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1900 Timişoara, România.
EMail : radu@hilbert.math.uvt.ro

c©2000Victoria University
ISSN (electronic): 1443-5756
075-02

Please quote this number (075-02) in correspondence regarding this paper with the Editorial Office.

mailto:pales@riesz.math.klte.hu
http://jipam.vu.edu.au/
mailto:lcadariu@yahoo.com
mailto:radu@hilbert.math.uvt.ro
http://www.vu.edu.au/


Fixed Points and the Stability of
Jensen’s Functional Equation
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Abstract

We will present a fixed point method for the stability theorems of functional
equations of Jensen type as given by S.-M. Jung [11] and Wang Jian [10].
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1. Introduction
The study of stability problems for functional equations is strongly related to
the following question of S. M. Ulam concerning the stability of group homo-
morphisms:
LetG1 be a group and letG2 be a metric group with the metricd(·, ·). Given
ε > 0 does there exist aδ > 0 such that if a mappingh : G1 → G2 satisfies the
inequality

d(h(xy), h(x)h(y)) < δ

for all x, y ∈ G1, then a homomorphismH : G1 → G2 exists withd(h(x), H(x))
< ε for all x ∈ G1?

D. H. Hyers [7] gave the first affirmative answer to the question of Ulam, for
Banach spaces. Subsequently, his result was extended and generalized in several
ways (see e.g. [8, 18]). Th. M. Rassias in [17] and Z. Gajda in [4] considered
the stability problem with unbounded Cauchy differences. The above results
can be partially summarized in the following

Theorem 1.1. (Hyers-Rassias-Gajda) [4, 8, 17]. Suppose thatE is a real
normed space,F is a real Banach space,f : E → F is a given function,
and the following condition holds

(Cp) ‖f(x+ y)− f (x)− f (y)‖F ≤ θ(‖x‖pE + ‖y‖pE),∀x, y ∈ E,

for somep ∈ [0,∞)\{1}. Then there exists a unique additive functionc : E →
F such that

(Estp) ||f(x)− c(x)||F ≤
2θ

|2− 2p|
‖x‖pE ,∀x ∈ E.
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This phenomenon is calledgeneralized Hyers-Ulam stability.It is worth
noting that almost all subsequent proofs in this very active area used the Hyers’
method. Namely, the functionc : E → F is explicitly constructed, starting
from the given functionf , by the formulae

(jp<1) c(x) = lim
n→∞

1

2n
f(2nx), if p < 1;

(jp>1) c(x) = lim
n→∞

2nf
( x

2n

)
, if p > 1.

This method is called a direct method.
There are known also other approaches, for example using the invariant mean

technique introduced by Szekelyhidi (see e.g. [22, 23]), or based on the sand-
wich theorems (see [14]). The interested reader is referred to the expository
papers [3, 18, 24] and the book [8].

One of the present authors observed recently (see [16]) that the existence of
c and the estimation(Estp) can be obtained from thefixed point alternative.

We will show how this method can be applied to stability theorems of Jensen
type, that is starting from initial conditions of the form

(Jϕ)

∥∥∥∥2f

(
x+ y

2

)
− f (x)− f (y)

∥∥∥∥
F

≤ ϕ(x, y),∀x, y ∈ E.

As a particular case, we obtain a new proof for the following theorem:
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Theorem 1.2.(compare with [11, 12]). Let p ≥ 0 be given, withp 6= 1. Assume
that δ ≥ 0 andθ ≥ 0 are fixed. Suppose that the mappingf : E → F satisfies
the inequality

(Jp)

∥∥∥∥2f

(
x+ y

2

)
− f (x)− f (y)

∥∥∥∥
F

≤ δ + θ(‖x‖p + ‖y‖p),∀x, y ∈ E,

Further, assumef(0) = δ = 0 in the casep > 1.
Then there exists a unique additive mappingj : E → F such that

(Estp<1) ‖f(x)− j(x)‖ ≤ δ

21−p − 1
+ ‖f(0)‖+

θ

21−p − 1
‖x‖p ,∀x ∈ E,

or

(Estp>1) ‖f(x)− j(x)‖ ≤ 2p−1θ

2p−1 − 1
‖x‖p ,∀x ∈ E.

For the proof, see Section3.
We think that our method of proof is working in more situations, allowing to

obtain, in a simple manner, general stability theorems.
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2. The Alternative of Fixed Point
For the sake of convenience and for explicit later use, we will recall two funda-
mental results in fixed point theory.

Theorem 2.1. (Banach’s contraction principle). Let(X, d) be a complete met-
ric space, and consider a mappingJ : X → X, which is strictly contractive,
that is

(B1) d(Jx, Jy) ≤ Ld (x, y) ,∀x, y ∈ X,

for some ( Lipschitz constant )L < 1. Then

(i) The mappingJ has one, and only one, fixed pointx∗ = J (x∗) ;

(ii) The fixed pointx∗ is globally attractive, that is

(B2) lim
n→∞

Jnx = x∗,

for any starting pointx ∈ X;

(iii) One has the following estimation inequalities:

(B3) d (Jnx, x∗) ≤ Lnd (x, x∗) ,∀n ≥ 0,∀x ∈ X;

(B4) d (Jnx, x∗) ≤ 1

1− L
d(Jnx, Jn+1x),∀n ≥ 0,∀x ∈ X;

(B5) d (x, x∗) ≤ 1

1− L
d (x, Jx) ,∀x ∈ X.
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Theorem 2.2. (The alternative of fixed point) [13, 19]. Suppose we are given
a complete generalized metric space(X, d) and a strictly contractive mapping
J : X → X,with the Lipschitz constantL. Then, for each given elementx ∈ X,
either

(A1) d(Jnx, Jn+1x) = +∞ , ∀n ≥ 0,

or

(A2) There exists a natural numbern0 such that:

(A20) d(J
nx, Jn+1x) < +∞,∀n ≥ n0;

(A21) The sequence(Jnx) is convergent to a fixed pointy∗ of J ;

(A22) y
∗ is the unique fixed point ofJ in the setY = {y ∈ X, d (Jn0x, y) < +∞} ;

(A23) d (y, y∗) ≤ 1
1−Ld (y, Jy) ,∀y ∈ Y.

Remark 2.1.

(a) The fixed pointy∗, if it exists, is not necessarily unique in the whole space
X; it may depend onx.

(b) Actually, if (A2) holds, then(Y, d) is a complete metric space andJ (Y ) ⊂
Y. Therefore the properties(A21) − (A23) are easily seen to follow from
Theorem2.1.
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3. A Generalized Theorem of Stability for Jensen’s
Equation

Using the fixed point alternative we can prove our main result, a generalized
theorem of stability for Jensen’s functional equation (see also [5, 10, 11, 12]):

Theorem 3.1.LetE be a (real or complex) linear space,F and Banach space,

and qi =

{
2, i = 0
1
2
, i = 1

. Suppose that the mappingf : E → F satisfies the

conditionf (0) = 0 and an inequality of the form

(Jϕ)

∥∥∥∥2f

(
x+ y

2

)
− f (x)− f (y)

∥∥∥∥
F

≤ ϕ(x, y),∀x, y ∈ E,

whereϕ : E × E → [0,∞) is a given function.
If there existsL = L(i) < 1 such that the mapping

x→ ψ(x) = ϕ(x, 0)

has the property

(Hi) ψ(x) ≤ L · qi · ψ
(
x

qi

)
,∀x ∈ E,

and the mappingϕ has the property

(H∗
i ) lim

n→∞

ϕ (2qni x, 2q
n
i y)

2qni
= 0,∀x, y ∈ E,
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then there exists a unique additive mappingj : E → F such that

(Esti) ‖f(x)− j(x)‖F ≤
L1−i

1− L
ψ(x),∀x ∈ E.

Proof. Consider the set

X := {g : E → F, g (0) = 0}

and introduce thegeneralized metriconX :

d (g, h) = dψ (g, h) = inf {C ∈ R+, ‖g (x)− h (x)‖F ≤ Cψ(x),∀x ∈ E}

It is easy to see that(X, d) is complete.
Now we will consider the (linear) mapping

J : X → X, Jg (x) :=
1

qi
· g (qix) .

Note thatq0 = 2 if (H0) holds, andq1 = 2−1 if (H1) holds.
We have, for anyg, h ∈ X :

d(g, h) < C =⇒ ‖g (x)− h (x)‖F ≤ Cψ(x),∀x ∈ E

=⇒
∥∥∥∥ 1

qi
g (qix)−

1

qi
h (qix)

∥∥∥∥
F

≤ 1

qi
Cψ(qix),∀x ∈ E

=⇒
∥∥∥∥ 1

qi
g (qix)−

1

qi
h (qix)

∥∥∥∥
F

≤ LCψ(x),∀x ∈ E

=⇒ d (Jg, Jh) ≤ LC.
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Therefore we see that

d (Jg, Jh) ≤ Ld (g, h) ,∀g, h ∈ X,

that isJ is astrictly contractiveself-mapping ofX, with the Lipschitz constant
L.

If the hypothesis(H0) holds, and we setx = 2t andy = 0 in the condition
(Jϕ) , then we see that∥∥∥∥f (t)− 1

2
f(2t)

∥∥∥∥
F

≤ 1

2
ψ(2t) ≤ Lψ(t),∀t ∈ E,

that isd (f, Jf) ≤ L = L1 < ∞. Now, if the hypothesis(H1) holds, and we
sety = 0 in the condition (Jϕ), then we see that∥∥∥2f

(x
2

)
− f(x)

∥∥∥
F
≤ ψ(x),∀x ∈ E.

Therefored (f, Jf) ≤ 1 = L0 <∞.
In both cases we can apply the fixed point alternative, and we obtain the

existence of a mappingj : X → X such that:

• j is a fixed point ofJ , that is

(3.1) j (2x) = 2j (x) ,∀x ∈ E.

The mappingj is the unique fixed point ofJ in the set

Y = {g ∈ X, d (f, g) <∞} .
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This says thatj is the unique mapping withboth the properties (3.1) and
(3.2), where

(3.2) ∃C ∈ (0,∞) such that‖j (x)− f (x)‖F ≤ Cψ(x),∀x ∈ E.

• d(Jnf, j) −−−→
n→∞

0, which implies the equality

(3.3) lim
n→∞

f (qni x)

qni
= j(x),∀x ∈ X.

• d(f, j) ≤ 1

1− L
d (f, Jf) , which implies the inequality

d(f, j) ≤ L1−i

1− L
,

that is (Esti) is seen to be true.

The additivity ofj follows immediately from (Jϕ) and (3.3): If in (Jϕ) we
replacex by 2qni x andy by 2qni y, then we obtain∥∥∥∥f(qni (x+ y))

qni
− f(2qni x)

2qni
− f(2qni y)

2qni

∥∥∥∥
F

≤ ϕ (2qni x, 2q
n
i y)

2qni
,∀x, y ∈ E.

Taking into account the hypothesis (H∗
i ) and lettingn→∞, we get

j(x+ y) = j (x) + j (y) , ∀x, y ∈ E,

which ends the proof.
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The proof of Theorem1.2. If we suppose thatf(0) = 0, then the proof follows
from our Theorem3.1by taking

ϕ (x, y) := δ + θ(‖x‖p + ‖y‖p), ∀x, y ∈ E,

which appears in the hypothesis (Jp). We see that

ϕ (2qni x, 2q
n
i y)

2qni
=

δ

2qni
+ (2qni )

p−1θ(‖x‖p + ‖y‖p) −−−→
n→∞

0,

that is (H∗
i ) is true, and our method works by the following reasons:

• 1

2
ψ(2x) =

1

2
δ + 2p−1θ ‖x‖p ≤ 2p−1ψ(x), for p < 1;

• 2ψ
(x

2

)
=

1

2p−1
θ ‖x‖p ≤ 1

2p−1
ψ(x), for p > 1,

which actually say that either(H0) holds withL = 2p−1 or (H1) holds with
L = 1

2p−1 .
The general case (forp < 1 ) follows immediately by considering the map-

ping f̃ = f − f (0) :

‖f(x)− j(x)‖ ≤
∥∥∥f̃(x)− j(x)

∥∥∥+‖f(0)‖ ≤ δ

21−p − 1
+‖f(0)‖+ θ

21−p − 1
‖x‖p .
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