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Abstract

This paper deals with a system of quasi-variational inequalities with noncoer-
cive operators. We prove the existence of a unique weak solution using a lower
and upper solutions approach. Furthermore, by means of a Banach’s fixed
point approach, we also prove that the standard finite element approximation
applied to this system is quasi-optimally accurate in L*°.
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We are interested in the following system of quasi-variational inequalities (QVI's):
find a vectorV = (u!,...,u™) € (H}(Q))M such that

a'(u',v—u') 2 (ff,v—u') Yo € Hy(Q)

(1.1) u <k+4+ut o <k4 ottt
uM“ — u1 On a Noncoercive System of
’ Quasi-Variational Inequalities
4 Related to Stochastic Control
where(2 is a smooth bounded domain®f' , N > 1 with boundanf’, a’(u , v) PR3 e
areM variational forms,f* are regular functions andis a positive number. B e e e e

This system arises in stochastic control problems. It also plays a fundamental Sl

role in solving the Hamilton-Jacobi-Bellman equatiof, [~].
Its coercive version is well understood from both the mathematical and nu- Title Page
merical analysis viewpoints (cf. egl][[~], [6]).

Contents
In this paper we shall be concerned with the noncoercive case, that is, where
the bilinear forms:(u, v) do not satisfy the usual coercivity condition. b dd
To handle this new situation, we transforfnX) into the following auxiliary < >
system: findJ = (u!, ..., uM) € (H}(Q2))™ such that:
Go Back
bi(u', v —u') = (f* + Ml v —u') Yo € HYH(Q) Close
(1.2) < k+uttt v < k4 uit! Quit
Page 4 of 33
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where

(1.3) b (u, v) = a'(u,v) + A(v,v)

and\ > 0 is large enough such that:

(1.4) b (v,0) >y [vl3 ) ¥ > 05 Vo € Hy(9).

Under this condition, using a monotone approach inspired figne shall
prove that both the continuous and discrete problems admit a unique solution.

On the numerical analysis side, using piecewise linear finite elements, we
shall establish a quasi-optimate—convergence order. To that end, we propose
a new approach which consists of characterizing both the continuous and the
finite element solution as fixed points of contractiong.th.

This new approach appears to be quite simple. It also offers the advantage
of providing an iterative scheme useful for the numerical computation of the
solution.

The paper is organized as follows. In Sectihnwve discuss existence and
uniqueness of a solution to problefn ). Section3 deals with its discretization
by the standard finite element method where, under a discrete maximum princi-
ple assumption, analogous discrete qualitative results are given as well. Finally,
in Section4 we respectively associate with both the continuous and discrete
systems appropriate contractions and give.&h-error estimate.
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Let us begin with some necessary notations, assumptions and qualitative prop-

erties of elliptic variational inequalities.

We are given functions

(2.1)  djy(2), bi(z), af(z) € C*(Q), 2€Q, 1 <k, j<N; 1<i<M

such that:

(2.2) Y d (@& 2 ale; (x€Q €€ RN, a>0)
1< j, k<N

(2.3) aly = ap;; ap(x) =2 6> 0; z € Q.

We define the bilinear forms: for any v € H(9),

(2.4) a'(u,v)

N

8u ov :
:/Q< Z 8x Dy, Zb v+a0()uv>.

1< §,k<N k=1
We are also given regular functiorfs such that

(2.5) fleC*Q) and f>0; Yi=1,..., M.
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and the following normy W = (w', ..., w™) € [, L=(Q)

(2.6) W], = max HwiHLOO(Q)’

1<i<M

where||- ||« q, denotes the well-knowh>—norm.

Let fin L°°(Q2) andy in W2>(Q) such thaty > 0 on 9. Let alsob(-,-) be On a Noncoercive System of
. . .- . . Quasi-Variational Inequalities
a continuous and coercive bilinear form of the same form as those defined iN  Rejated to Stochastic Control
(1.2) and consider: = o(f,v) a solution to the following elliptic variational Problems
inequality VI: findu € H}(Q) such that M. Boulbrachene, M. Haiour and
B. Chentouf

b(u,v —u) = (f,v —u) Yo € HJ ()

(2.7) <y <y Title Page
u < P; v < Y.
Contents

Theorem 2.1. (cf. [3],[ 4]) Under the above assumptions, there exists a unique « RS
solution to the variational inequality (VI)2(7). Moreover,u € W?2? (Q),
1<p<oo. < >

o Go Back
2.2.1. A Monotonicity property for VI ( 2.7) Let (f,v), (f,¢> be a pair p—
of data and: = o(f, ), i = o (f, z/?) the respective solutions t&.(). Quit
Theorem 2.2. (cf. [4]) If f > fandy > ¢ theno(f,¢) > o(f, ). Page 7 of 33
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As mentioned earlier, we solve the noncoercive system of QVI's by considering
the following auxiliary system: find a vectéf = (u',...,u™) € (H}(Q))"
such that

b (u,v —u') Z (ff + Mub,o —ut) Yo € HY(Q)

(2.8) W <k4utt, v<k+utt

It can readily be noticed in the above system, that besides the obstacles
“k 4+ u™1” | the right hand sides depend upon the solution as well. Therefore,
the increasing property of the solution of VI with respect to the obstacle and
the right hand side, reduces the problei8) to finding a fixed point of an
increasing mapping as i

Let L=(Q) =[], LY(Q), whereL () is the positive cone af> (). We
introduce the following mapping

(2.9) T:L%(Q) — L®(Q)
W —TW = (¢',...,¢")
whereVi=1,....M, (' = o (f*+ M'; k+ w') is solution to the follow-
ing VI:
b (¢ v =) 2 (f + ', o — (') Yo € Hy(Q)
(2.10)
Ci S k+wi+17 v S k—f—wiJrl.
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Problem 2.10 being a coercive variational inequality, thanksif [4], has
a unique solution.

2.3.1. Properties of The Mapping7" Let us first introduce the vectdi® =
(a0, ..., aM0) whereVi=1,..., M, @' is solution to the equation

(2.112) a' (@, v) = (f',v) Yv € Hy(S).

Since f* > 0, there exists a unique positive solution to problehi (). More-
over, i’ € W*P(Q), p < oo (cf. e.g., F).

Proposition 2.3. Under the preceding notations and assumptions, the mapping
Tis increasing, concave and satisfieBIWV < U° vV W € L*>(Q) such that
W < U°.

Proof. 1. T isincreasing.
LetV = (v!,...,oM), W = (w!,,...,wM)in L>(Q) such that’ < w,
Vi=1,,...,M . Then, by Theoren2.2, it follows thato(f* + A\w’; k +

wt) > o(f1+ Mk + o). Thus, TV < TW.

2. TW < U° YW < U°,

Let us first recall that:™ = sup(u, 0) andu™ = sup(—wu, 0). The fact that
both of the solutiong’ of (2.10 anda*° of (2.11) belong toH} (), we
clearly have:

¢ (¢ —a)" e Hy(9).
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Moreover, ag¢’ — %)™ > 0, it follows that
Ci _ (Cz _ai,0)+ < C@ < k4 witt

Therefore, we can take = ¢* — (¢* — 4*°)*" as a trial function inZ.10).
This gives:

b(¢ - (=@ 0) ) 2 (e - (=) ).
On the other hand, taking= (¢* — @°)" in equation £.11) we get
b (a0, (¢ = @) ) = (e aat, (¢ - ) )
and, sincd¥ < U°, by addition, we obtain
(=) ) 20

which, by (L.4), yields
(¢ =" =0

Thus
C<a®Vvi=1,2,..., M

i.e., A
T™W < U°.
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3. T'is concave
Let us agree on the following notations:

wp = 0w’ + (1 — 0)i'; wp,, = 0(k +w') + (1 —6)(k+w'); 6 € 0,1].

Then we have:

TOW + (1 — )W)
= [o (" + g k+wj) ...,
a(fi—i—)\wg;k—f—wéﬂ),---7U(fM+)‘w(]9w§k+wé)]
= [o (" + Xwgsef) coo (1 M) o (P )]
Now, denoting by:
C=o(f + ik +w™),

('=0c (fi—l—)\u?i;k+u~1i“) ,
G =0¢"+ (1 -0)¢,
Us =0 (' + dwpwp™) .

It is clear that} is admissible for the problem which h&$ as a solution.

Us+ (Us = G)
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is admissible for this problem. Therefore,
212) (UL (U= ¢)7) = (f + M (Ui - ).

Also, we can take;’ — (Uj — ¢5) as atest function in the problem where
¢" is the solution and’ — (Uj — ¢4)~ can be taken as a test function in the
problem whose solution i&'. From this we deduce that

13 (¢ (U-G) ) == (F e (U= G))
and
1) -b(CW-G) )z - (L (- G) ).

Now multiplying (2.13 by 0, and €.14) by 1 — ¢, addition yields
b (G (U5 = G)7) = = (f + ek, (U5 - G))
which added to4.12) gives
b (U= G (U5 =) ) = 0.

Thus ' '
(U5 —¢) =0
which completes the proofi.e.,

T <9W r(1- e)W) > O0TW + (1 — 0)TW.
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2.3.2. A Continuous lterative Scheme of Bensoussan-Lions TypeStart-
ing from UV solution of ¢.11) andU° = 0, we define the iterations:

(2.15) Ut =170 n=0,1,...
and

(2.16) Ut =T0" n=0,1,...,
respectively.

On a Noncoercive System of

The analysis of the convergence of these iterations requires to prove the fol- Quasi-variational Inequalities
Iowing intermediate results. Related to Stochastic Control

Problems
Lemma 2.4. Assumef’ > f® > 0 ; 1 <4 < M, wheref is a positive M. Boulbrachene, M. Haiour and
constant, and let B. Chentouf
0
0 < p < inf Ak : - / . Title Page
ue LO /\HUOHOO"'fO Contents
Then we have <4 >
(2.17) T(0) = pl°. < d
Proof. Indeed, from 2.16), T(0) = U' = (a"',...,a"M), whereu"! is the Go Back
solution of the following variational inequality: Close
b (@ v — abt) = (fF+ At v — abt) Vo € Hi(Q) Quit
(2.18) Page 13 of 33
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Then by the choice df it is clear that
v — (am . Iuai,())_ Al
can be taken as a trial function in the \A.18 inequality. So taking
v — — (ai,l - Mﬁi,O)—

as a trial function inZ.11) and using the fact thaf’ > f° andu*® = 0, we get
by addition:

bi (ai,l — i, (,&i,l _ Hﬁi,O)*)

1\

<(fz —ufi— Iu)\ai,O) 7 (ai,l _ Hﬁi,O)*)
<(f0(1 — ) — i) | (i — Mﬂi,(])‘) _

1\

But, again, by the choice of
PO = ) = i = 0= ) = [0 =0

Thus, by (..4)
(ai,l _ Iuﬁi,O)* -0

i.e.,
't > e Vi=1,2,..., M.
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Proposition 2.5. LetC = {IV € L>(Q) such that0 < W < U°}. Let also
v €10;1], W, W € C such that:

(2.19) W —W <~W.

Then, the following holds

(2.20) TW —TW < ~(1 — p)TW.
Proof. By (2.19), we have(l — ) W < 1474 . Then, using the fact thaf is g&‘azl'\\‘,g?g:grfgﬁniﬁzmgsf
increasing and concave (see Propositiah), it follows that Related to Stochastic Control
Problems
(1 - 7)TW + VT(O) < T[(l - ’V)W + 7-0] M. Boulbrachene, M. Haiour and
~ B. Chentouf
<TW
Finally, using Lemma&.4. we get ¢.20). O Title Page
Theorem 2.6.Under conditions of Propositiora 3—2.5, the sequenceéU”) Contents
and (U™) are monotone and well defined @. Moreover, they converge re- b dd
spectively from above and below to the unique solutioaf system of QVI's < >
(1.2).
Go Back
Proof. The proof will be carried out in five steps.
Close
Step 1. The sequenc(:f]”) stays inC and is decreasing. Quit

Page 15 of 33
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Step 2.

From @.15 it is easy to see thati, " is solution to the following VI:

b, v — ) Z (f 4 AT v — an) Yo € HY(Q)
(2.21) @ < k4 atthntl o < k4ogittet

fLM+1’n — al,n.

Since f* > 0 anda*® > 0, a simple induction combined with standard

comparison results in variational inequalities leaditéd > 0 i.e.,

(2.22) U">0 ¥Yn>D0.

Furthermore, by Propositioh3. and .15, we have:
Ut =T10° < U°.

Thus, inductively

(2.23)

=

0<U =TU" <U" <
(U™) converges to the solution of the systemnij.
From 2.22 and .23 itis clear thatvi = 1,2,..., M

(2.24) "(r) = u'(r), x € Qand(u', u™) € C.

lim o*
n—oo

Moreover, from £.22 we havek + 471"~ > (0. Then we can take = 0
as a trial function inZ.21), which yields

< [|£ 28| oy

"Z’I’L zn /\’L’n/

"’Ln
Hl

< bi(a

v ||H1
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or more simply

/\Z’Vl

<C,

10

whereC' is a constant independent af Henced’" stays bounded in
H'(Q) and consequently we can complete) by

(2.25) lim 4" = @’ weakly in H(Q).

n—oo

Step3 U = (a',...,uM) coincides with the solution of systerf. ().

On a Noncoercive System of

|ndeed, since ] ) Quasi-Variational Inequalities
abm (33) < k+ al‘*‘lvn—l(x) Related to Stochastic Control
- Problems
then @.24) implies y . M. Boulbrachene, M. Haiour and
U (JJ) <k+u (£) B. Chentouf
Now letv < k + @™ thenv < k + a1 ¥n > 0. We can therefore
takev as a trial function for the VIZ.21). Consequently, combining (24 Title Page
and .25 with the weak lower semi continuity @f (v, v) and passing to
A Contents
the limit in problem @.21), we clearly get
o . : . . ) - 44 44
bi(u'v—a') Z (ff + M a',v—a') VYo € Hy(Q), v < k+uth. ) R
Go Back
Step 4. Uniqueness Let U, U be two solutions of the system.(). These are Close
fixed points ofT". Therefore, sincé/ — U < U, bytaking = U and Quit

W =Uin (2.19 with v = 1 — ;. we have
Page 17 of 33
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Doing this again withy = 1 — u, we obtain
U-U<(1-p?U

and inductively

U—U<(1—p)"U<(1—p" 00(‘00.

Thus, making: tend toco yieldsU < U. Finally, interchanging the roles
of U andU, we obtainU = U

Step 5. The monotone property of the sequeri€&) can be shown in a similar
way to that of sequendg/™). Let us prove its convergence to the solution

of system {.1). Indeed, applyZ.19,(2.20 with
w=0% W="0° vy=1

then X ) A
TU® —TU® < (1 — p)TU®,

o) R ) X
0<U'-U'<(1—pU
Applying (2.20 again, yields
0<U?—0U%< (1—p)0?

and quite generally

0<U" —U" < (1—p)"0™ < (1— )"0 < (1 — p)" UOH .
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Thus R )
U —-U" -0 a.e

from which it follows that
U —-U=U

is the unique solution of system of QVI'4.(Q1).
O

2.3.3. Regularity of the solution of system (1.1) The following is a theo-
rem on the regularity ofl(.1).

Theorem 2.7.(cf. e.g,[']). LetassumptionsA.1)-(2.5) hold. Then each compo-
nent of the solution of systerh.{) belongs taC ()N W% ?(Q); V2 < p < oo.
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Let 2 be decomposed into triangles and tgtdenote the set of all those ele-

ments;h > 0 is the mesh size. We assume that the famjlys regular and

guasi-uniform.
Let V}, denote the standard piecewise linear finite element space,

(3.1) Vi={veC(Q)NH(Q) suchthav/x € P, VK € 7, }.
Let B° be the matrices with generic coefficients
(3.2) (B),, =b(prps) 1 <i<M; 1<1s<m(h),

where {¢;}, [ =1,2,...m(h) is the basis o¥/,.
Letr, be the usual restriction operator defined by

(h)
(3.3) Yo € C(Q) NH(Q), rv = Z v
I=1

In the sequel of the paper we shall make use ofdiserete maximum princi-
ple (d.m.p) assumption. In other words, we shall assume Biatl < i < M
are M-matrices (se€’]).

Letu, € V}, be the solution of the following discrete variational inequality
blup,v—up) 2 (f,v—up) Yo €V

(3.4)
up < rp; v < TR
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3.1.1. A Discrete Monotonicity Property for VI ( 3.4 Let (f, %), (f, ¥)
be a pair of data and = o,(f, %), u = o,(f, ) the respective solutions of
(3.4). Then we have the discrete analogue of Theo?ein

Theorem 3.1.Under thed.m.p If f > f and«y > ¢ then o,(f, ) > o (f, ).

Let V), = (V,,)™. We define the noncoercive discrete system of QVI's as fol-

On a Noncoercive System of

lows: findU;, = (u,lz, . ,uhM) € V,, solution of Quasi-Variational Inequalities
Related to Stochastic Control
az(u}l,v _ uZ) z (fz, v — uz) Vo € Vh Problems
M. Boulbrachene, M. Haiour and
(3_5) uﬁL S k _{_uz-i-l’ v < k4 uzh—i-l B. Chentouf
ui‘f“ = uy. Title Page
And, similarly to the continuous problem, we sol\&5) via the following im- Contents
- . e AR M )
plicit coercive system: find/, = (u;, ,...,u,") € V,, solution to pp b
b (ub,v—u') Z (f'+ b, v —ul) Yo € V; < >
(3.6) uh <k+ult v <k+ult Go Back
Close
M+1 _ 1
Uy = Uy, Quit
Let us also note that all the properties established in the continuous case remain Page 21 of 33
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these will not be given as they are respectively identical to their continuous
analogue ones.

Let us first defineﬁ}f to be the piecewise linear approximation@f defined in

(2.1D:

00 ) . )
(3-7) az(u; 7U> = (flv U) Vo € Vha 1<i< M. On a Noncoercive System of

Quasi-Variational Inequalities
Related to Stochastic Control

We consider the following mapping e
(38) Th . LOO(Q) N Vha M. Boulbraé.hgzzhlt\:l)u:(—laiour and
1 M
W —TW = (Cyy -5 G ), Title Page
where,Vi = 1,..., M, ¢, = ou(f" + ', k + w'™) is the solution of the Contents
following discrete VI: <« Y
(3.9) Go Back
G <rpk+w™), v <k +wh. 0=
Close
Proposition 3.2. Under thed.m.p 7}, is increasing, concave and satisfiegl” < Quit

UP YW e L>2(Q), W < U?.
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We associate with the mapping}, the following discrete iterative scheme:
starting fromU} defined in 8.7) andU; = 0, we define:

(3.10) Urtt = ,0n
and

(3.11) Urtt = 1,00
respectively.

Similarly to Theoren?.6, the convergence of the above algorithm rests on
the discrete analogues of Lemraa. and Propositior2.5, respectively.

Lemma 3.3. Assumef? > f° > 0; 1 < i < M, where f° is a positive
constant, and let

k 0
0 < p < inf - ; - /
o] Afen] +
Then we have
(3.12) T,(0) = Uy

Proposition 3.4. LetC;, = {W € L*(Q2) such tha < W < U°}. Letalso
v €]0,1], W, W € Cy, such that:

(3.13) W —W <A~W.

On a Noncoercive System of

Quasi-Variational Inequalities

Related to Stochastic Control
Problems

M. Boulbrachene, M. Haiour and
B. Chentouf

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 23 of 33

J. Ineq. Pure and Appl. Math. 3(2) Art. 30, 2002
httrn//itinarm vit odir ann


http://jipam.vu.edu.au/
mailto:
mailto:boulbrac@squ.edu.om
mailto:
mailto:haiourmed@caramail.com
mailto:
mailto:chentouf@squ.edu.om
http://jipam.vu.edu.au/

Then the following holds
(3.14) LW — T,2W < y(1 — p)T,W.

Theorem 3.5. Under conditions of Propositiof.2 - 3.4, the sequenced’!")
and (U;}) are monotone and well defined @,. Moreover, they converge re-
spectively from above and below to the unique solutigrof system of QVI's

(3.5).
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In what follows, we prove the convergence of the approximation and estab-
lish a uniform error estimate. Our approach consists of characterizing both the
solution of systemsl(1) and (3.5 as the unique fixed points of appropriate
contractions iflL>°(£2). To that end we need first to introduce a coercive system
of quasi-variational inequalities and prove that its solution is monotone with
respect to the right hand side.

Let FF = (FY,...,FM) € L*>(Q)). We denote by Z = (2},...,2M) the
solution of the coercive system of QVI's:

bi(2' v —2') = (F', v—2") Vv € H}(Q)

(4.1) 2P < k4 2t

M+1 1

z = Z.

n

Denoting byz* = o(F?, k + 2**1), we introduce the sequencls = (24", .. .,
ZMmyandZ™ = (M, ..., 2M") defined by

Z@nJrl _ O'(FZ k—i- =i+1, n)

and ' ' '
Zz,n—l—l — O'(FZ k+zz+1,n)7

wherez"? is the unique solution ofb(z*?,v) = (F*, v) Yv € H() and
'LO
2 =0.
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Theorem 4.1.(cf. [6]) The sequencé&Z ) and(Z") converge respectively from
above and below to the unique solution of systér) (Moreoverzt € W27()
1<i<M;1<p< 0.

Proposition 4.2. Let (F',..., FM); <F1, e FM) be two families of right

hands side and = (z',...,2M); Z = (!,...,2M) be the respective solu-
tions of systen¥(1). Then the following holds. I > F, thenZ > Z.

_ —0 _ _ .
Proof. Let Z° = (z'0,... 2% andZ = (21’0, . ,Z’M’0> such that* and

7 are solutions to equatiort§zi*, v) = (F%,v) andb (?’0,1)) = (Fﬁv),
respectively. Then the respective associated decreasing sequences

7" =(z",...,ZM") and 7 = (El’”, . ,EM’”>
satisfy the following assertion.
If F'> Fithenz" > 2" Vi=1,... M.
Indeed, since

zi,n—i-l — 0 (Fz7 k 4 2i+1,n) ’

—=i,n+1 ~ =i+1n
z =0 (FZ, k+Zz ) ,
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Fi > Fiimpliesz® > 3 vi = 1,2,... M. So, k + 710 > j+ 7"

and thus, from standard comparison results in coercive variational inequalities,

it follows that ' .
Zl,l 2 217

Now assume that>»—! > """ Then, asF" > I, applying the same com-
parison argument as before, we get:

Fon > 3",
Finally, by Theoremt.1, passing to the the limitas — oo, we getZ > Z. O

Remark 4.1. Proposition4.2 remains true in the discrete case provided the
d.m.p is satisfied.

1.1

Consider the following mapping
4.2) S:L>(Q) — L>(Q)
W —SW=27= (zl,...,zM),
whereZ is solution to the coercive system of QVI's below
bi(zhv—2") 2 (ff + Al v — 2%) Yo € HY Q)

(4.3) ALk v<k+2 i=1,., M

M+1 1

z =z .
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By Theorem4.1, problem ¢.3) has one and only one solution.

Proposition 4.3. The mapping is a contraction inL>(£2). i.e.,

Jsw 8] < 555w -]

<375l

Therefore, there exists a unique fixed point which coincides with the soliition
of the system of QVI'sL(1).

Proof. Let W, W € LL>°(2). We considetZ = SW = (2! MyandZ =

SW = (z%,...,2M) solutions to system of QVI's4(3) with right hands side
F=(F,... ., FMyandF = (F',...,FM), whereF" = fi + \w' and " =
f* + \@'. Now setting
-yl w sl
At 3 o At o

it follows that . .
<Py HF _ i

o0

and
s (@) + )
ey — o ﬁ

so, by Propositiod.2, we obtain:

<FZ

o0

HF ja + (ao(z) + \®) (because (z) = 3 > 0)

2P < F 4 P
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Interchanging the roles 8" and¥’, we similarly get
F <A+
Thus

Hzi - 2i||L°°(Q) < @'

which completes the proof.

In a similar way to that of the continuous problem, we are also able to char-
acterize the solution of the system of QVI3.%) as the unique fixed point of a

contraction.

3.5
We consider the following mapping:
Sy L*®(Q) =V,
]V[)

(4.4)
W — Sa\W = Z), = (z,ll,...,zh

where 2! is solution to the discrete coercive system of QVI's:

bz, v—21) Z (f+ ' o —2z) Yo eV,

(4.5) 2 <k+2thv<k+2
2t = 4],
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Thanks to {], [8] system .5 has one and only one solution.
Next, making use of Propositigh2and Remarki.1we have the contraction
property ofS,,.

Proposition 4.4. The mappingS,, is a contraction inL>(). i.e.,

o —suv] < 525w -

Therefore, there exists a unique fixed point which coincides with the soluion On a Noncoercive System of

Quasi-Variational Inequalities

of the SyStem of QVB(S) Related to Stochastic Control
Problems

Now, guided by Proposition$.3and4.4, we are in a position to establish a

uniform error estimate for the noncoercive system of QVI's). To this end, M. Boulbrachene, M. Haiour and
we need first to introduce the following auxiliary discrete coercive system of
QVI's.
Title Page
Contents
We consider the following coercive system of QVI's: figd = (z},...,z) S L
solution to < >
b(zi,v—2z) 2 (f+\ivo—2) Yo e, Go Back
] Close
(4.6) Z<k+zthv<k+zthi=1,....M _
Quit
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Clearly, @.6) is a coercive system whose right hand side depend& os

(u',...,u™) the continuous solution of system.{). So, in view of ¢.4),
we readily have:
(4.7) Z = SulU.

Therefore, using the result of]f we have the following error estimate.
Theorem 4.5. (cf. [6])
(4.8) HZh — UH < Ch? |Logh|3 . On a Noncoercive System of

Quasi-Variational Inequalities
Related to Stochastic Control
Problems

M. Boulbrachene, M. Haiour and

11 B. Chentouf
Let U andU, be the solutions of system.(l) and 3.5), respectively. Then we
have: Title Page
Theorem 4.6. Contents
IU = Unll, < CB?|Logh”. «“« 3
Proof. In view of (4.8) and Propositiong.3and4.4, we clearly have < >
U =SU; U, =S,Up; Zh:ShU. Go Back
Then , using estimation!(8), we have e
Quit

IShU = SU|l, = |20 = U||

Page 31 of 33
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Therefore
U = Ulloo < 1Un = SpU|| o + [ISkU = SU||
<ﬂ®ﬁ&—5ﬂm + |SpU — SU||

|U — U, + Ch*|Logh|’.

- )\+ﬁ

Thus ;
2

” U — Uh || < Ch |Logh| On a Noncoercive System of

00— A ) Quasi-Variational Inequalities

Related to Stochastic Control

Problems
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