DIRICHLET GREEN FUNCTIONS FOR PARABOLIC
OPERATORS WITH SINGULAR LOWER-ORDER
T E R M S Dirichlet Green Functions

for Parabolic Operators
Lotfi Riahi
vol. 8, iss. 2, art. 36, 2007

LOTFI RIAHI
Department of Mathematics
National Institute of Applied Sciences and Technology, Title Page
Charguia 1, 1080, Tunis, Tunisia
EMail: Lotfi.Riahi@fst.rnu.tn Contents
Received: 15 March, 2006
44 44
Accepted: 10 April, 2007
Communicated by: S.S. Dragomir < 4
2000 AMS Sub. Class.: 34B27, 35K10. Page 1 of 49
Key words: Green function, Parabolic operator, Initial-Dirichlet problem, Boundary behavior, Go Back
Singular potential, Singular drift term, Radon measure, Schrddinger heat kernel,
Parabolic Kato class. Ul S
Abstract: We prove the existence and uniqueness of a continuous Green function for the |
parabolic operatol, = 9/dt — div(A(z,t)V.) + v - V. + p with the initial Close
Dirichlet boundary condition on &**-cylindrical domain ¢ R™ x R, n > 1,
satisfying lower and upper estimates, where= (v1,...,v,), v; andy are in journal of inequalities
general classes of signed Radon measures covering the well known parabolic Kato in pure and applied
classes. mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:Lotfi.Riahi@fst.rnu.tn
http://jipam.vu.edu.au
mailto:Lotfi.Riahi@fst.rnu.tn
mailto:sever.dragomir@vu.edu.au

Acknowledgements:

| want to sincerely thank the referee for his/her interesting comments and
remarks on a earlier version of this paper. | also want to sincerely thank
Professor EI-Maati Ouhabaz for some interesting remarks on the last sec-
tion, and Professor Minoru Murata for interesting discussions and com-
ments about the subject when | visited Tokyo Institute of Technology, and

| gratefully acknowledge the financial support and hospitality of this insti-
tute.

Dirichlet Green Functions
for Parabolic Operators

Lotfi Riahi
vol. 8, iss. 2, art. 36, 2007

Title Page
Contents
44 44
< >
Page 2 of 49
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:Lotfi.Riahi@fst.rnu.tn
http://jipam.vu.edu.au

Contents

1 Introduction 4
2 Notations and Known Results 6
3 Basic Inequalities 8
4 The ClassesC¢(£2) and Pc(2) 15
5 The L-Green Function for the Initial Dirichlet Problem 27
6 Global Estimates for Dirichlet Schrédinger Heat Kernels 40 Title Page

Contents

Page 3 of 49
Go Back

Full Screen

Close



http://jipam.vu.edu.au
mailto:Lotfi.Riahi@fst.rnu.tn
http://jipam.vu.edu.au

1. Introduction

In this paper we are interested in the parabolic operator
L=Ly+v-V,+upu,

whereLy = 9/t — div(A(z,t)V,) onQ = Dx]0,T], D is a bounded*:*-domain
inR" n > 1and0 < T < oo. The matrixA is assumed to be real, symmet-
ric, uniformly elliptic with Lipschitz continuous coefficients, = (vq,...,v,), v
and . are signed Radon measures ©n Recall that Zhang studied the perturba-
tions Ly + B(x,t) - V, [37, 40 and L, + V (z,t) [38, 39 of L, with B andV/
in some parabolic Kato classes. Using the well known results by Arori§dor{
parabolic operators with coefficients ii-?-spaces and an approximation argument,
he proved, in both cases, the existence and uniqueness of a Green fundton
the initial-Dirichlet problem orf2. The existence of the Green function allowed
him to solve some initial boundary value problems. 28][and [31], we have es-
tablished two-sided pointwise estimates for the Green functions describing, com-
pletely, their behavior near the boundary. These estimates are used to prove some
potential-theoretic results, namely, the equivalence of harmonic mea8diethp
coincidence of the Martin boundary and the parabolic boundafly nd they sim-
plify proofs of certain known results such as the Harnack inequality, the boundary
Harnack principlesg8§], etc. In the elliptic setting, similar estimates are well known
(see B, 8, 11, 12, 43)) and have played a major role in potential analysis; for in-
stance they were used to prove the well kn@g Theorems and the comparability
of perturbed Green functions (se€l[ 13, 26, 29, 30, 32, 43)).

Our aim in this paper is to introduce general conditions on the measuaad
1 which guarantee the existence and uniqueness of a contidu@reen function
G for the initial-Dirichlet problem onf) satisfying two-sided estimates like the ones
in the unperturbed case. In fact, we establish the existencevaien» andy are
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in general classes covering the parabolic Kato classes used by ZBgng[§Q].

Some partial counterpart results in the elliptic setting have recently been proved in
[13, 30] and are based on ne¥¢:-Theorems which cover the classical ones due to
Chung and Zhao3], Cranston and Zhaa!] and Zhao £3]. In the parabolic setting

it is not clear whether versions of these theorems hold. Here we establish basic
inequalities (Lemmas.1— 3.3 below) which imply the elliptic newdG-Theorems

for all dimensions: > 1, and which are a key in proving the existence result. The
paper is organized as follows.

In Section2, we give some notations and state some known results. In Sec-
tion 3, we prove some useful inequalities that will be used in the next sections.
Parabolic versions of the ellipti®G-Theorems 13, 26, 29, 30, 32] are proved. In
Section4, we introduce general classes of drift term&nd potentialg: denoted
by Kl¢(©2) and P¢(Q2), respectively, and we study some of their properties. In
Section5, we prove the existence and uniqueness of a continbe@seen function
G for the initial-Dirichlet problem orf2 satisfying lower and upper estimates as in
the unperturbed case, whenand ;. are in the classek!°¢(Q) and Pl¢(2), with
small normsM¢(v) and N¢(u~), respectively (see Theoremt and Corollarys.7).

In particular, these results extend the ones proved4n8, 31, 37, 38] to a more
general class of parabolic operators. In Sectiowe consider the time-independent
caseA = A(x), v = 0, u = V(z)dxr and we establish global-time estimates for
Schrodinger heat kernels.

Throughout the paper the lettefs C’... denote positive constants which may
vary in value from line to line.
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2. Notations and Known Results

We consider the parabolic operator

0
L= prie div(A(z,t)Vy) +v -V + 1
onQ = Dx]0,T[, whereD is aC"!-bounded domain iiR", n > 1 and0 < T <

oco. By a domain we mean an open connected set. rFef 1, D =]a, b[ with

a,b € R,a < b. We assume that the matrikis real, symmetric, uniformly elliptic,

i.e. there is\ > 1 such that\™!||£||* < (A(z, )&, &) < M||€]J?, for all (z,t) € Q
and all¢ € R™ with \-Lipschitz continuous coefficients db, v = (vq,...,v,), v
and . are signed Radon measures. Wher- 0 andp = 0, we denotel by L.
We denote by, the Ly-Green function for the initial-Dirichlet problem dn. In
the time-independent case, we denotgpyresp.g_a) the Green function of, =
—div(A(z)V,) (resp. —A) with the Dirichlet boundary condition oP. By [12],
there exists a consta@t= C(n, \, D) > 0 such thatC~'g_x < gy < Cg_a. Using
this comparison and the estimatesgon proved in B, 11, 43] for n > 3, in [3] for
n = 2 and the formula

(b—zVy)zAy—a)
b—a

g-alz,y) = for n=1,

we have the following.

Theorem 2.1. There exists a constant = C'(n, A, D) > 0 such that, for allz, y €
D,
CM(x,y) < go(z,y) < CU(x,y),
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where

( d(z)d(y)|lz—y[>" ; .

A@ ()T ifn >3

U(z,y) =< Log (1 + dfj}j(‘z)) if n=2;
d(z)d(y) ifn=1

\ [z—yl+y/d(z)d(y)

with d(z) = d(x,0D), the distance from: to the boundary oD.
Fora > 0, x, y € D ands < t, let

1 [ —yP?
————exp | —a
(t — s)n/? P t—s )’

Ya(®,t;y, 5) = min (1, d(z) )min <1, i) )Fa(%t;y,é’),

Lo(z,t;y,s) =

Vi—s Vies
and d Ly(x,t;
¢a($’t;y’ S) — wz(y’t’x’ S) = min <17 \/%) a(iC; _,Z/S, 3).

The following estimates on th&,-Green functionG, were recently proved in
[31].

Theorem 2.2. There exist constants,, c;, co > 0 depending only om, \, D and
T suchthatforallr, ye Dand0 <s<t<T,

(i) koo, (. t1y,8) < Go(z, b1y, 5) < koye, (@, 59, 5),
(i) |V.Gol(z,t;y,s) < kotbe, (z,t;y,s) and
(iii) [VyGol(z,t;y,s) < kot (2, t;y, s).
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3. Basic Inequalities

In this section we prove some basic inequalities which are a key in obtaining the
existence results.

Lemma 3.1 @v-Inequality). Let0 < a < b. Then for any) < ¢ < min(a,b — a),
there exists a constadt, = Cy(a, b, c¢) > 0 such that, for allz, y, z € D, s <7 <

Dirichlet Green Functions

t’ for Parabolic Operators
Yol 5 2, T)W(2, 73 Y, 5) [d(Z) d(z) Lot e
< _'Yc(xatQ Z, T) + —’Yc(Z, TY, 8) . vol. 8, iss. 2, art. 36, 2007
Va2, 5y, 5) d(x) d(y)
Proof. We may assume = 0. Letx, y, z € D, 0 < 7 < t. We have Title Page
(31) 7a($7t7 Z’T)/yb(’z?’r;y?o) = w]‘—‘a('aj?t) z’T)Fb(Z’T;y’ 0)7 Contents
where P Y
. d(z) ) . ( d(z) ) . ( d(z)) . ( d(y)) < >
w=mn|{l, —=|min|{1l, —= |min |1, — |min | 1, —= | .
( t=7 t=7 \/F \/F Page 8 of 49
Let p €]0, 1] which will be fixed later. pr—
Case 1.7 €]0, pt]. We have Full Sereen
! 1 Close

< :
(t—=7)"2 = ((L=p)t)"/?
. . . . journal of inequalities
Combining with the inequality in pure and applied
r—z2  |z—=qyl? x—qyl? mathematics
| | |2~y > | vl , forall 7 €]0,t], issn: 1443-575k

t—1T1 T
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we obtain

(3.2)  TLa(a.t;2,7)0y(2,739,0) <

Moreover, using the inequalities

1
(1— p)n/Q Lya(z, 75y, 0)Ta(z, 8y, 0).
af . af
< <2
e min(a, §) < ot

for o, 5 > 0, and|d(z) — d(y)| < |z — y|, we have

min <1, \;‘%

(3.3)

)

< 2—<mi

d(z)
d(y)

2 d(2)

n (1,
in

— ——— 11
~ 1—pd(y)
Combining @.1) — (3.3), we obtain, for allr €]0, pt],

fya(xv ta Z, 7_)’71)(27 T Y, O) S

Using the inequality1 + ) exp(—af#?) < 1+ a2, for all o, § > 0, it follows that

2

d(z

(1—p) 7 dly
|2~ y') exp (—(b —a-— C)M

x(l—i—

\/F

d(z)

(3.4) Ya(,t; 2, )W (2, 73 y,0) < Co——

WherecO = Co(a, ba ¢, p)

> 0.

d(y)

) (52
()5

i%(z, 739, 0)v.(z, t; 5, 0)

T

Ye(2, 719, 0)va (2, 13y, 0),

)
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Case 27 € [pt, t[. If |z — y| > ($)"/?|z — y|, then

— |2 _ 2
(3.5) exp (—bu> < exp (—a@) :
T

If |z — y| < (%)"/2|z — y|, then

an b
o= a1z lo—al~ a0l (1 (5) ) 1ol

which yields

Now takingp so that

we obtain

_ 5|2 L2 12
(3.6) exp (—a|$t ?| > < exp <— <a+ C) z — 2| ) exp (—au> )
—T 2 t—1T1 t
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From (3.5 and (3.6), we have

1
Fa+c (x,t; 2z, 7)a(x, t;y,0).

(3.7) Loz, t; 2, 7)0y(2,7;y,0) < —7
P

Note that 8.7) is similar to the inequality3.2). Then by the same method used to

prove (3.4), we obtain

d(z)

(3.8) Yo, t; 2, T) (2, 759, 0) < Com%(%t; 2, 7)%a(z, £y, 0).

Combining @.4), (3.9) and using the fact that

we get the inequality of Lemma 1 with Cy = Cy(a,b,c) > 0. O

Lemma 3.2. Let0 < a < b. Then for any0 < ¢ < min(a,b — a), there exists a
constant”;, = C(a,b,c) > 0 such that, forallk, y, z € D, s < 7 <,
’Ya(xv ta Z, 7')1/1[;(2’, T3 Y, S)
Ya(, 85y, 5)
Proof. We may assume that= 0. Lettingz, y, z € D, 0 < 7 < t, we have

S Cl WJC(I?t; 277_) + ¢:(Z7T§y7 S)] .

(3.9) Va2, 62, T)Ps(2, 759, 0) = wla (2, & 2, 7)0(2, 759, 0),
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Let p €]0, 1] that will be fixed later.
Case 1.7 €]0, pt]. Asin (3.2), we have

(3.10)

Moreover, by using the same inequalities asa'rB)(, we obtain
— ) min 1’ 77
t : \/%

cmin (192 (14

4 :
(311) w S m min (1,

Fa(x7 tv Z, T>Fb<za T

;y,0) <

1
(1 —p)n/2
1
(1 —p)n/2

Vi

Combining @.9) — (3.11) and using the inequality

(1+0)*exp(—afd?) <2 (

for all o, 8 > 0, it follows that
’ya(x7 ta 2, T)¢b(za 7Y, 0) S OlqbZ(Z? 7Y, 0)’)/(1(1:, t7 Y, 0)7

with
C —8(1+;> (1—p) "2
L vVb—a—c P '
Case 2.7 € [pt, t[. If |z — y| > (%)'/2|z — y], then
—_ 2 2
(3.12) exp (—bu> < exp (—a|x vl
T

14+ —

=)

Y

3

)

|z —

\/F

FC(Z, T; yu O)F(l(I, t? y? 0)

)

bea(za T Y, 0)Fa<$, t? Y, 0)

|

B
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If |z — y| < (4)Y/2]2z — y|, then|z — 2| > (1 — (£)/?)|z — y|, which yields

o (=) o (B (0o (- 6)))

Now takingp so that

we obtain

— |2 .12 2
(3.13) exp (—au) < exp (—c‘x i ) exp (—au) )
t—T7 t—1T7 t

Combining ¢.12 and (.13, we have

1
(3.14) LCo(x,t;2,7)00(2,759,0) < —5Te(,t; 2, 7)la(2, 1 9,0).

pr?
Moreover,
min <1 d(z) ) i < Lmin (1 @) !
R R Y N =
and so

019 vs o1 20) (1)1 ) 7

Combining @.9), (3.14) and @.15, we obtain

1
7a($7 t; Z, T)¢b(z7 T3 Y, 0) S ch(l” t; Z, T)7a<x7 t; Y, 0)7

which ends the proof.

Vi—T1
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Replacingy, by v, in Lemma3.2 and following the same manner of proof, we
also obtain

Lemma 3.3. Let0 < a < b. Then for any0 < ¢ < min(a,b — a), there exists a
constantC, = Cy(a,b,c) > 0 such thatforall, y, z € D, s <7 < t,

ozt 2, T)p(2, T3y, S)
Va7, 1y, 9)

By simple computations we also have the following inequalities.

S CZ [%(%@ 277-) + w:(Z,T;y, S)]

Lemma 3.4.For 0 < a < b < ¢, there exists a constadt; = C5(a,b,c) > 0 such
that, forallz,y € D ands < t,

d2
5t (1) 1ot )
S

(¥)
()

U
<

<

U

fyb(mvt;ya 5) < 03 min (17 ;
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4. The ClassesC¢(Q) and Po¢(Q)

In this section we introduce general classes of drift teems: (v4,...,v,) and
potentialsu which guarantee the existence and uniqueness of a contif@usen
functionG for the initial-Dirichlet problem o satisfying two-sided estimates like
the ones in the unperturbed case (Theorem

Definition 4.1 (see B7, 40]). Let B be a locally integrabléR™-valued function on
2. We say thaB is in the parabolic Kato class if it satisfies, for some- 0,

) (ZL‘ t;z,7)
lim ¢ sup / / |B(z,7)|dzdT
r—0 {(m eQJt—r JDN{lz—z|<yFy  VI—T

Le(z, 73y, 8)
+ sup / / |B(z,7)|dzdr 3 = 0.
(y,5)€Q Dn{|z—y|<+/T} vT — S8

Remarkl.

1. Clearly, by the compactness @f if B is in the parabolic Kato class then

t;
sup // (T 62,7) |B(z, 7)|dzdr
(z,t)eQ

+ sup / / (2739, 8 |B(z,7)|dzdr<oo.

(y,8)€Q T_S

2. Inthe time-independent case, the parabolic Kato class is identified to the elliptic
Kato classk, ., (see {], for n > 3), i.e. the class of locally integrablg”-
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valued functions3 = B(z) on D satisfying

lim sup/ oz, 2)|B(2)|dz = 0,
Dn{|z—z|<+/T}

7—04eD

1
|z—z|7—1
p(x,2) =

1\/Logﬁ

where
if n>2

if n=1.
Note that if B € K,,,1, then

sup/ oz, 2)|B(z)|dz < c0.

zeD J D

Definition 4.2. Letc > 0 andv = (v4, ..., 1,) with 1; a signed Radon measure on
Q. We say that is in the classClo¢() if it satisfies

(4.1) M¢(v) := sup //wcx t; z, ) |v|(dzdT)

(z,t)eQ

+ sup / / W (275, 8)|w|(dzdr) < oo,
D

(y,8)€Q J s

and, for any compact subsgt C (2,

(4.2) lim< sup / / Yoz, t; 2, 7)|v|(dzdT)
=0\ (zteE Ji—r Dn{|z—z|<\/T}

+ sup / / Vo(2, 73y, 8)|v|(dzdT) p =
(y,5)€E D{|z—y|</r}
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Remark2.

1. From Definitions?.1, 4.2and Remark..1, the clas#C'°(Q2) contains the parabolic

Kato class.
2. In the time-independent cask¢(Q) is identified to the clask'¢(D) of
signed Radon measures= (v, ..., v,) on D satisfying
Dirichlet Green Functions
for Parabolic Operators
(4.3) sug / ¢ L,z V| dz 0, Lotfi Riahi
S

vol. 8, iss. 2, art. 36, 2007
and, for any compact subsetc D,

(4.4) lim sup / o, 2)|v|(d2) = 0, Title Page
eB S Dffe=zl<Vr} Contents
where « o
min (1, \i(—zi\> |x—zl|”_1 if n>2,
U(z,2) = < 4
d(z) i _
Log (1 + \x—z\) ifn=1. Page 17 of 49
Forn > 3, the classC'°°(D) was recently introduced irlp] to study the ex- Go Back
istence and uniqueness of a continuous Green function for the elliptic operator
A + B(z) - V,, with the Dirichlet boundary condition ob. Full Screen
Proposition 4.3. For all « €]1, 2], the drift term Close
1 loc journal of inequalities
|Ba(2)| = d(z) (L (d(p )) o € K(D)\ Ko, in pure and applied
AGANE mathematics

whered(D) is the diameter o). pesn MHaTETE
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Proof. Case 1 n = 1. We will prove thatB, is in the classK*°(D).
|B,| € L.(D) and so it satisfies!.4). We will show thatB,, satisfies(4.3). We

loc

have
dz

/JJ¢(x,z>yBa(z)\dz = /DLog (H |xd(_z>z|) d(2) (Log (d“”))a

d(z)

:/ ...dz~|—/ ...dz
D(ja—2|<d(2)/2) D(jz—2]>d(2)/2)

(4.5) =1 + I,

In the caséx — z| < d(z)/2, we haveid(z) < d(z) < 2d(x), and so

1 3 / ( 2d(x) )
I < - Log ( 1+ dz
' = (Log 2)* 2d(x) l—z|<d(z) |z — 2|

C / ( 2d(w))
< — Log ( 1+ dr
d() J i< |7

! 2
(4.6) = 20/ Log (1 + ;) dt = C'".
0
Moreover, by using the inequalifyog(1 + t) < ¢, for allt > 0, we have
dz
.[2 S/ a
D |x — z| (Log (Ii(?z)l»
(D) dr
4.7) < O/ - =C"
D)
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Combining(4.5) — (4.7), we obtain thai3, satisfieq.3).
Now we prove thai3, does not belong to the class, ;. Without loss of gener-
ality, we may assume th@ =|0, 1[. We have

1 (Log(
sup / (2, )| Ba(2)|dz = sup / (Log )
wcDJD z€[0,1] Jo |z — 2|

1/2 1 1 l1-a
2/ —<L0g (—)) dz = oo.
0 z z

Case 2:n > 2. We will prove thatB, is in the classC°¢(D). Clearly |B,| €
L (D) and so it satisfies!.4). We will show thatB,, satisfieq4.3). We have

loc

/Dw(x, 2)|Ba(2)|dz = /Dmin (1’ |xd(—Z)Z|) ks _1Z|n_1 d(z) <L0:Z<@>>a

d(z)

:/ ...dz—i—/ ... dz
DN(|z—z|<d(2)/2) DN(|z—z]|>d(2)/2)

(4.8) =1+ ).

In the caséx — z| < d(z)/2, we haveid(z) < d(z) < 2d(x), and so

7 < 1 3 / dz
< s
(Log 2)*2d(7) Jjz—zj<d() 1T — 2"

C d(z)
(4.9) <0 /0 i =C.
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Moreover,

I < / dz
D |x — z|® (Log (|Ci(?z)|)> o
4 10) < C/d(D) dr _ C/
i RN CICTI

Combining(4.8) — (4.10), we obtain thai3,, satisfieq1.3).

Now we prove thai3, does not belong to the class, ;. Without loss of gener-
ality, we may assume théte dD. D is aC"'-domain and so there exists > 0
such that

DN B(0,ry) = B(0,ro) N{x = (2/,2,) : 2’ € R" 7z, > f(2)},

and
0D N B(0,79) = B(0,79) N{z = (2/, f(z')) : 2’ € R" '},

wheref is aC*!-function. For some, > 0 small (see 30, p. 220]) the set
Vo ={z=(Z,2,) : |Z'| <po, and 0 < z, — f(2') < ro/4}

satisfies
DN B(0,py) C Vo € DN B(0,70/2)

and for allz € Vg, d(z) < z, — f(2') < Cd(z) and|f(2')] < C’|7/|, whereC and
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(" depend only on thé’!:!-constant. From these observations, we have

sup/D o(x, 2)|Ba(2)|dz

zeD

> /V (0, 2)| Ba(2)|d

—n (LOg (z —1 2! >>_a
c / / (2P +1zl) = I dzyd
C |2'|<po JO<zn—f(2")<ro/4

Zn f(zl)

ro/4 _. (Log(%))~@
(12> + r?) 17—( a(;) drdz’
r

C / "|<po /<zn f(z")<ro/4 “n — f(zl)
i/ [
& |2"[<po
ro/4 1 1 —a  ppg n—2

L ()

C 0 T T 0 (t2 + T2>T

1 ro/4 1 1 - pepo/T n—2
L) [ e

" Jo r o (s2+1)7

1 [/t 1\\'™
> N — — —
= " (Log (7‘)) dr = 00

<

(127 + |20 = f'(2)) 7 <L0g <%>> dz,d>'
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Definition 4.4 (see 88, 39)). LetV be a potential inL{, .(Q2). We say thal/ is in
the parabolic Kato class if it satisfies, for some- 0,

lim < sup / / Co(z,t;2,7)|V (2, 7)|dzdT
=0 (2,t)eQ Jt—r J DO{|z—2|< 7}

Dirichlet Green Functions
+ sup / / I (Z 7Y, S )’V(Z T)|dZdT =0. for Parabolic Operators
(y,)€Q Dn{|z—z|</r}

Lotfi Riahi

Remark3. vol. 8, iss. 2, art. 36, 2007

1. If V is in the parabolic Kato class, then, by the compactne$k uvfe have

Title Page
sup / / (x,t;2,7)|V (2, 7)|dzdT Contents
(z,t)eQ
44 44
+ sup / / (z,73y,8)|V(z,7)|dzdT < 0.
(y,8)EN < 4
2. In the time-independent case the parabolic Kato class is identified to the elliptic Page 22 of 49
Kato classk,, i.e. the class of functiong = V' (z) € L| (D) satisfying Go Back
. Full Screen
lim sup/ B, 2)|V(2)|dz = 0,
r=02eD DN(Jz—z|<y/T) Close
where :
m if n > 3; journal of inequalities
. _ in pure and applied
®(z,2) = ¢ 1VLog = if n=2; mathematics
i issn: 1443-575k
1 if n=1.

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:Lotfi.Riahi@fst.rnu.tn
http://jipam.vu.edu.au

Note that, ifVV € K,,, then

Sup/D<I>(:U,z)|V(z)|dz < 0.

€D
In particulark,, ¢ L'(D).

Definition 4.5. Letc > 0 and i a signed Radon measure 6n We say thajf: is in
the classPl¢(Q) if it satisfies

(4.11) N¢(u) := sup / / ; (x,t; 2, 7)|p|(dzdT)

(z,t)eQ
d (2)
+ sup y (2,759, s)|ul(dzdr) < o0,

(y,5)EQ
and, for any compact subsetc (2,

(4.12) lim< sup / / Co(z,t; 2, 7)|p|(dzdr)
=0 | (@,t)eE Ji—r J DO{|z—2|< 7}

+ sup / / To(z 72y, 8) il (dzdr) b = 0.
(y,s)eE Dn{|z—y|<y/T}
Remark4.

1. From Definitions/.4, 4.5, Remark3.1 and Lemma3.4, the classP*¢(Q) con-
tains the parabolic Kato class.

2. In the time-independent cas®.>°(12) is identified to the clas$'¢(D) of
signed Radon measurgn D satisfying

(@19 = sup [ G5t )l az) < o
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and, for any compact subsetc D,

(4.14) lim sup/ go(z, 2)|u|(dz) = 0.
=0 2eB JDN{|z—2|</r}

This is clear by integrating with respect to time and using Thedréntorn >

3, the classP'c(D) is introduced in B0] to study the existence and uniqueness

of a continuous Green function with the Dirichlet boundary condition for the

Schrédinger equation — 1 = 0 on bounded Lipschitz domains. For= 2,

the same results hold on regular bounded Jordan domain2@e [

Proposition 4.6. For « € [1, 2[, the potential
Va(2) = d(2)™™ € P*°(D) \ K,.

Proof. Forn > 3, this is done in 30, Corollary 4.8]. We will give the proof for
n € {1,2}. Note that fora > 1,V, ¢ L'(D) (see B0, Proposition 4.7]) and so
V., & K,. We will prove thatl, € P'°¢(D).

Case 1:n = 1. V,, € L2.(D) and so it satisfies/(14). We show thal/, satisfies

loc

(4.13. By Theorem?.1, we have

d(z) d*=(z)
.Adwﬂd%@Wdezgc bz — 2l 1 VA

</ ...dz+/ dz)
DA(Ja—21<d(2)/2) DA(Jz—2>d(2)/2)

=C
(4.15) = C(I) + I).
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In the caséz — z| < d(z)/2, we haveid(z) < d(z) < 2d(x), and so

L < Cdlo‘(:r;)/ dz
|z—2|<d(x)
(4.16) < 20d* (D) < oo.
Moreover,
|£I? _ Z‘Q—a
I, < C/ dz
DA(jz—z>d(z)/2) | — z| + /d(z)d(z)
< C/ |z — 2|'"dz

D

(4.17) < O'd* (D) < oo.

Combining ¢.15 — (4.17), we obtain||V, || < oc.
Case 2:n = 2. V,, € L (D) and so it satisfies4(14). We show thal/, satisfies

loc

(4.13. By Theorem?.1, we have

/D%gg(az, 2)|[Va(2)|dz < C/D % Log <1 + %) dz

:C</ ...dz—i—/ dz)
D(jz—2|<d(2)/2) D(jz—2|>d(2)/2)
=C

(4.18) (Ji + ).

Recalling that in the case — z| < d(z)/2, we haveid(z) < d(z) < 2d(x), and
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using the inequality.og(1 + t) < ¢, for all ¢t > 0, we have

Log (1 L 2d@) >2 dz

|z = 2|

Jp < Cda(x)/

|z—z|<d(z)

< 40d"*(z) / dz

|z—2|<d(z) |z — 2|

= C'd* *(x)
(4.19) < C'd* (D) < <.
Moreover, by using the inequalifyog(1 + t) < ¢, for all ¢t > 0, we also have

dQ—a
J,<C / Gl
DN(|lz—z|>d(2)/2) |z — 2|

< C/ |z — 2| %dz
D
d(D)
< C”/ ridr
0

(4.20) = C"d#*(D) < oo.
Combining ¢.18) — (4.20), we obtain||V, || < cc.
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5. The L-Green Function for the Initial Dirichlet Problem

In this section we fix a positive constank ¢, /8, wherec, is the constant in Theo-

rem2.2, and we study the existence and uniqueness of a continliieen func-
tion for the initial-Dirichlet problem orf2 whenv and: are in the classek!¢(Q)
and P¢(Q)), respectively. A Borel measurable functigh : Q x Q —]0, o]
is called anL-Green function for the initial-Dirichlet problem if, for ally, s) €
Q, G(-,-y,s) € L () and satisfies

loc

LG() Y, S) = E(y,s)
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*) G(y,8)=0 on 9D x [s,T]
Title Page
limy o+ G(x, 85y, 5) = €y,
Contents
in the distributional sense, whetg, ;) ande, are the Dirac measures @t s) and « "

y, respectively. In particular, for aff € L*(D x [s, T[) anduy € Cy(D), the initial
Dirichlet problem < 4

Lu=f onDx[s,T]| Page 27 of 49

u=0 on 9D x|[s,T]|

Go Back
u(z,s) =uy(z), z € D Full Screen
admits a unigue weak solution (s&]— [40Q]) given by Close
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mathematics
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u(z,t) = /D Gz, t;y, s)uo(y)dy + / t /D Gla,t; 2, 7) f(z, 7)dzdr.

We say that the Green functi@nis continuousdf it is continuous outside the diago-
nal. Our first result is the following.
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Theorem 5.1. Let v be in the classClo¢(Q2) with M<(v) < ¢, for some suitable

constantcy. Then, there exists a unique continudig + v - V,)-Green functiorg
for the initial-Dirichlet problem orf? satisfying the estimates:

C™ e (@, . 8) < G, by, 8) < Cryg (. 4y, 5),

forall z, y € Dand0 < s <t < T, whereC, c3 are positive constants depending

onn, \, D andT.
To prove the theorem we need the following lemma.

Lemma 5.2. Let©® = {(z,t;y,s) € QA xQ :t > s}, f : © — R continuous,

satisfying| f| < ny%, for some positive constant and v be in the classCloc(92).
Then, the function

p(z,t;y, s) //fthTVGO(ZTy,)u(dsz)

is continuous or®.

Proof of Lemméb.2. For simplicity we use the notatioki = (z,t), Y = (y,s), Z =
(z,7) anddZ = dzdr. By Lemmas3.2, we have, for al(X;Y) € ©,

Ip\(X;Y)SC/ /DVC;(X;Z)@/)Cl(Z;Y)IVI(dZ)

<0y (V) [ [ [lx:2) + (2] bl(az)
< M)y (X:Y),

and sop is a real finite valued function. LéfXy; Yy) := (0, to; %0, So) € © be fixed
and let
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where

5(Xo,Yo) = |z — yol V [to — so|2
is the parabolic distance betweg&Ry andY,. Consider the compact subsdis =
Bs (X0, %) andE; = B; (Y,,%2). Sincer € K°(Q), fore > 0, thereis- € |0, 2 [

such that
s [ [ wiz)plaz) <
XEE, Bs(X,r)

sw [ [ wiziv)laz) <
YEE, Bs(Yyr)
ForX € B; (Xo,%),Y € B;s (Yo,%), we have

and

p(X:Y) = / / J(X: 2)V.Go(2: V) (dZ)

//B;(;(XO //B;; YO //C X() 2)ﬂBC(Y0 2)

—pl(X Y)—|—p2 X Y)+p3 X Y

Clearly, forZ € Bs (Xo, £)NBs (Yo, £), the function X;Y) — f(X; Z)V.Go(Z;Y)
is continuous omB; (X, %) x Bs (Yo, £) and satisfies

[FI(X3 2)IV.Go|(Z;Y) < Cryep (Xo + (0,7%/8); Z)
< Cd(D)be (Xo + (0,72/8); Z),
for someC' = C(ko, ¢y, 7, Yo) > 0 with

to+r2/8
/0 /D ey (Xo + (0,72/8): Z)W](dZ) < ME(v) < oo.
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It then follows from the dominated convergence theorem ghas continuous on
Bs (X0, %) x Bs (Yo, ). Moreover, forX € Bs(Xo,%), Z € Bs(Xo,4) and
Y € B; (Yp,%), we have

[fI(X; 2)[V2Gol(Z2;Y) < Cye (X Z),

for someC' = C(ko, c1,19) > 0. So, for allX € Bs (Xo, %) andY € B; (Yo, %),

Dirichlet Green Functions
for Parabolic Operators

(Y)Y < / / 14 (X; 2)|v|(a2)
Bs(Xo,35)

vol. 8, iss. 2, art. 36, 2007

<cao) [ [ IRCCRICCS

< Cd(D)g Title Page
In the same way, foX € B;(X,,%), Z € Bs(Yy, %) andY € B;(Yp, £), we have Contents
FI(X; 2)|V.Gol(Z;Y) < Ciby (Z;Y), A 4
for someC' = C(ko, c1,70) > 0. So, for allX € Bs(Xy, %) andY € Bs(Yy, %), < 4
Page 30 of 49
plxv) <0 [ [ vz
Bs(Yo,5) Go Back
< C’l// ¢:1(Z;Y)|I/|(dZ) Full Screen
Bs(Y,r) al
< C/Ef. ose
Thusp is continuous atXy; Y). u journal of inequalities
in pure and applied
Proof of Theoren®.1. Fora > 0 let mathematics

issn: 1443-575k

B, ={f:0 — R, continuous : |f| < C~,, for some C € R}.
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For f € B, we put
by

(e}

Clearly, (B.. || - ||) is a Banach space. Let us define the operaton 5 by

mal = sup -

l’ t; Y, S / / f xz, t 2, 7— V GO(Z TY,S8 ) l/(dZdT), Dirichlet Green Functions
for Parabolic Operators
forall f € B%. By the estimate (ii) of Theorer.2, Lemma3.2 and Lemmab.2, Lot Riahi
A is a bounded linear operator froffy, into Be with [|A]| < kCyM¢(v). Assume vol. 8, iss. 2, art. 36, 2007

thatk,C, M“(v) < 1 and defingg by

Title P

(I =N 'Golw iy, s) = 5 o A"Go(w, iy, s) for (z,1;y,5) € O o

G(z,t;y,s) = - Contents
Go(z,t;y,s) for (z,t), (y,s) € Q,t < s.

<« >
Thusg satisfies the integral equation: < >
Gz, t;y,s) = Go(z, t;y, s / / G(x,t; 2, 7)V,Go(z, 73y, 8) - v(dzdr), Page 31 of 49
Go Back
for all (z,t),(y,s) € €, and it is continuous outside the diagonal. This integral
equation implies thaf is a solution of the problerti-). Moreover by Theorem.2 Full Screen
and Lemma3.2, we have, for allx,t;y, s) € ©, Close
|G(z,t;y,s) — Golx, t;y,s)| < ko Z(koclMC(’/))m’Y%(iﬁ,t;y, s) journal of inequalities
m>1 in pure and applied
k3CiMe(v) mathematics
(5.2) 1 —07€001Mc(y)7%1(x=t3%5)- issn: 1443-575k
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By taking
koClMC(V> < ; S

1
= k22 +1 7 2

and recalling that
k(]_lfYCQ S GO S kOch
we get from §.1),
G(z.t1y,s) < 2kove (2, 81y, 5),

for all (x,t;y,s) € ©, and

. e d(z) . d(y) 1
(5.2) G(z,t;y,s) > o min (1, — s) min (1, m) i 5)%’

for all (z,t;y,s) € © with % < 1. Using 6.2) and the reproducing property
of the Green functiory; (which follows from the reproducing property 6f;) we
obtain, as in31], the existence of constant§ c; > 0 such that

1
Q(x, t7 Y, S) > 57%(':67 tv Y, 5)7

forall (z,t;y,s) € ©. ]

Corollary 5.3. Letv € Kl°¢(Q) with M¢(v) < ¢y andG be the(Ly + v - V,)-Green
function for the initial-Dirichlet problem o. Then,

|v$g|(x7 t; Y, S) S 2]{:O ¢%1 (‘T: t; Y, S)

forall z, ye Dand0 < s <t <T.
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Proof. By using the inequality (ii) of Theoreri.2 and Lemma3.3, we obtain by
induction,

|Am(va0)’(x> t; Y, S) S ko(koolMC(V))m¢% (.’E, t; Y, S),

forall z,y € D,0 < s <t < Tandm € N. Assumek,C; M“(v) < 1/2, the
derivative with respect t@ of the Green functioy = Zmzo A™Gy is given by

V.G =) A"(V.G)

m>0
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VaGl(z, 15y, 5) < 2kotper (2, 85y, 5),

Title Page
forallz,ye D, 0<s<t<T. O

Contents
Theorem 5.4.Letv be in the clasdCo°(Q) with M¢(v) < ¢y, G be the(Ly+ 1.V ,)- « "

Green function for the initial-Dirichlet problem oft and ;. be a nonnegative mea-
sure in the clas®°¢(€2). Then, there exists a unique continudu&reen functiorG < >
for the initial-Dirichlet problem orf satisfying the estimates—14., < G < 07%

on O, for some positive constantandc,. Gl

To prove the theorem we need the following lemma. Go Back
Lemma 5.5. Let f : © — R be a continuous function satisfying| < Cy- for Pl e
some positive constardt and i be a nonnegative measure in the claddsc(). Close

Then, the function
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Proof of Lemma.5. For simplicity we use the notatial = (x,t), Y = (y,s), Z =
(z,7) anddZ = dzdr. By Lemma3.1, we have, for al[ X;Y) € ©,

gl(X:Y) < C / / Yo (X5 Z)yes (2:Y )u(d2)

< Cya ( XY//[ ; )+%%(Z;Y) n(dZ)
<CNC( )’}/01 X Y

and soyg is a real finite valued function. LétX,; Yo) := (o, to; vo, So) € O be fixed
and let
To := 5(X0, 89) AN (S(YE), 89) VAN (S(Xo, Yb) > 0.

Consider the compact subséfs = B; (X, %) andE, = B (Y5, 2). Sinceu €
Plc(Q), fore > 0, there isr € |0, 2 [ such that

sup// L(X; 2 )u(dZ) < e
XekE Bs(X,r)

sup // F(Z;Y)u(dZ) < e
YeE,; B5(Y7T)
For X € B; (Xo,%), we have

and

4(X;Y) = / / G(X: Z)[(2Z:Y)u(dZ)

//B(; Xo, T) //B(;(YO 2) //C(Xo ﬂBC T

=q(X;Y)+ @(X;Y)+¢(XY).
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For Z € B5 (Xo,%) N Bs (Yo,%), the function(X;Y) — G(X;Z)f(Z;Y) is con-
tinuous onB; (Xo, ;) x Bs (Yo, %) with

G(X: Z)fI(Z:Y) < Cye(Xo + (0,7°/8); Z)ver (Z: Yo — (0,1%/8)),
for someC' = C'(ky, ¢1,7, Xo, Yo) > 0 and by Lemmas. 1,

t0+ 8 9 9 Dirichlet Green Functions
/ /’)/61 X0+ (0 r /8) )’}/01 (Z Yb (0 r /8)) (dZ) for Parabolic Operators
S0~ Lotfi Riahi
< CyN°© (u)'y% (Xo +(0,72/8); Yy — (0,7%/8)) < oc. vol. 8, iss. 2, art. 36, 2007
It then follows, from the dominated convergence theorem, gh& continuous on
Bs (Xo,%) x Bs (Yo, %). Moreover, forZ € Bs (Xo,%), X € Bs (Xo,%), Y € Title Page
Bs (Yo, %), we have content
G(X; 2)|fI(Z:Y) < CTu(X; Z), orens
for someC' = C'(ko, ¢1,79) > 0 and so <« >
@ (X;Y) < O// T.(X; Z)u(dZ) < Ce. ¢ >
Bs(Xor Page 35 of 49
In the same way,
Go Back
wxv)<c [ [ rzyva < ce .
Bs(Y,r)
Thusgq is continuous at Xy; Y). O Close
Eroof of Theorend.4. Let u be a nonnegative measure in the cl&5s(2) and de- journal of inequalities
fine the operatof™* on Bﬂ by in pure and applied
mathematics
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forall f € B%. By Lemma3.1 and Lemmab.5 T* is a bounded linear operator

from B% into B% with

17 = 77| < 2CokoN ().

Its spectral radius is given by

m

(T%) = Tim (7)™ |5 = inf [ (7" = inf |[(T%)" e

71
Note that if N¢(u) < QC o then||T"|| < 1 and sol + 7" is invertible onB<, with
(I +T*)~1|| < 1. Thus, for a nonnegative measuren the classP>¢(Q ) with

N(0) < 550+ We have

[+TH =T+TH+T% =1 +T"[ + (I +T")'T7)
with ||(1 +T#)~'T7|| < ||T°|| < 1 and sol + T**° is invertible onBe . From this

observation we deduce that for any nonnegative measimeP*<((2), the operator
I + T* is invertible onB%. Let us then define the functiagr by

(I+T")"'G(x,t;y,s) for (z,t;y,5) € O
Gz, t;y,s) =
Gz, t;y,s) for (x,t), (y,s) € Q,t < s.

ThenG e B% and satisfies the integral equation:

G(z,t;y,s) = G(z,t;y, s) //gthT G(z, 1y, s)pu(dzdr),

for all (z,t), (y,s) € Q. In particular,G is continuous outside the diagonal, a solu-

tion of the probleny:) and satisfiess < CV% on ©. Moreover, by using this upper
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estimate, the integral equation and the arguments as in the proof of Thedreme
obtain a positive constant > 0 such thatG > C~'~,, on®©. ]

Theorem 5.6.Letv be in the clas€C¢(Q2) with M¢(v) < ¢, G be the(Ly+v-V,)-
Green function for the initial-Dirichlet problem of and .. be in the clas$!o¢((Q2).
Assume thatz. [(1 + T+ )~'Tr"] < 1, then there exists a unique continuous

L-Green function(s for the initial-Dirichlet problem or satisfying the estimates
C ., <G< C’y% ono.

Conversely, assume that there exists a unique continiigaseen functionGz for
the initial-Dirichlet problem orf) satisfying the estimates—1+,, < G < (Jy% on

O, thenrg, [(I + T )17 ] < 1.

Proof. For simplicity letS = (I +T+")~'T* . Sincers,, (S) < 1, for all f €
4
Ber, 32,50 5™f € B Letus then define/ by

S s ST+ TP )G (x, ty, 8) for (x,ty,5) €O

G(z,t;y,s) =
Gz, t;y,s) for (x,t), (y,s) € Q,t < s.
Thus
G=I+T")"'G+SG on0,
which yields
I+T")YG=G+T" G on®©
and so

G(z,t;y,s) = G(x,t;y,s) //thzT G(z,1;y, s)u(dzdr),
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for all (x,t), (y,s) € Q. Using this integral equation and the same arguments as in
the proof of Theorens.4, GG is a solution of the problerf), continuous outside the
diagonal and satisfies the estimates!y,., < G < 07% ono.
Conversely, assume that there exists a unique continlgsieen functiorz for
the initial-Dirichlet problem o2 satisfying the estimateS—',, < G < (Jy% on
O, then we have
G=I+T")'G+SG ono,

which implies that

G=)_S"I+T")"'G] one.

m>0

By recalling that 7 +7*")~'G is the(L,+v-V,+u*)-Green function for the initial-
Dirichlet problem orf2 which satisfies the lower bourid +7*")~'G > C~'~,, on
©, it follows thatrz,, (S) < 1. O]

Corollary 5.7. Letr andy be in the classek°¢(Q) and P¢(Q2), respectively, with
Me(v) < copand N¢(u~) < ¢, for some suitable constants and¢,. Then, there
exists a unique continuous-Green function for the initial-Dirichlet problem on
) satisfying the estimates '+, < G < Cy% ono.

Proof. It suffices to note that far, < 5=, we have|| 7" || < 1 which yields
0“0

I+ )T < T < 1

and sorg,, [(I +T#")"'T+ ] < 1. O

1
4
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Remarkb.

1. Note that the conditiofi7" || < 1 is sufficient for the existence of the Green
function and not necessary. More precisely, we may find a negative measure
p € Ple(Q) with ||T-#| as large as we wish, however its spectral radius
r(T—") < 1 (see [L0)).

2. Asin [31], from the estimate€' !4, < G < qu on©, we may deduce two-
sided estimates for thé-Poisson kernel o) which imply the equivalence

of the L-harmonic measure and the surface measure on the lateral boundary
0D x]0, T of .
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6. Global Estimates for Dirichlet Schrédinger Heat Kernels

Despite the wide study of the behavior of Schrédinger semigroups over the last three
decades (see for examp®,[[5] — [7], [14] — [17], [20] — [29], [33, 34, 36, 41, 42)),

global pointwise estimates for certain Schrodinger heat kernels on bounded smooth
domains remain unknown. In this section, we are concerned ourselves with this
problem and obtained global-time estimates for heat kernels of certain subcritical

Dirichlet Green Functions

Schrodinger operators on boundéd!-domains. In particular, we rectify the heat
kernel estimates given by Zhang for the Dirichlet Laplacia® [Theorem 1.1 (b)]
with an incomplete proof. We will use the notatignv ~ to mean thaC—'h < f <
C'h for some positive constanqt.

Let A = A(z) be a real, symmetric, uniformly elliptic matrix with-Lipschitz
continuous coefficients of. Let £, = — div(A(z)V,) andg, be the Green func-
tion with the Dirichlet boundary condition of. By integrating the inequality in
Lemma3.1 with respect tar and next with respect tband using the fact that

| i 00t~ W) ~ o),

0

we obtain the followingBgo-Theorem valid for all dimensions > 1 (see R9| for
n = 2,[9, 26, 30] and [32] for n > 3).

Lemma 6.1 @go-Theorem). There existsy = Cy(n, A\, D) > 0 such that for all
r,y,< € D!

go(z, 2)g0(2,9) d(z) d(z)
ey S {@90(5”’2)*@90(%) .

Let V = V(z) be a function in the clas®>¢(D) defined in Remark!.2 and
put L = L, + V with the Dirichlet boundary condition oy. By Lemma 6.1 and
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Theorem 9.1 in10], we know that when|V ~|| < 1/4C,, the Schrédinger operator

L admits a continuous Green functigron D comparable tgy,. In particular,L is
subcritical in the sense 01§, 19, 44]. Let o be the first eigenvalue @ on D which
is strictly positive and~ be the Dirichlet heat kernel af on D (the existence ofr

follows from Corollary5.7 and the reproducing property). We have the following

global-time estimates ofy.

Theorem 6.2. Let V be in the classP¢(D) with ||[V~| < ¢ for some suitable
constanty,. Then the Dirichlet heat kernél for the Schrodinger operataf = £y+
V' satisfies the following estimates: there exist constants;, ¢s > 0 depending
only onn, A, D and onV only in terms of the quantityV’||, such that for allz, y €
D andt > 0,

Cle e (2, 15y,0) < Gz, 15y,0) < Ce ™oy, (2, 15,0),

where

a > 0.

)Y (1,40 (-e=)

oz, t;y,0) =min | 1, , ,
Pal y,0) (1/\\/¥ 1AVE 1A /2

Proof. Let hy be the first eigenfunction normalized Wyi,||» = 1. Clearly by the
comparabilityg ~ go and Theoren®.1, it follows thaty(z) ~ d(x). From the
reproducing property off and the estimates

C™ e, (@, 15, 0) < G, 15y, 0) < Cyer (2, 8y, 0),
forz,y € D, t €]0, 1] (Corollary5.7), we have
Cd(z)d(y) < G(z,t;y,0) < C'd(z)d(y),
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forallt > 0 and allz,y € D; and so the semigroug ** of £ is intrinsically
ultracontractive in the sense &, [5, 6, 7]. Thus, for anyC' > 1, there existg” > 1
such that

Cld(x)d(y)e™ ™" < Gz, t;y,0) < Cd(z)d(y)e™™,
forall z,y € D andt > T. Combining these estimates with the finite-time estimates
C ey (w159, 0) < G(x,89,0) < Cye(w, 1y, 0),

for z,y € D, t €]0,T], we clearly obtain the global-time estimates stated in Theo-
remé6.2 [

Corollary 6.3. Let \y be the bottom eigenvalue @f, on D. Then, the Dirichlet
heat kernelGG, of £, on D satisfies the following estimates: there exist constants
C, cs5, cg > 0 depending only om, A and D, such that for alke, y € D andt > 0,

(6.1)  Cle M, (z,t:y,0) < Golz, t;y,0) < Ce o, (,t:y,0),
and
(62) ‘VxG(]KQ?,t,y,O) S Cei)\Ot(I)%(x}t;y?O)?

where

|lz—y|
e () ) e (o)
O, (x,t;y,0) = min (17 A \/f) Thserz 0 @ > 0.

Proof. The estimates6.1) are given by Theoreri.2. We will prove (6.2). From
the reproducing property @f, the finite-time inequality (ii) in Theorera.Zand the
inequalityGy < Ce 'y, , c5 < c;, we have, for alk > 2,

V.Go(z,t;y,0) = / V.Go(z,t;2,t — 1)Go(2,t — 1;y,0)dz,
D
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and so

\V.Gol(z,t;y,0) S/ |V.Gol|(x,1;2,0)Go(z,t — 1;9,0)dz
D

< kPl / Yoy (2,1 2,0) 0 (2,6 — 139, 0)dz
D

< ke Y min(1, d(y)) / efcﬂxfz\?e—cs'ii%'de

D

2
< CeMmin(Ld(y) [ el =g
D

a2
< Ce ™' min(1,d(y)) exp (—65 i ty| >
= Ce™Md, (z,t;y,0).

This inequality combined with the finite-time inequality (ii) of Theorém yields
the estimated.?). m

The following inequalities extend the ones, provedif][for n > 3, to all di-
mensions, > 1.

Corollary 6.4. There exists a constarit = C(n,\, D) > 0 such that, for all
r,y,z € -D!

(6.3) IVegol(z,y) < CY(x,y),

(6.4 (2, )|V 29012, 9)
gO(‘Ta y)

< C(r,2) + 97 (2,9)]
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and

[Vagol(,2)|V2g0l(2, y)
U(x,y)

(6.5) < COl(z,2) +97(2,9)],

where

min<1 d(”)'; if n > 2

Vx—z| ) |z—z|"1

i/f(l'az) = w*(zax) =

Log (1 + &) ) if n=1.

|lz—2|

Proof. Inequality (6.3) holds by integrating6.2) of Corollary 6.3 with respect to
time and using the fact that

/ Dy (1,1, 0)dt ~ (. y).
0

Inequality(6.1) (resp. £.5) holds by integrating the inequality of Lemrfi&” (resp.
Lemma3.3) with respect tar and next with respect tq using the facts that

/0 Ve(w,t;y,0)dt ~ P(x,y)

and -
/ Ye(z, 9, 0)dt ~ V(z,y) ~ go(z,y).
0
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