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Abstract

We will present a fixed point method for the stability theorems of functional
equations of Jensen type as given by S.-M. Jung [11] and Wang Jian [10].
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The study of stability problems for functional equations is strongly related to
the following question of S. M. Ulam concerning the stability of group homo-
morphisms:

Let G; be a group and leti, be a metric group with the metrid(-, -). Given

¢ > 0 does there exist & > 0 such that if a mapping : G; — G, satisfies the
inequality

d(h(xy)’ h(x)h(y)) <9 Fixed Points and the Stabilit
y of
forall z,y € Gy, thenahomomorphisi : G; — G exists withi(h(z), H(z)) SIS (AR I SR
<ceforallz € G,? Liviu Cadariu and Viorel Radu
D. H. Hyers [/] gave the first affirmative answer to the question of Ulam, for
Banach spaces. Subsequently, his result was extended and generalized in several

L . : Title P
ways (see e.g.g] 1¢]). Th. M. Rassias in17] and Z. Gajda in{] considered He rage
the stability problem with unbounded Cauchy differences. The above results Contents
can be partially summarized in the following <« b
Theorem 1.1. (Hyers-Rassias-Gajda)/[ &, 17]. Suppose thatF is a real < >
normed spacef’ is a real Banach spacef : £ — [ is a given function,
and the following condition holds Go Back

Cl
(Cp) If(z+y) = f @) = fFWllp < 0lzlp + lyllg), Yo,y € E, o%¢
uit
for somep € [0,00)\{1}. Then there exists a unique additive functiont’ — ©
F such that Page 3 of 15
20
(Estp) [f(z) = c(@)||r < P 2|y, Vo € E. S T TR
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This phenomenon is callegeneralized Hyers-Ulam stabilitylt is worth
noting that almost all subsequent proofs in this very active area used the Hyers’
method. Namely, the function : £ — F'is explicitly constructed, starting
from the given functiory, by the formulae

. 1 :
(p<1) c(z) = lim ——f(2"z), ifp<l;
n—oo 2™
Fixed Points and the Stability of
(jp>1) ( ) lim 2nf ( ) , if p > 1. Jensen’s Functional Equation
n—oo

Liviu Cadariu and Viorel Radu
This method is called a direct method.

There are known also other approaches, for example using the invariant mean

technique introduced by Szekelyhidi (see exy, [2]), or based on the sand- Title Page

wich theorems (seel]]). The interested reader is referred to the expository Contents

papers £, 18, 24] and the book{]. pp b
One of the present authors observed recently (58 that the existence of p S

c and the estimatio(Est,) can be obtained from tHexed point alternative.
We will show how this method can be applied to stability theorems of Jensen Go Back

type, that is starting from initial conditions of the form —

< ¢(z,y),Vz,y € E. Quit
" Page 4 of 15

(3,) H2f () - 1@ -1

As a particular case, we obtain a new proof for the following theorem:
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Theorem 1.2.(compare with [ 1, 17]). Letp > 0 be given, wittp # 1. Assume
thato > 0 andéd > 0 are fixed. Suppose that the mappifig £ — F satisfies
the inequality

r+y

(7,) H2f( ) F@) - Fwl| <o+ 03l + yIP),Vey € B,

F

Further, assum¢g(0) = = 0 in the casey > 1.
Then there exists a unique additive mappjngtl — F' such that

o
(Bstp<r) /(@) = i@ < 55— + IF O + G Il . Vo € E,
or
-l
(Estp-1) 1f (@) =i @) < == l=]I”, Vo € E.

For the proof, see Sectich
We think that our method of proof is working in more situations, allowing to
obtain, in a simple manner, general stability theorems.
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For the sake of convenience and for explicit later use, we will recall two funda-
mental results in fixed point theory.

Theorem 2.1. (Banach'’s contraction principle). L&étX, d) be a complete met-
ric space, and consider a mapping: X — X, which is strictly contractive,
that is

(B1) d(Jz,Jy) < Ld (x,y) ,Vzr,y € X,
for some ( Lipschitz constant’) < 1. Then
(i) The mapping/ has one, and only one, fixed poirit= J (z*) ;
(i) The fixed point* is globally attractive, that is
(B2) nh_)rgo J'r =a",
for any starting pointr € X;
(i) One has the following estimation inequalities:

(Bs) d(J"x,z*) < L"d(z,2"),¥n > 0,V € X
1
(By) d(J"z,2*) < ——d(J"z, J" 1), ¥n > 0,Vz € X;

1
(Bs) d(z,z") < ﬁd(x, Jx) Vo e X.
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Theorem 2.2. (The alternative of fixed point)l[3, 19]. Suppose we are given
a complete generalized metric spgce, d) and a strictly contractive mapping
J : X — X, with the Lipschitz constarit. Then, for each given element X,
either

(Ay) d(J"z, J" " x) = 400, Vn >0,
or
(Ap) There exists a natural numbey such that:

(Agg) d(J"x, J"z) < +00,Vn > ng;

(A21) The sequence/"z) is convergent to a fixed poigt of J;

(Asz) y*isthe unique fixed point ofinthe sety” = {y € X, d (J™x,y) < +o0};
(Azs) d(y,y") < 117d(y, Jy) .Yy €Y.

Remark 2.1.

(a) The fixed poiny*, if it exists, is not necessarily unique in the whole space
X; it may depend on.

(b) Actually, if (A2) holds, then(Y, d) is a complete metric space addY’) C
Y. Therefore the propertiegA,;) — (Az3) are easily seen to follow from
Theorem?2.1
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Using the fixed point alternative we can prove our main result, a generalized

theorem of stability for Jensen’s functional equation (see also] 11, 17]):

Theorem 3.1.Let E be a (real or complex) linear spacé, and Banach space,

andg; = % . (1)

conditionf (0 ) = O and an inequality of the form

Suppose that the mapping: £ — F satisfies the

< ¢(z,y),Vz,y € E,
F

(3,) H2f(“y) F@)- )

wherep : £ x E — [0, 00) is a given function.
If there existsL = L(i) < 1 such that the mapping

z — P(x) = ¢(z,0)

has the property

and the mapping has the property

(HY) i P24, 247y)
1 n—oo 2qn

(2

=0,Vz,y € F,
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then there exists a unique additive mappjngE’ — F' such that

1—2

(st I£(@) i@l < 2

W(x),Vr € E.
Proof. Consider the set
X:={g:E—F g(0)=0}
and introduce thgeneralized metrion X :
d(g,h) = dy (g, h) = inf{C € Ry, g (z) = h(z)|p < CY(x), Vo € E}

It is easy to see thdtX, d) is complete
Now we will consider the (linear) mapping

1
J: X = X, Jg(x):=—-g(gz).

(2

Note thatg, = 2 if (Hy) holds, andy; = 271 if (H;) holds.
We have, forany, h € X :

dlg.h) < C = |lg () — b (@)]| < C¥(a), Y € E

qlg (qiz) — lﬁ (¢iw)

) [

—

1
< —CY(gx),Vr € E
F qi

— < LCy(z),Vz € E

F

59 (qiz) — l,h (giz)

3 K3

— d(Jg,Jh) < LC.
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Therefore we see that
d(Jg,Jh) < Ld(g,h),¥g,h € X,

that is.J is astrictly contractiveself-mapping ofX, with the Lipschitz constant
L.

If the hypothesisH,) holds, and we set = 2t andy = 0 in the condition
(J,) , then we see that

Fixed Points and the Stability of
W(2t) < Ly(t),Vt € E, Jensen’s Functional Equation

Liviu Cadariu and Viorel Radu

lro-gren| <3

thatisd (f, Jf) < L = L' < oo. Now, if the hypothesigH,) holds, and we
sety = 0 in the condition {,,), then we see that

Title Page
|27 (5) - 1@)|| < v@)vee Contents
F
<4< 44
Therefored (f, Jf) < 1= L° < .
. . . . < 4
In both cases we can apply the fixed point alternative, and we obtain the
existence of a mapping: X — X such that: Go Back
e jis a fixed point ofJ, that is Close
Quit

3.1 | (22) = 25 Vr € E.
(3.1) ](x) j(x) ‘ Page 10 of 15

The mapping is the unique fixed point of in the set

J. Ineq. Pure and Appl. Math. 4(1) Art. 4, 2003
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This says thay is the unique mapping withoththe properties3.1) and
(3.2), where

(3.2) 3C € (0,00) suchthat)j (z) — f (z)|| < C(x), ¥z € E.

d(J"f,7) — 0, which implies the equality

(3.3) lim £ (%7 _ j(x),Va € X.
nee q; Fixed Points and the Stability of
Jensen’s Functional Equation
d(f,7) < 1—d(f, J f), which implies the inequality Liviu Cadariu and Viorel Radu
T Title Page
d(f.5) < T =
Contents
that is (Est;) is seen to be true.
Esti) «“ g3
The additivity ofj follows immediately from {.) and @.3): If in (J,) we < >
replacer by 2¢!'x andy by 2¢!y, then we obtain
Go Back
29" 20" 20" . 2™
Hf a; fc+y)) A qznx) A qzny) < ¢ ( 4,2 y),myG ] ——
2q; 2q; F 2q; ;
Quit

Taking into account the hypothesid{) and lettin we get
g yp 0 gn = oo, 9 Page 11 of 15

jx+y)=jx)+j(y), Vr,yek,
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The proof of Theorerh.2. If we suppose thaf(0) = 0, then the proof follows
from our Theoren8.1 by taking

o (z,y) =0+ 0(«]” +lylI"), Voyek,

which appears in the hypothesik,j. We see that

¢ (2¢7w,2q7y) 0 1
r\Th T J) T 2q¢™\P~ 1 p p 0
200 7 +Q2g)P 0=l + Nlyll”") ——= 0,

)

that is ;) is true, and our method works by the following reasons:
1 1 -1 P -1
o ¥(22) =0+ 202" <27 (x) forp < 1

x 1 1
o 20(3) = gflel < Hvl)forp > 1,

which actually say that eithdi{,) holds with L = 2°~! or (H;) holds with
L = 1

2p-1°
The general case (for < 1) follows immediately by considering the map-

ping f=f—f(0):
17) — i)l < [[F) = 3@ [FIFON < grmomr H IO+ grmas P

]
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