ii) if δ (P, θ) < 0, then

(2.4) exp {(1 + ε) δ (P, θ) rn} ≤ |f (z)| ≤ exp {(1− ε) δ (P, θ) rn} .

Lemma 2.3 ([2]). LetA0 (z) , . . . , Ak−1 (z) be entire functions of finite order. Iff is
a solution of the equation

(2.5) f (k) + Ak−1 (z) f (k−1) + · · ·+ A1 (z) f
′
+ A0 (z) f = 0,

then
ρ2 (f) ≤ max {ρ (A0) , . . . , ρ (Ak−1)} .

Lemma 2.4. Let P (z) = bmzm + bm−1z
m−1 + · · · + b1z + b0 with bm 6= 0 be a

polynomial. Then for everyε > 0, there existsR3 > 0 such that for all|z| = r > R3

the inequalities

(2.6) (1− ε) |bm| rm ≤ |P (z)| ≤ (1 + ε) |bm| rm

hold.

Proof. Clearly,

|P (z)| = |am| |z|m
∣∣∣∣1 +

am−1

am

1

z
+ · · ·+ a0

am

1

zm

∣∣∣∣ .
Denote

Rm (z) =
am−1

am

1

z
+ · · ·+ a0

am

1

zm
.
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Obviously,|Rm (z)| < ε, if |z| > R3 for someε > 0. This means that

(1− ε) |am| rm ≤ (1− |Rm (z)|) |am| rm

≤ |1 + Rm (z)| |am| rm

= |P (z)|
≤ (1 + |Rm (z)|) |am| rm

≤ (1 + ε) |am| rm.
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3. Proof of Theorem1.2

Assumef (z) 6≡ 0 is a transcendental entire solution of(1.6) . By Lemma2.1 (ii),
there exists a setE2 ⊂ [0, 2π) with linear measure zero, such that ifθ ∈ [0, 2π) \E2,
there is a constantR1 = R1 (θ) > 1 such that for allz satisfyingarg z = θ and
|z| ≥ R1, we have

(3.1)

∣∣∣∣f (j) (z)

f (z)

∣∣∣∣ ≤ B [T (2r, f)]k+1 (j = 1, . . . , k) , (B > 0) .

LetP0 (z) = an,0z
n+· · ·+a0,0 (an,0 = α+iβ 6= 0), δ (P0, θ) = α cos nθ−β sin nθ.

Suppose first thatarg an,j 6= arg an,0 (j = 1, . . . , k − 1) . By Lemma2.2, for any
given ε (0 < ε < 1) , there is a setE3 that has linear measure, and a rayarg z =
θ ∈ [0, 2π) \ (E3 ∪ E4), whereE4 = {θ ∈ [0, 2π): δ (P0, θ) = 0 or δ (Pj, θ) =
0 (j = 1, . . . , k − 1)} (E4 is a finite set), such thatδ (P0, θ) > 0, δ (Pj, θ) < 0
(j = 1, . . . , k − 1) and for sufficiently large|z| = r, we have

(3.2)
∣∣A0 (z) eP0(z)

∣∣ ≥ exp {(1− ε) δ (P0, θ) rn}

and

(3.3)
∣∣Aj (z) ePj(z)

∣∣ ≤ exp {(1− ε) δ (Pj, θ) rn} < 1 (j = 1, . . . , k − 1) .

It follows from (1.6) that

(3.4)
∣∣A0 (z) eP0(z)

∣∣ ≤ ∣∣∣∣f (k) (z)

f (z)

∣∣∣∣+ ∣∣Ak−1 (z) ePk−1(z)
∣∣ ∣∣∣∣f (k−1) (z)

f (z)

∣∣∣∣
+ · · ·+

∣∣A1 (z) eP1(z)
∣∣ ∣∣∣∣f ′ (z)

f (z)

∣∣∣∣ .
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Now, take a rayθ ∈ [0, 2π) \ (E2 ∪ E3 ∪ E4) . Hence by(3.1)− (3.3) and(3.4) , we
get for sufficiently large|z| = r

exp {(1− ε) δ (P0, θ) rn}(3.5)

≤

(
1 +

k−1∑
j=1

exp {(1− ε) δ (Pj, θ) rn}

)
B [T (2r, f)]k+1

≤ kB [T (2r, f)]k+1 .

By 0 < ε < 1 and(3.5) we get thatρ (f) = +∞ and

(3.6) ρ2 (f) = lim
r→+∞

log logT (r, f)

log r
≥ n.

By Lemma2.3, we haveρ2 (f) = n.
Suppose nowan,j = cjan,0 (0 < cj < 1) (j = 1, . . . , k − 1) . Thenδ (Pj, θ) =

cjδ (P0, θ) (j = 1, . . . , k − 1) . Put c = max{cj : j = 1, . . . , k − 1}. Then0 <
c < 1. Using the same reasoning as above, for any givenε (0 < 2ε < 1−c

1+c
) there

exists a rayarg z = θ ∈ [0, 2π) \ (E5 ∪ E6), whereE5 andE6 are defined as in
Lemma2.2, E5 ∪E6 is of linear measure zero, satisfyingδ (Pj, θ) = cjδ (P0, θ) > 0
(j = 1, . . . , k − 1) and for sufficiently large|z| = r, we have

(3.7)
∣∣A0 (z) eP0(z)

∣∣ ≥ exp {(1− ε) δ (P0, θ) rn}

and ∣∣Aj (z) ePj(z)
∣∣ ≤ exp {(1 + ε) δ (Pj, θ) rn}(3.8)

≤ exp {(1 + ε) cδ (P0, θ) rn} (j = 1, . . . , k − 1) .
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Now, take a rayθ ∈ [0, 2π) \ (E2 ∪ E5 ∪ E6) . By substituting(3.1) , (3.7) and(3.8)
into (3.4), we get for sufficiently large|z| = r,

exp {(1− ε) δ (P0, θ) rn}(3.9)

≤ (1 + (k − 1) exp {(1 + ε) cδ (P0, θ) rn}) B [T (2r, f)]k+1

≤ kB exp {(1 + ε) cδ (P0, θ) rn} [T (2r, f)]k+1 .

By 0 < 2ε < 1−c
1+c

and(3.9) we have

(3.10) exp

{
(1− c)

2
δ (P0, θ) rn

}
≤ kB [T (2r, f)]k+1 .

Thus,(3.10) impliesρ (f) = +∞ and

(3.11) ρ2 (f) = lim
r→+∞

log logT (r, f)

log r
≥ n.

By Lemma2.3, we haveρ2 (f) = n.
Now we prove that equation(1.6) cannot have a nonzero polynomial solution.

Suppose first thatarg an,j 6= arg an,0 (j = 1, . . . , k − 1) . Assumef (z) 6≡ 0 is a
polynomial solution of(1.6) . By Lemma2.2, for any givenε (0 < ε < 1) there
exists a rayarg z = θ ∈ [0, 2π) \ (E3 ∪ E4) satisfyingδ (P0, θ) > 0, δ (Pj, θ) < 0
(j = 1, . . . , k − 1) and for sufficiently large|z| = r, inequalities(3.2) , (3.3) hold.
By (1.6) we can write

(3.12) A0 (z) eP0(z)f = −
(
f (k) + Ak−1 (z) ePk−1(z)f (k−1) + · · ·+ A1 (z) eP1(z)f ′

)
.

http://jipam.vu.edu.au
mailto:belaidi@univ-mosta.dz
http://jipam.vu.edu.au


Solutions of Complex Linear

Differential Equations

Benharrat Belaidi

vol. 8, iss. 4, art. 107, 2007

Title Page

Contents

JJ II

J I

Page 14 of 30

Go Back

Full Screen

Close

By using(3.2) , (3.3) , (3.12) and Lemma2.4we obtain for sufficiently large|z| = r

(1− ε) |bm| rm exp {(1− ε) δ (P0, θ) rn}(3.13)

≤
∣∣A0 (z) eP0(z)f

∣∣
=
∣∣∣f (k) + Ak−1 (z) ePk−1(z)f (k−1) + · · ·+ A1 (z) eP1(z)f

′
∣∣∣

≤ k (1 + ε) m |bm| rm−1,

wheref (z) = bmzm + bm−1z
m−1 + · · ·+ b1z + b0 with bm 6= 0. From(3.13) we get

for sufficiently large|z| = r

(3.14) exp {(1− ε) δ (P0, θ) rn} ≤ k
1 + ε

1− ε
m

1

r
.

This is absurd since0 < ε < 1. By using similar reasoning as above we can prove
that if an,j = cjan,0 (0 < cj < 1) , then equation(1.6) cannot have nonzero poly-
nomial solution. Hence every solutionf (z) 6≡ 0 of (1.6) is of infinite order and
ρ2 (f) = n.
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4. Proof of Theorem1.3

Assumef (z) 6≡ 0 is a solution of(1.7) . By using similar reasoning as in the proof of
Theorem1.2, it follows thatf (z) must be a transcendental entire solution. Suppose
first thatarg an,j 6= arg an,0 (j = 1, . . . , k − 1). By Lemma2.2, for any givenε
(0 < 2ε < min {1, n− α}), whereα = max{ρ (Bj) : j = 0, . . . , k − 1}, there
exists a rayarg z = θ such thatθ ∈ [0, 2π) \(E3 ∪E4), whereE3 andE4 are defined
as in Lemma2.2, E3 ∪E4 is of linear measure zero, andδ (P0, θ) > 0, δ (Pj, θ) < 0
(j = 1, . . . , k − 1) and for sufficiently large|z| = r, we have

(4.1)
∣∣A0 (z) eP0(z) + B0 (z)

∣∣ ≥ (1− o (1)) exp {(1− ε) δ (P0, θ) rn}

and ∣∣Aj (z) ePj(z) + Bj (z)
∣∣ ≤ exp {(1− ε) δ (Pj, θ) rn}+ exp

{
rρ(Bj)+

ε
2

}
(4.2)

≤ exp

{
r

ρ(Bj)+ε
}

≤ exp
{

r
α+ε
}

(j = 1, . . . , k − 1) .

It follows from (1.7) that

(4.3)
∣∣A0 (z) eP0(z) + B0 (z)

∣∣
≤
∣∣∣∣f (k) (z)

f (z)

∣∣∣∣+ ∣∣Ak−1 (z) ePk−1(z) + Bk−1 (z)
∣∣ ∣∣∣∣f (k−1) (z)

f (z)

∣∣∣∣+ · · ·

+
∣∣A1 (z) eP1(z) + B1 (z)

∣∣ ∣∣∣∣f ′ (z)

f (z)

∣∣∣∣ .
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Now, take a rayθ ∈ [0, 2π) \ (E2 ∪ E3 ∪ E4) . Hence by(3.1) and(4.1)− (4.3) , we
get for sufficiently large|z| = r

(1− o (1)) exp {(1− ε) δ (P0, θ) rn}(4.4)

≤
(
1 + (k − 1) exp

{
r

α+ε
})

B [T (2r, f)]k+1

≤ kB exp
{

r
α+ε
}

[T (2r, f)]k+1 .

Thus,0 < 2ε < min {1, n− α} impliesρ (f) = +∞ and

(4.5) ρ2 (f) = lim
r→+∞

log logT (r, f)

log r
≥ n.

By Lemma2.3, we haveρ2 (f) = n.
Suppose nowan,j = cjan,0 (0 < cj < 1) (j = 1, . . . , k − 1) . Thenδ (Pj, θ) =

cjδ (P0, θ) (j = 1, . . . , k − 1) . Putc = max{cj : j = 1, . . . , k−1}. Then0 < c < 1.
Using the same reasoning as above, for any givenε

(
0 < 2ε < 1−c

1+c

)
there exists a

ray arg z = θ ∈ [0, 2π) \(E5 ∪ E6), E5 ∪ E6 is of linear measure zero, satisfying
δ (Pj, θ) = cjδ (P0, θ) > 0 (j = 1, . . . , k − 1) and for sufficiently large|z| = r, we
have

(4.6)
∣∣A0 (z) eP0(z) + B0 (z)

∣∣ ≥ (1− o (1)) exp {(1− ε) δ (P0, θ) rn}

and

(4.7)
∣∣Aj (z) ePj(z) + Bj (z)

∣∣
≤ (1 + o (1)) exp {(1 + ε) cδ (P0, θ) rn} (j = 1, . . . , k − 1) .

Now, take a rayθ ∈ [0, 2π) \ (E2 ∪ E5 ∪ E6) . By substituting(3.1) , (4.6) and(4.7)
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into (4.3), we get for sufficiently large|z| = r,

(1− o (1)) exp {(1− ε) δ (P0, θ) rn}(4.8)

≤ (1 + (k − 1) (1 + o (1)) exp {(1 + ε) cδ (P0, θ) rn}) B [T (2r, f)]k+1

≤ kB (1 + o (1)) exp {(1 + ε) cδ (P0, θ) rn} [T (2r, f)]k+1 .

By 0 < 2ε < 1−c
1+c

and(4.8) we have

(4.9) exp

{
(1− c)

2
δ (P0, θ) rn

}
≤ kBd [T (2r, f)]k+1 ,

whered > 0 is some constant. Thus,(4.9) impliesρ (f) = +∞ and

(4.10) ρ2 (f) = lim
r→+∞

log logT (r, f)

log r
≥ n.

By Lemma2.3, we haveρ2 (f) = n.
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5. Lemmas Required to Prove Theorem1.4

We need the following lemmas in the proof of Theorem1.4.

Lemma 5.1 ([8, pp. 253-255]).LetP0 (z) =
∑n

i=0 biz
i, wheren is a positive integer

and bn = αne
iθn , αn > 0, θn ∈ [0, 2π) . For any givenε (0 < ε < π/4n), we

introduce2n closed angles

Sj : −θn

n
+ (2j − 1)

π

2n
+ ε ≤ θ ≤ −θn

n
+ (2j + 1)

π

2n
− ε(5.1)

(j = 0, 1, . . . , 2n− 1) .

Then there exists a positive numberR4 = R4 (ε) such that for|z| = r > R4,

(5.2) Re P0 (z) > αnr
n (1− ε) sin (nε) ,

if z = reiθ ∈ Sj, whenj is even; while

(5.3) Re P0 (z) < −αnr
n (1− ε) sin (nε) ,

if z = reiθ ∈ Sj, whenj is odd.

Now for any givenθ ∈ [0, 2π) , if θ 6= − θn

n
+ (2j − 1) π

2n
(j = 0, 1, . . . , 2n− 1),

then we takeε sufficiently small, and there is someSj (j = 0, 1, . . . , 2n− 1) such
thatz = reiθ ∈ Sj.

Lemma 5.2 ([1]). Let f (z) be an entire function of orderρ (f) = α < +∞. Then
for any givenε > 0, there exists a setE7 ⊂ [1, +∞) that has finite linear measure
and finite logarithmic measure, such that for allz satisfying|z| = r /∈ [0, 1] ∪ E7,
we have

(5.4) exp
{
−rα+ε

}
≤ |f (z)| ≤ exp

{
rα+ε

}
.
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Lemma 5.3 ([1]). Letf (z) =
∑∞

n=0 an zn be an entire function of infinite order with
the hyper orderρ2 (f) = σ, µ (r) be the maximum term, i.e.,µ (r) = max{|an| rn;
n = 0, 1, . . . } and letνf (r) be the central index off , i.e.,νf (r) = max{m, µ (r) =
|am| rm}. Then

(5.5) lim
r→+∞

log log νf (r)

log r
= σ.

Lemma 5.4 (Wiman-Valiron, [7, 10]). Letf (z) be a transcendental entire function
and letz be a point with|z| = r at which|f (z)| = M (r, f). Then for all|z| outside
a setE8 of r of finite logarithmic measure, we have

(5.6)
f (j) (z)

f (z)
=

(
νf (r)

z

)j

(1 + o (1)) (j is an integer,r /∈ E8).

Lemma 5.5 ([1]). Let f (z) be an entire function withρ (f) = +∞ andρ2 (f) =
α < +∞, let a setE9 ⊂ [1, +∞) have finite logarithmic measure. Then there exists{
zp = rpe

i θp
}

such that|f (zp)| = M (rp, f) , θp ∈ [0, 2π) , limp→+∞ θp = θ0 ∈
[0, 2π) , rp /∈ E9, rp → +∞, and for any givenε > 0, for sufficiently largerp, we
have

lim
p→+∞

log νf (rp)

log rp

= +∞,(5.7)

exp
{
rα−ε
p

}
≤ νf (rp) ≤ exp

{
rα+ε
p

}
.(5.8)

Lemma 5.6. Let Pj (z) =
∑n

i=0 ai,jz
i (j = 0, . . . , k − 1) be nonconstant polyno-

mials wherea0,j, . . . , an,j (j = 0, 1, . . . , k − 1) are complex numbers such that
an,jan,0 6= 0 (j = 1, . . . , k − 1), let Aj (z) ( 6≡ 0) (j = 0, . . . , k − 1) be entire func-
tions. Suppose thatan,j = can,0 (c > 1) anddeg (Pj − cP0) = m ≥ 1 (j = 1, . . . , k − 1),
ρ (Aj) < m (j = 0, . . . , k − 1) . Then every solutionf (z) 6≡ 0 of the equation(1.6)
is of infinite order andρ2 (f) ≥ m.
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Proof. Assumef (z) 6≡ 0 is a solution of(1.6) . By using similar reasoning as in the
proof of Theorem1.2, it follows thatf (z) must be a transcendental entire solution.
From(1.6) , we have

(5.9)
∣∣A0 (z) e(1−c)P0(z)

∣∣
≤
∣∣e−cP0(z)

∣∣ ∣∣∣∣∣f
(k)

(z)

f (z)

∣∣∣∣∣+ ∣∣Ak−1 (z) ePk−1(z)−cP0(z)
∣∣ ∣∣∣∣∣f

(k−1)
(z)

f (z)

∣∣∣∣∣
+ · · ·+

∣∣A1 (z) eP1(z)−cP0(z)
∣∣ ∣∣∣∣f ′ (z)

f (z)

∣∣∣∣ .
By Lemma2.1(i), there exists a constantA > 0 and a setE1 ⊂ [0,∞) having finite
linear measure such that for allz satisfying|z| = r /∈ E1, we have

(5.10)

∣∣∣∣f (j) (z)

f (z)

∣∣∣∣ ≤ Ar [T (2r, f)]k+1 (j = 1, . . . , k) .

By (5.9) and(5.10) , we have for allz satisfying|z| = r /∈ E1

(5.11)
∣∣A0 (z) e(1−c)P0(z)

∣∣ ≤ [∣∣e−cP0(z)
∣∣+ ∣∣Ak−1 (z) ePk−1(z)−cP0(z)

∣∣+ · · ·
+
∣∣A1 (z) eP1(z)−cP0(z)

∣∣]Ar [T (2r, f)]k+1 .

Sincedeg (Pj − cP0) = m < deg P0 = n (j = 1, . . . , k − 1) , by Lemma5.1 (see
also [3, p. 385]), there exists a positive real numberb and a curveΓ tending to
infinity such that for allz ∈ Γ with |z| = r, we have

(5.12) Re P0 (z) = 0, Re (Pj (z)− cP0 (z)) ≤ −brm (j = 1, . . . , k − 1) .

Let max {ρ (Aj) (j = 0, . . . , k − 1)} = β < m. Then by Lemma5.2, there exists
a setE7 ⊂ [1, +∞) that has finite linear measure, such that for allz satisfying
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|z| = r /∈ [0, 1] ∪ E7, we have

(5.13) exp
{
−rβ+ε

}
≤ |Aj (z)| ≤ exp

{
rβ+ε

}
(j = 0, . . . , k − 1) .

Hence by(5.11)− (5.13) , we get for allz ∈ Γ with |z| = r /∈ [0, 1] ∪ E1 ∪ E7

(5.14) exp
{
−rβ+ε

}
≤
(
1 + (k − 1) exp

{
rβ+ε

}
exp {−brm}

)
Ar [T (2r, f)]k+1 .

Thusβ + ε < m impliesρ (f) = +∞ and

ρ2 (f) = lim
r→+∞

log logT (r, f)

log r
≥ m.
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6. Proof of Theorem1.4

Assumef (z) 6≡ 0 is a solution of(1.6) . Then by Lemma5.6 and Lemma2.3, we
haveρ (f) = ∞ andm ≤ ρ2 (f) ≤ n. We show thatρ2 (f) = n. We assume that
ρ2 (f) = λ (m ≤ λ < n) , and we prove thatρ2 (f) = λ fails. By the Wiman-Valiron
theory, there is a setE8 ⊂ [1, +∞) with logarithmic measurelm (E8) < +∞ and
we can choosez satisfying|z| = r /∈ [0, 1] ∪ E8 and|f (z)| = M (r, f), such that
(5.6) holds. Setmax{ρ (Aj) (j = 0, . . . , k − 1)} = β < m. By Lemma5.2, for any
givenε (0 < 3ε < min (m− β, n− λ)), there exists a setE7 ⊂ [1, +∞) that has
finite logarithmic measure, such that for allz satisfying|z| = r /∈ [0, 1] ∪ E7, the
inequalities(5.13) hold and

exp
{
−rm+ε

}
≤ |exp {Pj (z)− cP0 (z)}|(6.1)

≤ exp
{
rm+ε

}
(j = 1, . . . , k − 1) .

By Lemma5.5, we can choose a point range
{
zp = rpe

i θp
}

such that|f (zp)| =
M (rp, f) , θp ∈ [0, 2π) , limp→+∞ θp = θ0 ∈ [0, 2π) , rp /∈ [0, 1] ∪ E7 ∪ E8, rp →
+∞, and for the aboveε > 0, for sufficiently largerp, we have

exp
{
rλ−ε
p

}
≤ νf (rp) ≤ exp

{
rλ+ε
p

}
,(6.2)

lim
p→+∞

log νf (rp)

log rp

= +∞.(6.3)

Let P0 (z) =
∑n

i=0 biz
i wheren is a positive integer andbn = αne

iθn , αn > 0.
By Lemma5.1, for any givenε (0 < 3ε < min(m− β, n− λ, π/4n)), there are2n
closed angles

Sj : −θn

n
+(2j − 1)

π

2n
+ε ≤ θ ≤ −θn

n
+(2j + 1)

π

2n
−ε (j = 0, 1, . . . , 2n− 1) .

For the aboveθ0 and0 < 3ε < min
(
m− β, n− λ, π

4n

)
, there are three cases:
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1. rpe
i θ0 ∈ Sj wherej is odd;

2. rpe
i θ0 ∈ Sj wherej is even;

3. θ0 = − θn

n
+ (2j − 1) π

2n
for somej = 0, 1, . . . , 2n− 1.

Now we have three cases to prove Theorem1.4.
Case (1): rpe

i θ0 ∈ Sj wherej is odd. Sincelimp→+∞ θp = θ0, there is aN > 0
such thatrpe

i θp ∈ Sj whenp > N. By Lemma5.1, we have

(6.4) Re
{
P0

(
rpe

i θp
)}

< −δrn
p (δ > 0) , i.e., Re

{
−P0

(
rpe

i θp
)}

> δrn
p .

From(6.1) and(6.4) , we obtain for sufficiently largep,

Re
{
Pj

(
rpe

i θp
)
− P0

(
rpe

i θp
)}

(6.5)

= Re {(c− 1) P0 + (Pj − cP0)}
< rm+ε

p − (c− 1) δrn
p (j = 1, . . . , k − 1) .

By (1.6), we have

(6.6) − e−P0(z)f
(k)

f
= Ak−1 (z) ePk−1(z)−P0(z)f

(k−1)

f
+ · · ·

+ A1 (z) eP1(z)−P0(z)f
′

f
+ A0 (z) .

Substituting(5.6) into (6.6) , we get forzp = rpe
i θp

(6.7) − νk
f (rp) (1 + o (1)) exp {−P0 (zp)}

= Ak−1 (zp) exp {Pk−1 (zp)− P0 (zp)} zpν
k−1
f (rp) (1 + o (1)) + · · ·

+ A1 (zp) exp {P1 (zp)− P0 (zp)} zk−1
p νf (rp) (1 + o (1)) + zk

pA0 (zp) .
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Thus we have, from(6.2) and(6.4)

(6.8)
∣∣−νk

f (rp) (1 + o (1)) exp {−P0 (zp)}
∣∣

≥ 1

2
exp

{
δrn

p

}
exp

{
krλ−ε

p

}
> exp

{
δrn

p

}
.

And by (5.13) , (6.5) and(6.2) , we have∣∣Ak−1 (zp) exp {Pk−1 (zp)− P0 (zp)} zpν
k−1
f (rp) (1 + o (1)) + · · ·(6.9)

+A1 (zp) exp {P1 (zp)− P0 (zp)} zk−1
p νf (rp) (1 + o (1)) + zk

pA0 (zp)
∣∣

≤ 2 (k − 1) rk−1
p exp

{
rβ+ε
p

}
exp

{
rm+ε
p − (c− 1) δrn

p

}
× exp

{
(k − 1) rλ+ε

p

}
+ rk

p exp
{
rβ+ε
p

}
≤ exp

{
(k − 1) rλ+2ε

p

}
.

From(6.7) we see that(6.8) contradicts(6.9) .
Case (2): rpe

i θ0 ∈ Sj wherej is even. Sincelimp→+∞ θp = θ0, there is aN > 0
such thatrpe

i θp ∈ Sj whenp > N. By Lemma5.1, we have

(6.10) Re
{
P0

(
rpe

i θp
)}

> δrn
p , Re

{
−cP0

(
rpe

i θp
)}

< −cδrn
p ,

Re
{
(1− c) P0

(
rpe

i θp
)}

< (1− c) δrn
p , Re

{
Pj

(
rpe

i θp
)
− cP0

(
rpe

i θp
)}

(6.11)

< −cδrn
p (j = 2, . . . , k − 1) .

By (1.6), we have

(6.12) − A1 (z) eP1(z)−cP0(z)f
′

f
= e−cP0(z)f

(k)

f
+ Ak−1 (z) ePk−1(z)−cP0(z)f

(k−1)

f

+ · · ·+ A2 (z) eP2(z)−cP0(z)f
′′

f
+ A0 (z) e(1−c)P0(z).
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Substituting(5.6) into (6.12) we get forzp = rpe
i θp

(6.13) − A1 (zp) exp {P1 (zp)− cP0 (zp)} zk−1
p νf (rp) (1 + o (1))

= νk
f (rp) (1 + o (1)) exp {−cP0 (zp)}+ νk−1

f (rp) (1 + o (1))

× zpAk−1 (zp) exp {Pk−1 (zp)− cP0 (zp)}+ · · ·+ zk−2
p ν2

f (rp) (1 + o (1))

× A2 (zp) exp {P2 (zp)− cP0 (zp)}+ zk
pA0 (zp) exp {(1− c) P0 (zp)} .

Thus we get, from(5.13) , (6.1) and(6.2)

(6.14)
∣∣−A1 (zp) exp {P1 (zp)− cP0 (zp)} zk−1

p νf (rp) (1 + o (1))
∣∣

≥ 1

2
rk−1
p exp

{
−rβ+ε

p

}
exp

{
−rm+ε

p

}
exp

{
rλ−ε
p

}
> exp

{
−rm+ε

p

}
.

And from (5.13) , (6.2) and(6.10) , (6.11) we have for sufficiently largep∣∣νk
f (rp) (1 + o (1)) exp {−cP0 (zp)}+ νk−1

f (rp) (1 + o (1))(6.15)

× zpAk−1 (zp) exp {Pk−1 (zp)− cP0 (zp)}+ · · ·+ zk−2
p ν2

f (rp) (1 + o (1))

×A2 (zp) exp {P2 (zp)− cP0 (zp)}+ zk
pA0 (zp) exp {(1− c) P0 (zp)}

∣∣
≤ 2 exp

{
krλ+ε

p

}
exp

{
−cδrn

p

}
+ 2 (k − 2) rk−2

p exp
{
(k − 1) rλ+ε

p

}
× exp

{
rβ+ε
p

}
exp

{
−cδrn

p

}
+ rk

p exp
{
rβ+ε
p

}
exp

{
(1− c) δrn

p

}
< exp

{
(1− c)

2
δrn

p

}
.

Thus(6.13)− (6.15) imply a contradiction.
Case (3) :θ0 = − θn

n
+(2j − 1) π

2n
for somej = 0, 1, . . . , 2n−1. SinceRe

{
P0

(
rpe

i θ0
)}

= 0 whenrp is sufficiently large and a straight linearg z = θ0 is an asymptotic line
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of
{
rpe

i θp
}

, there is aN > 0 such that whenp > N , we have

−1 < Re
{
P0

(
rpe

iθp
)}

< 1, −c < Re
{
Pj

(
rpe

i θp
)}

< c(6.16)

(j = 1, . . . , k − 1) .

By consideringRe
{
Pj

(
rpe

i θp
)
− cP0

(
rpe

i θp
)}

, we again split this into three cases.
Case (i):

(6.17) Re
{
Pj

(
rpe

i θp
)
− cP0

(
rpe

i θp
)}

< −drm
p (j = 1, . . . , k − 1)

(d > 0 is a constant) whenp is sufficiently large. We have a slightly modified form
of (6.7)

(6.18) − νk
f (rp) (1 + o (1)) exp {−cP0 (zp)}

= Ak−1 (zp) exp {Pk−1 (zp)− cP0 (zp)} zpν
k−1
f (rp) (1 + o (1)) + · · ·

+ A1 (zp) exp {P1 (zp)− cP0 (zp)} zk−1
p νf (rp) (1 + o (1))

+ zk
pA0 (zp) exp {(1− c) P0 (zp)} .

Thus we get, from(5.13) and(6.16)− (6.18)

1

2
νk

f (rp) exp {−c} <
∣∣−νk

f (rp) (1 + o (1)) exp {−cP0 (zp)}
∣∣

≤
∣∣Ak−1 (zp) exp {Pk−1 (zp)− cP0 (zp)} zpν

k−1
f (rp) (1 + o (1))

∣∣
+ · · ·+

∣∣A1 (zp) exp {P1 (zp)− cP0 (zp)} zk−1
p νf (rp) (1 + o (1))

∣∣
+
∣∣zk

pA0 (zp) exp {(1− c) P0 (zp)}
∣∣

≤ 2 (k − 1) rk−1
p νk−1

f (rp) exp
{
rβ+ε
p − drm

p

}
+ rk

p exp
{
rβ+ε
p

}
exp {(c− 1)}

≤ νk−1
f (rp) exp

{
rβ+2ε
p

}
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i.e.,
1

2
νf (rp) < exp {c} exp

{
rβ+2ε
p

}
.

This is in contradiction withνf (rp) ≥ exp
{
rλ−ε
p

}
.

Case (ii):

Re
{
Pj

(
rpe

i θp
)
− cP0

(
rpe

i θp
)}

> drm
p (j = 1, . . . , k − 1) ,

i.e.,

(6.19) Re

{
P0

(
rpe

i θp
)
− 1

c
Pj

(
rpe

i θp
)}

< −d

c
rm
p (j = 1, . . . , k − 1)

(d > 0 is a constant) whenp is sufficiently large. From(6.16) , we obtain for
sufficiently largep,

Re

{
Ps

(
rpe

i θp
)
− 1

c
Pj

(
rpe

i θp
)}

(6.20)

= Re
{
Ps

(
rpe

i θp
)}
− 1

c
Re
{
Pj

(
rpe

i θp
)}

< c + 1 (s = 1, . . . , j − 1, j + 1, . . . , k − 1) .

We have a slightly modified form of(6.7)

(6.21) − νk
f (rp) (1 + o (1)) exp

{
−1

c
Pj (zp)

}
= Ak−1 (zp) exp

{
Pk−1 (zp)−

1

c
Pj (zp)

}
zpν

k−1
f (rp) (1 + o (1)) + · · ·
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+ Aj (zp) exp

{(
1− 1

c

)
Pj (zp)

}
zk−j

p νj
f (rp) (1 + o (1)) + · · ·

+ A1 (zp) exp

{
P1 (zp)−

1

c
Pj (zp)

}
zk−1

p νf (rp) (1 + o (1))

+ zk
pA0 (zp) exp

{
P0 (zp)−

1

c
Pj (zp)

}
.

Thus we get, from(5.13) , (6.16) and(6.19)− (6.21)

1

2
νk

f (rp) exp {−1}

<

∣∣∣∣−νk
f (rp) (1 + o (1)) exp

{
−1

c
Pj (zp)

}∣∣∣∣
≤
∣∣∣∣Ak−1 (zp) exp

{
Pk−1 (zp)−

1

c
Pj (zp)

}
zpν

k−1
f (rp) (1 + o (1))

∣∣∣∣
+ · · ·+

∣∣∣∣Aj (zp) exp

{(
1− 1

c

)
Pj (zp)

}
zk−j

p νj
f (rp) (1 + o (1))

∣∣∣∣
+ · · ·+

∣∣∣∣A1 (zp) exp

{
P1 (zp)−

1

c
Pj (zp)

}
zk−1

p νf (rp) (1 + o (1))

∣∣∣∣
+

∣∣∣∣zk
pA0 (zp) exp

{
P0 (zp)−

1

c
Pj (zp)

}∣∣∣∣
≤ 2 (k − 1) νk−1

f (rp) rk−1
p exp

{
rβ+ε
p

}
× exp {c + 1}+ rk

p exp
{
rβ+ε
p

}
exp

{
−d

c
rm
p

}
≤ νk−1

f (rp) exp
{
rβ+2ε
p

}
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i.e.,
νf (rp) exp {−1} < 2 exp

{
rβ+2ε
p

}
.

This is in contradiction withνf (rp) ≥ exp
{
rλ−ε
p

}
.

Case (iii): Whenp is sufficiently large,

−1 < Re
{
Pj

(
rpe

i θp
)
− cP0

(
rpe

i θp
)}

< 1 (j = 1, . . . , k − 1) .

By using the same reasoning as in Case (ii) we get a contradiction. The proof of
Theorem1.4 is completed.
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