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ABSTRACT. We prove a differential inequality for real forms of arbitrary degree, the problem
being considered on closed orthantsH ⊂ Rn. A sufficient positivity criterion is derived. Our re-
sults allow computer implementation and contain enough information to imply the fundamental
AM −GM inequality.

Key words and phrases:Homogeneous polynomial, Symmetric polynomial, Estimate, Positivity.

2000Mathematics Subject Classification.26D15, 26D05.

1. I NTRODUCTION AND NOTATIONS

Positivity criteria for realn-ary d-forms (d-homogeneous polynomialsf : Rn → R) are of
practical significance, but effective results exist for lower degree only.

• For quadratic forms, Sylvester’s criterion characterizes strict positivity onRn \ {0n}.
• For symmetric cubics (d = 3), positivity on the first orthantRn

+ is reduced in [2] to a
finite number of tests (see Theorem 1.1 below), which are the same for all cubics.

• For symmetric quartics (d = 4) on Rn
+ or Rn, and for symmetric quintics (d = 5) on

Rn
+, positivity is expressed in [11] in terms of finite test-sets depending on the symmet-

ric form. For quartics, explicit discriminants and effective related algorithms (Maple
worksheets) are derived in [12].

All mentioned results provide equivalent conditions and allow computer implementation. For
arbitrary degree, it is of interest to find “reasonable” sufficient conditions for positivity on closed
orthants inRn. In our entire discussion we require thatn ∈ N, n ≥ 2.

For everyk ∈ {1, . . . , n}, write 0k := (0, . . . , 0) ∈ Rk, 1k := (1, . . . , 1) ∈ Rk, and set
εk := (1k, 0n−k) ∈ Rn, ε̄k := k−1εk. For x ∈ Rn, it is convenient to writexk for its kth
component. Therefore, we avoid denoting vectors with symbols with lower indexes (upper
indexes will be allowed) and0k, 1k, εk, ε̄k arethe only exceptionsto this rule.

ISSN (electronic): 1443-5756

c© 2004 Victoria University. All rights reserved.

076-04

http://jipam.vu.edu.au/
mailto:vlad.timofte@epfl.ch
http://www.ams.org/msc/


2 VLAD TIMOFTE

For everyx = (x1, . . . , xn) ∈ Rn, set

supp(x) := {j ∈ {1, . . . , n} |xj 6= 0}, ‖x‖ :=
n∑

j=1

|xj|.

We need the following theorem, which is known in the context of even symmetric sextics (for
the original statement see [2, Th. 3.7, p. 567]).

Theorem 1.1.Letg : Rn → R be a symmetric cubic. Then

g ≥ 0 on Rn
+ ⇐⇒ g(εk) ≥ 0 for everyk ∈ {1, . . . , n}.

2. M AIN RESULTS

Let us consider an arbitraryd-form f : Rn → R, with d ∈ N∗.
For ease of exposition, let us define the order relation “�” on Rn by

u � v
def.⇐⇒ uj ∈ {0, vj} for everyj ∈ {1, . . . , n}
⇐⇒ uj = vj for everyj ∈ supp(u).

Remark 2.1. The following properties of “�” are immediate.
1): 0n � u for everyu ∈ Rn.
2): u � 1n ⇐⇒ u ∈ {0, 1}n.
3): For everyu ∈ Rn, the set{x ∈ Rn |x � u} is finite.
4): If H is a closed orthant inRn and ifu � v ∈ H, thenu ∈ H.
5): If T : Rn → Rn is a diagonal linear isomorphism or a permutation of coordinates or a

composition of finitely many such operators, then

u � v ⇐⇒ Tu � Tv.

The following result provides a lower estimate1 for f in terms of itsd-th differentialf (d).
As we shall see, its symmetric variant (Theorem 2.3) contains enough information to imply the
fundamentalAM −GM inequality.

Theorem 2.2.LetH ⊂ Rn be a closed orthant. There existu1, . . . , ud ∈ {−1, 0, 1}n∩H, such
that0n 6= u1 � · · · � ud and

(2.1) f(x) ≥ ‖x‖d

d!
· f (d)(0n)(u1, . . . , ud)

‖u1‖ · · · ‖ud‖
for everyx ∈ H.

In particular, if f (d) satisfies the inequality

(2.2) f (d)(0n)(u1, . . . , ud) ≥ 0

for all 0n 6= u1 � · · · � ud ∈ {−1, 0, 1}n ∩H, thenf ≥ 0 onH.

Theorem 2.3. Assumef to be symmetric, withd ≥ 4. Then there exist in{1, . . . , n} integers
k1 ≥ · · · ≥ kd−3 ≥ k, such that

f(x) ≥ 6‖x‖d

d!
f (d−3)(ε̄k)(ε̄k1 , . . . , ε̄kd−3

)(2.3)

=
‖x‖d

d!
f (d)(0n)(ε̄k1 , . . . , ε̄kd−3

, ε̄k, ε̄k, ε̄k) for everyx ∈ Rn
+.(2.4)

In particular, we have(a) ⇒ (b) ⇒ (c), where:

(a): f (d)(0n)(εk1 , . . . , εkd
) ≥ 0 for all k1 ≥ · · · ≥ kd,

1Replacingf by−f leads to the corresponding upper estimate.
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(b): f (d−3)(εk)(εk1 , . . . , εkd−3
) ≥ 0 for all k1 ≥ · · · ≥ kd−3 ≥ k,

(c): f ≥ 0 onRn
+.

Computer implementation of Theorems 2.2 and 2.3 is possible. The presence off (d) in the
above statements poses no serious computation problem, since we have the identity

f (d)(0n)(u1, . . . , ud) =
∑

J⊂{1,...,d}

(−1)card(J)f

(
−
∑
j∈J

uj

)
for all u1, . . . , ud ∈ Rn.

3. PROOFS

3.1. The Non-symmetric Case.We first need the following lemma:

Lemma 3.1. There existu ∈ {0, 1}n andy ∈ Rn
+, such that‖y‖ = 1, supp(y) = supp(u), and

(3.1) f(x) ≥ f ′(y)(u)

d‖u‖
· ‖x‖d for everyx ∈ Rn

+.

If f is symmetric, we can findy such thaty1 ≥ · · · ≥ yn. In this case, we haveu = εk for some
k ∈ {1, . . . , n}.

Proof. Let us first observe that inequality (3.1) isd-homogeneous inx. Consider the compact
setK := {x ∈ Rn

+|‖x‖ = 1} and choosey ∈ K, such thatf(y) = min(f |K). Assume for
simplicity thaty1 ≥ · · · ≥ yn (if f is symmetric, we can findy with this property). It follows
thatsupp(y) = {1, . . . , k} for somek ≤ n. We claim that

(3.2) kdf(y) = f ′(y)(εk).

By Euler’s theorem on homogeneous functions we get

(3.3) df(y) =
k∑

j=1

yj
∂f

∂xj

(y) = f ′(y)(y).

We need to consider two cases:

i) If k = 1, theny = ε1 and (3.3) obviously reduces to (3.2).
ii) If k ≥ 2, theny′ := (y1, . . . , yk) is a global minimum for the restriction of the map

]0,∞[k3 z 7→ f(z, 0n−k) ∈ R to the subset{z ∈ ]0,∞[k | ‖z‖ = 1}. Thus, applying the
method of Lagrange multipliers shows that

(3.4)
∂f

∂x1

(y) =
∂f

∂x2

(y) = · · · = ∂f

∂xk

(y) = λ

for someλ ∈ R. Now (3.3) and (3.4) yieldλ = df(y). Using this in (3.4) leads to

f ′(y)(εk) =
k∑

j=1

∂f

∂xj

(y) = kλ = kdf(y).

Our claim is proved. For everyx ∈ Rn
+ \ {0n} we have‖x‖−1x ∈ K, and so

f(x)

‖x‖d
= f(‖x‖−1x) ≥ f(y) =

f ′(y)(εk)

kd
=

f ′(y)(εk)

d‖εk‖
,

which proves (3.1) foru = εk. �
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Proof of Theorem 2.2.
Step 1.We first consider the particular caseH = Rn

+. Let us show by induction that for every
i ∈ {1, . . . , d}, there existyi ∈ Rn

+ andu1, . . . , ui ∈ {0, 1}n, such that‖yi‖ = 1, supp(yi) =
supp(ui), ui � · · · � u1, and

(3.5) f(x) ≥ (d− i)!‖x‖d

d! ‖u1‖ · · · ‖ui‖
· f (i)(yi)(u1, . . . , ui) for everyx ∈ Rn

+.

For i = 1 this is clear, by Lemma 3.1. Assuming the statement to hold for somei < d, we
will prove it for i + 1. For simplicity, we shall assume thatyi

1 ≥ · · · ≥ yi
n (if f is symmet-

ric, we can find suchyi at each step of our induction). Consequently, we havesupp(yi) =
{1, . . . , k} andui = εk for somek ∈ {1, . . . , n}. Let us observe that the mapRk 3 z 7→
f (i)(z, 0n−k)(u

1, . . . , ui) ∈ R is a (d − i)-form. According to Lemma 3.1, there existyi+1 =
(ζ, 0n−k) ∈ Rk

+ × Rn−k
+ andui+1 = (v, 0n−k) ∈ {0, 1}n, such that‖yi+1‖ = 1, supp(yi+1) =

supp(ui+1), and

f (i)(z, 0n−k)(u
1, . . . , ui) ≥ f (i+1)(yi+1)(u1, . . . , ui, ui+1)

(d− i)‖ui+1‖
· ‖z‖d−i for everyz ∈ Rk

+.

For z = (yi
1, . . . , y

i
k) we have(z, 0n−k) = yi, ‖z‖ = ‖yi‖ = 1, and consequently

(3.6) f (i)(yi)(u1, . . . , ui) ≥ f (i+1)(yi+1)(u1, . . . , ui+1)

(d− i)‖ui+1‖
.

We also have0n 6= ui+1 � εk = ui. Now combining (3.5) with (3.6) completes our induction,
as well as the proof forH = Rn

+, sincef (d) is constant,f (d)(yd) = f (d)(0n).
Step 2. We next turn to the general case. Clearly, we can findδ1, . . . , δn ∈ {−1, 1}, such
that the linear isomorphismT : Rn → Rn, Tx = (δ1x1, . . . , δnxn), mapsRn

+ ontoH, that is,
T (Rn

+) = H. Applying the conclusion of Step 1 to thed-form f ◦ T yields the existence ofd
vectorsv1, . . . , vd ∈ Rn

+, such that0n 6= vd � · · · � v1 � 1n and

f(Tx) ≥ ‖x‖d

d!
· (f ◦ T )(d)(0n)(v1, . . . , vd)

‖v1‖ · · · ‖vd‖
for everyx ∈ Rn

+.

Let us observe that‖Tx‖ = ‖x‖ for everyx ∈ Rn, and that

(f ◦ T )(d)(0n)(v1, . . . , vd) = f (d)(0n)(Tv1, . . . , T vd),

0n 6= Tv1 � · · · � Tvd � T1n ∈ {−1, 1}n.

It follows that the vectorsui := Tvi are all in{−1, 0, 1}n ∩H, and that (2.1) holds. �

3.2. The Symmetric Case.The following needed lemma is a slight generalization of Theo-
rem 1.1.

Lemma 3.2. Let g : Rn → R be a symmetric polynomial withdeg(g) ≤ 3. Then for every
σ > 0 we have

min{g(x) |x ∈ Rn
+, ‖x‖ = σ} = min

1≤k≤n
g(σε̄k).

Proof. Fix σ > 0 and setα := min1≤k≤n g(σε̄k), K := {x ∈ Rn
+ | ‖x‖ = σ}. Hence,α =

g(σε̄p) for somep ∈ {1, . . . , n}. We have forg the decompositiong =
∑3

i=0 gi, with gi

symmetrici-form for everyi ∈ {0, 1, 2, 3}. Now define the symmetric cubic

h : Rn → R, h =
3∑

i=0

S3−igi − αS3,
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whereS(x) := σ−1
∑n

j=1 xj. Obviously,h|K = g|K − α. By Theorem 1.1, we haveh ≥ 0 on
Rn

+, and sog|K ≥ α. Sinceσε̄p ∈ K andg(σε̄p) = α, we getα = minx∈K g(x). �

Proof of Theorem 2.3.As in the proof of Theorem 2.2 (Step 1), by the same induction based on
Lemma 3.1, we gety ∈ Rn

+ andu1 = εk1 , . . . , u
d−3 = εkd−3

, such that‖y‖ = 1, k1 ≥ · · · ≥
kd−3, supp(y) = supp(εkd−3

) = {1, . . . , kd−3}, and

(3.7) f(x) ≥ 6‖x‖d

d!
· f (d−3)(y)(ε̄k1 , . . . , ε̄kd−3

) for everyx ∈ Rn
+.

Note that the above inequality corresponds to (3.5) fori = d − 3. Since‖y‖ = 1, supp(y) =
{1, . . . , kd−3}, and the polynomial map

Rkd−3 3 z 7→ f (d−3)(z, 0n−kd−3
)(ε̄k1 , . . . , ε̄kd−3

) ∈ R

is a symmetric3-form, applying Lemma 3.2 shows that

(3.8) f (d−3)(y)(ε̄k1 , . . . , ε̄kd−3
) ≥ f (d−3)(ε̄k)(ε̄k1 , . . . , ε̄kd−3

)

for somek ≤ kd−3. Now combining (3.7) with (3.8) yields (2.3). As the map

g : Rk → R, g(z) = f (d−3)(z, 0n−k)(ε̄k1 , . . . , ε̄kd−3
)

is a3-form, we have6g(z) = g′′′(z)(z, z, z) = g′′′(0k)(z, z, z) for everyz ∈ Rk. This gives

f (d−3)(ε̄k)(ε̄k1 , . . . , ε̄kd−3
) = g(1k)

=
g′′′(0k)(1k, 1k, 1k)

6

=
f (d)(0n)(ε̄k1 , . . . , ε̄kd−3

, ε̄k, ε̄k, ε̄k)

6
,

which proves (2.4). �

Example 3.1.Proof of the fundamentalAM −GM inequality by verifying condition (a) from
Theorem 2.3.

Proof. Let n ∈ N∗ andf : Rn → R, f(x) =
∑n

i=1 xn
i − n

∏n
i=1 xi. We shall prove thatf ≥ 0

on Rn
+. Since Theorem 1.1 shows this forn ≤ 3, assume thatn ≥ 4. For allu1, . . . , un ∈ Rn,

we have

(3.9) f (n)(0n)(u1, . . . , un) =
n∑

i1,··· ,in=1

∂nf

∂xi1 · · · ∂xin

(0n) pi1(u
1) · · · pin(un),

wherep1, . . . , pn : Rn → R are the standard linear projections. For ease of exposition, let us
define the map

v : Rn → {1, . . . , n}, v(x) = card({x1, . . . , xn}),
and consider the setA := {1, . . . , n}n. For everyi = (i1, . . . , in) ∈ A, set

(3.10)
∂nf

∂xi
:=

∂nf

∂xi1∂xi2 · · · ∂xin

≡


n!, v(i) = 1

−n, v(i) = n

0, 1 < v(i) < n

the last equality being easily checked. Now fixk1 ≥ · · · ≥ kn in {1, . . . , n}, and let

B := {i ∈ A | i1 ≤ k1, i2 ≤ k2, . . . , in ≤ kn}.
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By (3.9) and (3.10) we get

(3.11) f (n)(0n)(εk1 , . . . , εkn) =
∑
i∈B

∂nf

∂xi
(0n) = n! · card(B1)− n · card(Bn),

whereB1 := {i ∈ B | v(i) = 1} andBn := {i ∈ B | v(i) = n}. Since obviously

B1 = {εn, 2εn, . . . , knεn}, Bn ⊂ {i ∈ A | in ≤ kn, v(i) = n} =: E,

we havecard(B1) = kn andcard(Bn) ≤ card(E) = kn(n− 1)!. To prove the last equality, let
us observe that every elementi ∈ E can be obtained by selectingin ∈ {1, . . . , kn} (there are
kn possibilities), and then choosing pairwise distincti1, . . . , in−1 ∈ {1, . . . , n} \ {in} (that is, a
permutation of this set). By (3.11) we get

f (n)(0n)(εk1 , . . . , εkn) ≥ 0.

The conclusion follows by Theorem 2.3. �

For Pólya’s general result on strictly positive forms, we refer the reader to [3]. Bounds for the
exponent from Pólya’s theorem are given in [5, 8]. Various symmetric inequalities can be found
especially in [3, 6], but also in [1, 4, 7, 9]. Some general results on symmetric inequalities can
be found in [10] and [11].
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