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Abstract

In this paper, we have obtained bounds on Csiszar's f-divergence in terms of rel-
ative information of type s using Dragomir’'s [9] approach. The results obtained
in particular lead us to bounds in terms of y’—Divergence, Kullback-Leibler's
relative information and Hellinger’s discrimination.
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Let

Pi>07zn:pi=1}7 n > 2,

ATL = {P = <p17p27 s >pn)
i=1

be the set of complete finite discrete probability distributions.
The Kullback Leibler’s [ 7] relative informationis given by

(L.1) K(P||Q) = sz In (p) ,

forall P,Q € A,,.

In A, we have taken ap); > 0. If we takep, > 0,Vi = 1,2,...,n, thenin
this case we have to suppose that 0 = 0ln (3) = 0. From theinformation
theoreticpoint of view we generally take all the logarithms with base 2, but here
we have taken only natural logarithms.

We observe that the measufiel) is not symmetric inP and(). Its symmet-
ric version, famous a3-divergencgJeffreys [ 7]; Kullback and Leiber [ 3]),
is given by

12)  JPIQ) = K(PQ) + K(@IIP) =Y (i~ a)n (7;) |

Let us consider the one parametric generalization of the measuje ¢alled
relative information of type given by

(1.3) K(Pl|Q) = [s(s — 1)] [prq}s—ll, s#0,1.
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In this case we have the following limiting cases
lim K(P[|Q) = K(Pl|Q),

and

lim K, (P[|Q) = K(QI|P).

The expressionl(3) has been studied by VajdaZ]. Previous to it many
authors studied its characterizations and applications (ref. Tandjahd on , ,
. . Generalized Relative
line book Tanejail]). Information and Information

We have some interesting particular cases of the measiie ( InegElEes

] . Inder Jeet Taneja
() Whens = 3, we have

K12(P||Q) = 4[1 — B(P||Q)] = 4h(P||Q) Title Page
Contents
where
. <4« (43
(1.4) B(P|Q) =) v/piti < >
=1
Go Back
is the famous as Bhattacharyaig fistance and p—
1 — Quit
(1.5) MPIQ) =5 (Vri = V&),
i=1 Page 4 of 42
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(i) Whens = 2, we have

Ko(PIIQ) = 3x*(PIIQ),

where
n n
(pi — q:)° v
(1.6) (PIQ) =) ——= =) = -1,
i=1 i =1 1
Generalized Relative
is theX2—divergence(Pearson [ ]) Information and Information

Inequalities

(i) Whens = —1, we have Inder Jeet Taneja

KL (PIIQ) = 53 (QI1P),

Title Page
where Contents
n 2 noo2 44 44
1.7 2Py =S W)
(1.7) X(QIIP) Z > > p R
. - . . - . Go Back
For simplicity, let us write the measurek §) in the unified way:
Close
KS(PHQ)7 S ?A 07 ]-7 QUit

(1.8) O, (P||Q) = ¢ K(Q||P), s=0, Page 5 of 42
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Summarizing, we have the following particular cases of the measi®s (

(i) 2-1(PlIQ) = 5x*(QI|P).
(i) ®0(P||Q) = K(Q||P).
(i) ©1/2(P|Q) =4[1 — B(P||Q)] = 4h(P[|Q).
(iv) @,(P||Q) = K(P||Q).
(V) ®2(P|IQ) = 3x*(P||Q). Generalized Relative
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Given a convex functioif : [0,00) — R, the f —divergence measure introduced

by Csiszér {] is given by

(2.1) Crlp.a) = > aif (qu)

wherep, ¢ € R’
The following two theorems can be seen in Csiszar and Korijer |

Theorem 2.1. (Joint convexity). Iff : [0,00) — R be convex, thefi;(p, q) is
jointly convex inp andq, wherep, ¢ € R’;..

Theorem 2.2. (Jensen’s inequality). Lef : [0,00) — R be a convex function.
Then for anyp, ¢ € R, with P, = >~ p; > 0,Q, = >, p; > 0, we have
the inequality

Cr(p,q) > Quf <P") :

Qn

The equality sign holds for strictly convex functions iff
pr_P2_  _Pn
q; q2 dn

In particular, for allP, @ € A,,, we have

Cr(PlIQ) = f(1),

with equality iff P = Q.
In view of Theorems.1and2.2, we have the following result.
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Result 1. Forall P,@Q € A,,, we have
(i) ©5(P||Q) > 0foranys € R, with equality iffP = Q.

(i) @4(P||Q) is convex function of the pair of distributiof®, Q) € A, x A,
and for anys € R.

Proof. Take

[s(s —1)] " [uf —1—s(u—1)], s#0,1;

Generalized Relative
Information and Information

(2.2) ¢s(u) =< u—1-—1Inu, s =0; Inequalities

Inder Jeet Taneja

1—u+ulnu, s=1
forallu > 0in (2.1, we have Title Page
K(P|lQ). s#0,1; S stz
Cy(P||Q) = @, (P||Q) = { K(Q||P), s=0; « dd
< >
K(P||Q), s=1.
Go Back
Moreover, Close
(s—=1)t(ut=1), s#0,1; Quit
(2.3) d(u)=¢1—ut, s =0; Page 8 of 42
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and

w2, s#0,1;
(2.4) Pi(u) = u? s=0;
ut, s=1

Thus we havey”(u) > 0 for all w > 0, and henceg(u) is strictly convex for
all w > 0. Also, we havep;(1) = 0. In view of Theorem®.1and2.2we have , ,

. . . Generalized Relative
the proof of parts (i) and (ii) respectively. H Information and Information

Inequalities

For some studies on the measw?e?) refer to Liese and Vajdal[], Oster-
reicher [L7] and Cerone et al.9].
The following theorem summarizes some of the results studies by Dragomir

Inder Jeet Taneja

[7], [€]. For simplicity we have takerfi(1) = 0 andP, @ € A,,. Title Page
Theorem 2.3.Let f : R, — R be differentiable convex and normalized i.e., Contents
f(1) =0.If P,Q € A, are such that «“ o)
O<T§%§R<OO, Vie{l,2,...,n}, < >
for somer and R with0 < r < 1 < R < oo, then we have the following Go Back
inequalities: Close
1 / / Quit
(2.5) 0< CoPIIQ) < 3 (R=7) (f/(R) = £/(),
Page 9 of 42
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and

@7 0<BnR) - Cl(PIQ)
< AL (g - 11 - ) - 2(PlQ)
< LR-D)(F(B) - (),

where

8 50y — = DI0) + (L= ) ()

R—7r ’

andx?(P||Q) andC}(P||Q) are as given byX.6) and (2.1) respectively.

In view of above theorem, we have the following result.

Result 2. Let P,@Q € A, ands € R. If there exists:, R such that

0<r<P<R<oo, Vie{l,2,...,n},

qi

with0) < r <1 < R < oo, then we have

(2.9) 0 < ®,(Pl|Q) < ps(r, R),

(2.10) 0 < O,(Pl|Q) < ¢s(r, R),
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and

(2.11)

where

(2.12)

(2.13)

and

(2.14)

0 S Cbs(rﬁ R) - (DS(PHQ)
< ky(r, R) [(R = 1)(1 =) — (P||Q)]

< us(r, R),
(R—r) Rs—1_ps—1
%1 ((571) )7 s 7 1;
HS(K R) =
{R—r)In(%), s=1

(R — 1)¢S(T) + (1 — r)¢s(R)

s(r,R) =
5.1, ) Lt
(R0 1) 4(-r) (R 1) |
(R—1)s(s—1) » S 7& 0,1;
. (R-1) ln%—i-(l—r)lni Al
o (R—T1) e s =0;
(R—rlnr+(1—r)RIn R s=1

\ (R—r) ’

Rs—l _ Ts_l

k(rR):M: R—r)(s—1) s #1;
s\ R—r R —Inr B
T R_, s=1.
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Proof. The above result follows immediately from Theor&rf, by takingf(u) =
¢s(u), whereg,(u) is as given by Z.2), then in this case we have;(P||Q)) =
®(P[|Q). O
Moreover,
polr, B) = (R = k(1. R),

where

[L—l (T, R)]il S = 1, Information and Information
Inequalities

[Loa(r, R, s # L
ks(r, R) = { Generalized Relative

andL,(a,b) is the famous (ref. Bullen, Mitrinogiand Vast [~]) p-logarithmic

meangiven by Inder Jeet Taneja

( 1
[%] ", p# L0 Title Page
L,(a,b) = lngﬁ, p=—1; Contents
. | 4
forallp e R,a,b e R, a#b.
We have the following corollaries as particular cases of R&sult 1o 16K
Close

Corollary 2.4. Under the conditions of Result we have

R—r 2 Quit
rR ) ’ Page 12 of 42

2.15) 0<¥@lP) < () (
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@17 0 K(PIQ) < 1R - (1),
(R=7) (VE-v7)

(2.18) 0 < HPIIQ) £ ———
and
(2.19) 0 < X*(PIIQ) < 5(R )"

Proof. (2.15 follows by takings = —1, (2.16) follows by takings = 0, (2.17)
follows by takings = 1, (2.18 follows by takings = % and .19 follows by

takings = 2in (2.9). O]
Corollary 2.5. Under the conditions of Resulf we have
@200 o0<yQp)< TR
1 1
ean  o<kp < TR A ET DR
@2 o<k(p|g) < PR HIZIRRE
2.23 0 < h(P <(\/§_1>(1_ﬁ)
(2.23) < h(P|Q) < NN
and
(2.24) 0 <X*(PIQ) < (R—1)(1—7).
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Proof. (2.20) follows by takings = —1, (2.21) follows by takings = 0, (2.22
follows by takings = 1, (2.23 follows by takings = % and @.24) follows by
takings = 2in (2.10. O

Inview of (2.16), (2.17), (2.21) and .22, we have the following bounds on
J-divergence

(2.25) 0 < J(P||Q) < min{t1(r, R), t2(r, R)},
where 1 ) . L Generalized Relative
_ = _ - - Inf ti d Inf i
((rB) = (R =) [(rR) " + (La(r 7)) rormaton and rlomator
and

Inder Jeet Taneja

ta(r,R) = (R—=1)(1 —7) (L_1(r,R))"".
The expression, (r, R) is due to £.16) and ¢.17) and the expressian(r, R)

) Title Page
is due to £.21) and @.22.
o Contents
Corollary 2.6. Under the conditions of Resuif we have
44 44
R—1)(1—r
(2.26) o< ! r)}(z )—x2(QHP) < >
R
< [(R=1)(1 =) = (PIQ)]. Go Back
(rR)?
Close
(R—1)Int+(1—r)ns Quit
(2.27) 0< R, — K(Q||P) Page 14 of 42
1 2
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R—1)yrlnr+(1—r)RInR
R—r

[(R=1)(1=7r) = x*(P||Q)]

(2.28) 0< !

InR—1Inr
< 0
- R-r

- K(P[|Q)

and

(VE-1) -7

(i)
1

<
ViR (VRS V)

Proof. (2.26) follows by takings = —1, (2.27) follows by takings = 0, (2.29
follows by takings = 1, (2.29 follows by takings = % in (2.17). ]

(2.29) 0< — h(P||Q)

[(R=1)(1—r) =x*(PlIQ)] -

Generalized Relative
Information and Information
Inequalities

Inder Jeet Taneja

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 15 of 42

J. Ineq. Pure and Appl. Math. 5(1) Art. 21, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:taneja@mtm.ufsc.br
http://jipam.vu.edu.au/

In this section, we shall present a theorem generalizing the one obtained by
Dragomir [J]. The results due to Dragomi?] are limited only toy?— diver-

gence while the theorem established here is given in termeetdtive informa-

tion of types, that in particular lead us to bounds in terms\df-divergence
Kullback-Leibler'srelative informationand Hellinger'sdiscrimination

Theorem 3.1.Let f : I ¢ R, — R the generating mapping be normalized,
i.e., f(1) = 0 and satisfy the assumptions:

() f is twice differentiable orir, R), where0 <r <1 < R < o0;

(ii) there exists the real constants, M with m < M such that

(3.1) m< 2> f(x) <M, Vxe(r,R), seR
If P,Q € A, are discrete probability distributions satisfying the assump-
tion '
O<r< bi < R < o0,
q;

then we have the inequalities:

(3.2) m[¢s(r, R) — ©(P[|Q)] < B(r, R) — C¢(P||Q)
< M [os(r, R) — ®5(Pl|Q)],

whereC(P||Q), ®s(P||Q), B¢(r, R) and ¢4(r, R) are as given by4.1),
(1.8), (2.9) and (2.13 respectively.
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Proof. Let us consider the functions,, ;(-) andF, s(-) given by

(33) Fm,s(u) = f(u) - m¢3(u),
and
(34) FM,S(U’) = Mgbs(”) - f(u),

respectively, where: and M are as given by3.1) and functiony,(-) is as given
by (2.3).

Sincef(u) and¢s(u) are normalized, theh;, (-) andFy, s(-) are also nor-
malized, i.e..F}, (1) = 0 andFy; (1) = 0. Moreover, the functiong(«) and
¢s(u) are twice differentiable. Then in view of (4) and @3.1), we have

Fy () = f"(u) = mu*™ = w72 (u®* f"(u) —m) >0

and
Fp (w) = Mu™ — f"(u) = v’ (M = f"(u)) >0,

forall uw € (r, R) ands € R. Thus the functiong’,, ;(-) andF, (-) are convex
on(r, R).

We have seen above that the real mappifigs(-) and £y, s(-) defined over
R, given by @.3) and (3.4) respectively are normalized, twice differentiable
and convex orjr, R). Applying the r.h.s. of the inequality(6), we have

(3.5) Cp,.(Pl|Q) < BF,,.(1, R),
and
(36) OFm,s (PHQ) < 6FM,S (’l“, R)v
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respectively.

Moreover,
3.7) Cry . (Pl|Q) = Cp(Pl|Q) = m®s(P[|Q),
and
(3.8) Cry,, (Pl|Q) = M®,(Pl|Q) — Cp(P|Q).

In view of (3.5 and (3.7), we have

Cr(PlQ) = m®(Pl|Q) < B, (r B),
i.e.,
Cy(Pl|Q) = m®s(Pl|Q) < Bs(r, R) — mes(r, R)
ie.,
m [¢s(r, R) — ©,(Pl|Q)] < B(r, R) — C(P|Q).
Thus, we have the I.h.s. of the inequali8/).
Again in view of (3.6) and 3.9), we have

M(I)S(PHQ) - Of(PHQ) < /6F]M,s(r7 R)u

ie.,

Mo (P||Q) — Cp(Pl|Q) < Moy(r, R) — By (r, R),
i.e.,

Bi(r, R) — Cp(Pl|Q) < M [¢s(r, R) — 4(P[|Q)] .

Thus we have the r.h.s. of the inequali8y).
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Remark 3.1. For similar kinds of results in comparing th&-divergence with
Kullback-Leibler relative information see the work by Dragomif]. The case
of Hellinger discrimination is discussed in Dragomii][

We shall now present some particular case of the The@rém

In particular fors = 2, in Theoreni.1, we have the following proposition:

Proposition 3.2. Letf : I € R, — R the generating mapping be normalized,
i.e., f(1) = 0 and satisfy the assumptions:

(i) f is twice differentiable orfr, R), where0 < r <1 < R < oc;

(ii) there exists the real constants, M with m < M such that
(3.9) m < f"(x) < M, Vze (r,R).
If P, € A, are discrete probability distributions satisfying the assump-
tion

0<T§&§R<OO,

di
then we have the inequalities:

m

@10)  TUR-11-r)-(PlQ)
< By, B) - C4(P[Q)
< 5 [(R=101-1) - *(PQ)]

Generalized Relative
Information and Information
Inequalities

Inder Jeet Taneja

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 19 of 42

J. Ineq. Pure and Appl. Math. 5(1) Art. 21, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:taneja@mtm.ufsc.br
http://jipam.vu.edu.au/

whereC,(P||Q), 8;(r, R) and x*(P||Q) are as given by4.1), (2.8) and
(1.6) respectively.

The above proposition was obtained by Dragomirth JAs a consequence

of the above Propositiod.2, we have the following result.

Result3.LetP,Q € A, ands € R. Letthereexist, R (0 <r <1 < R < o)

such that
Di

0<T§E§R<OO’ Vie{l,2,...,n},
then in view of Propositio.2, we have
s—2
@1y o[- n0-n) - Pl
< ¢s(rﬁ R) - (PS(PHQ)
s—2
< [(R-1-1) = *(PQ)], s<2
and
s—2
(312 - [(R-1D0-1) = (PlQ)]

S ¢s(r’ R) - (PS(PHQ)
< IR-Da- - 2PIQ)]. 522

Proof. Let us considerf(u) = ¢s(u), whereg,(u) is as given by Z.2), then
according to expressio2 (), we have

Oy (u) = u'™.
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Now if u € [r, R] C (0,00), then we have
R < gi(u) <7 s <2,

or accordingly, we have

(3.13) ¢, (u)
>rs2 s> 2
Generalized Relative
Inf ti d Inf ti
and nrormai |?nnezﬂa"tri\e(;rma on
< RS_Q, s 2 2; Inder Jeet Taneja
(3.14) ¢, (u)
>R 5<2,

Title Page
wherer and R are as defined above. Thus in view 8f9), (3.13 and 3.14), Contents
we have the proof. ]

44 44
In view of Result3, we have the following corollary. P >
Corollary 3.3. Under the conditions of Resuf we have G
o Back
1 cl
(3.15) 7 (R =11 =) = *(PllQ)]
Quit
(B-1DA—-r)
< R - X (QI|P) Page 21 of 42
1 2
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(3.16)

(3.17)

and

(3.18)

Proof. (3.15 follows by takings = —1, (3.16) follows by takings = 0, (3.17)
follows by takings = 1, (3.18 follows by takings = % in Result3. While for

[(R=1)(1 —7) = x*(PI|Q)]

(R—1)Ini+(1—r)ns
< R S

[(R=1)(1—r) =x*(PlQ)] .

2R?

2r2

S= [(R= 1)1 - 1) = *(PlIQ)]
(R—1)rlnr+(1—-r)RInR _x
R—r

< o [(R=1)(1 =)~ *(PlIQ)]

<

(PllQ)

1 2
Wi [(R=1)(1 =) = x*(Pl|Q)]

_(VE-1) v

VR+/r
§§§§K3_mu—m—x%m@ﬂ~

— h(P|Q)

s = 2, we have equality sign.
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Proposition 3.4. Let f : I C R, — R the generating mapping be normalized,
i.e., f(1) = 0 and satisfy the assumptions:

(i) fis twice differentiable offr, R), where0 < r <1 < R < oc;

(ii) there exists the real constamts M such thatn < M and

(3.19) m <23 f"(x) <M, Vxe€ (r,R).
If P,Q € A, are discrete probability distributions satisfying the assump-
tion Generalized Relative
Di Information and Information
O<r< q— < R < o0, Inequalities

then we have the inequalities: Inder Jeet Taneja

m [(R—1)(1—r) 9
3.20 — — P i
(3.20) 5 { 5 X (Q[|P) Title Page
< Br(r,R) = C(PI|Q) contents
m [(R—1)(1—r) 9 <4 >
< — — P
<5 |[E=E i), o
whereC(P||Q), B;(r, R) and x*(Q||P) are as given by4.1), (2.8) and S el
(1.7) respectively. p—
As a consequence of above proposition, we have the following result. Quit
Result4.LetP,Q € A, ands € R. Letthereexist, R (0 <7 <1 < R < 00) Page 23 of 42
such that D
O <r S _l S R < OO, VZ 6 {17 27 ttt ,’I’L}, J. Ineq. Pure and Appl. Math. 5(1) Art. 21, 2004
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then in view of Propositio.4, we have

(3.21) R;H [(R — %1 —7) _ xz(QHP)}
< 6,(r, B) — 0,(P||Q)
< |EED - @in)] s<
and
I s Rl
< 6u(r.F) - (PIIQ)
A CIEI e

Proof. Let us considerf(u) = ¢s(u), whereg,(u) is as given by Z.2), then
according to expressior (), we have

() = w2
Let us define the function : [r, R] — R such thaty(u) = v?¢”(u) = u*!,

then we have

(3.23) sup g(u) =

Generalized Relative
Information and Information
Inequalities

Inder Jeet Taneja
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and

(3.24) inf g(u) =
u€lr, K] Rl s < —1.

In view of (3.23) , (3.24) and Propositior3.4, we have the proof of the result.

O
In view of Resuli4, we have the following corollary.

Corollary 3.5. Under the conditions of Result we have

(3.25) g [(R_ ?];1 =) —XZ(QHP)}
- (R—1)1n;i(r1—r)1 £ K(0||P)
<! [“"" D= vaie)|.
(3.26) % { XQ(QHP)}
g )rln;—i—_(r—r)RlnR_K(PHQ)
< T |E=DEED e
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Inequalities

Inder Jeet Taneja

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 25 of 42

J. Ineq. Pure and Appl. Math. 5(1) Art. 21, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:taneja@mtm.ufsc.br
http://jipam.vu.edu.au/

(3.27) \/f [(R_ 1)}(%1 -1 _ X2(Q||P)}
< (VR-1)0-v» h(P
< VR — h(P]|Q)
e R iCla]
and
(3.28) { XZ(QHP)}
< (R 1)(1—7’) X*(Pl|Q)
< [H=D0=0 )]

Proof. (3.25 follows by takings = 0, (3.26) follows by takings = 1, (3.27)
follows by takings = % and 3.29 follows by takings = 2 in Result4. While
for s = —1, we have equality sign. ]

In particular fors = 1, in the Theoren8.1, we have the following proposition
(see also Dragomirl[]]).
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Proposition 3.6. Let f : I € R, — R the generating mapping be normalized,
i.e., f(1) = 0 and satisfy the assumptions:

(i) fis twice differentiable orfr, R) , where0 < r <1 < R < c;

(ii) there exists the real constanis, M with m < M such that

(3.29) m<zf'(x) <M, Vze(rR).

If P,Q € A, are discrete probability distributions satisfying the assump-
tion Generalized Relative
Di Information and Information
O<r<—<R< 0, Inequalities
4qi

then we have the inequalities: Inder Jeet Taneja

R—1)rl 1—r)RInR
(3.30) m [( r DT};L_(T Rk _ K(P||Q)} Title Page
< By(r, R) = C4(P|Q) contents
R—1)yrlnr+(1—r)RInR 44 »h
< o | LOZDENE kpyig)|.

—-r < >
whereC(P||Q), B¢(r, R) and K (P||Q) as given byZ.1), (2.8) and (L.1) Go Back
respectively.

Close
In view of the above proposition, we have the following result. Quit
Result5.LetP,@Q € A, ands € R. Letthereexist, R (0 <7 <1 < R < 00) Page 27 of 42
such that D
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then in view of Propositio3.6, we have

(R—Drlnr+(1—r)RInR
gt - K(PlIQ)]

< ¢S(T, R) - CI)S(PHQ)

(3.31) ! [

s1|(R=1)rnr+(1—7r)RInR
<rt] - ~K(PIQ), 521
and
(3.32) R*! {(R — 1)rln rR—l—_(: —r)RlnR K(P||Q)]

S Qbs(r? R) - (PS(PHQ)
< gl {(R —Drlnr+(1—-7r)RInR

l ~K(PlQ)]. s<1

Proof. Let us considerf(u) = ¢s(u), whereg,(u) is as given by Z.2), then
according to expressior (), we have

Filu) =
Let us define the function : [r, R] — R such thaty(u) = ¢”(u) = u*~*, then

we have

RY s> 1;

(3.33) sup g(u) =
u€|[r,R] 7n3—1 S S 1

Generalized Relative
Information and Information
Inequalities

Inder Jeet Taneja

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 28 of 42

J. Ineq. Pure and Appl. Math. 5(1) Art. 21, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:taneja@mtm.ufsc.br
http://jipam.vu.edu.au/

and

(3.34) inf g(u) =
u€|[r,R] Rsfly s<1.

In view of (3.33), (3.34) and Propositior3.6 we have the proof of the result.

O
In view of Result5, we have the following corollary.

Corollary 3.7. Under the conditions of Reslilf we have

3.35) % {(3_1)r1n;+_(;—r)mn3_K(PHQ)}
<DL eq)p)
S%[(R—l)rln;—i—_(:—r)RlnR_K(PHQ)}7

(3.36) % (R—l)rlnrR—i—_(;—r)RlnR_K(PHQ)}

- (R—l)ln}é—{_—(rl—r)ln% _KO|IP)
s % [(R— 1)r1nrR+_(:—r)RlnR _K(P”Q)} |

Generalized Relative
Information and Information
Inequalities

Inder Jeet Taneja

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 29 of 42

J. Ineq. Pure and Appl. Math. 5(1) Art. 21, 2004

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:taneja@mtm.ufsc.br
http://jipam.vu.edu.au/

I [(R—Drlnr+(1—=r)RInR

S P - K(PlIQ)]

U (e

< VEivi (PllQ)

1 [(R—1)rlnr+(1—=7)RInR

< | "+ @ - K(rljQ)]
and
(3.38) [ -1) rlnr+(:—r)R1nR K(P||Q)}

< (R-1)(1—7) = x*(PllQ)

<9R {(R— 1)rlnrR+_(j —r)RInR —K(PHQ)] .

Proof. (3.35 follows by takings = —1, (3.36) follows by takings = 0, (3.37)
follows by takings = % and (.39 follows by takings = 2 in Result5. For
s = 1, we have equality sign. ]

In particular, fors = 0 in Theorem3.1, we have the following proposition:

Proposition 3.8.Letf : I € R, — R the generating mapping be normalized,

i.e., f(1) = 0 and satisfy the assumptions:

() f is twice differentiable orir, R), where0 < r <1 < R < oc;
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(ii) there exists the real constants, M with m < M such that

(3.39) m < 2*f"(x) <M, Vx€ (r,R).
If P, € A, are discrete probability distributions satisfying the assump-
tion '
0<r< % < R < o0,
then we have the inequalities:
Gen_eralized Relative_
R—_1)1 1 1— ] 1 Information and_lr_lformatlon
(3.40) m {( ) né+ ( T) nz B K(Q||P):| Inequalities
-r Inder Jeet Taneja
< By(r,R) — C¢(P|IQ)
1 1
<M {(R—l)ln;—i—(l—?")lnﬁ —K(QHP)} 7 Title Page
" Contents
whereC(P||Q), Bs(r, R) and K (Q||P) as given by%.1), (2.8) and (L.1) <« NS
respectively.
< >
In view of Propositior3.8, we have the following result. p—
Result6.LetP,@Q € A, ands € R. Letthereexist, R (0 <r <1< R < o) Close
such that . _
0<T§&§R<OO, Vie {1,2,...,n}, Quit
di Page 31 of 42
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then in view of Propositio.8, we have

(3.41) s {(R—l)lnétil—r)ln% —K(QHP)]

< ¢s(r7 R) - ®S<P||Q)

J@R=1D)Ii+(1—r)ng
<r o kQUP)] 520
and
(3.42) R° [(R_ 1)ln};%t51 —ring K(QHP)}

< Qbs(rﬁ R) - q)s(PHQ)

_ 1 —_ 1
STS{(R l)ln]%—i_—(rl rHHR—K(QHP)}, 5<0.

Proof. Let us considerf(u) = ¢(u), wheregs(u) is as given by Z.2), then
according to expressior2 (), we have

¥ () = w2
Let us define the function : [r, R] — R such thay(u) = u?¢”(u) = u*, then

we have

(3.43) sup g(u) =
u€[r,R| rs 5s<0
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and

(3.44) inf g(u) =
UE[’I‘,R] Rs, s S O

In view of (3.43, (3.44) and Propositior3.8, we have the proof of the result.

]
In view of Result5, we have the following corollary. Generalized Relative
Information and Information
Corollary 3.9. Under the conditions of Resuif we have Inequalities
Inder Jeet Taneja
2 [(R—1)In:+(1—r)lng
3.45 — P
O] - K(QIIP)
itle Page
(R—1)(1—r) it
< R - X7 (Q||P) Contents
_ 1 _ 1
r R—r
< 4
Go Back
—1)In? —i—(l—r)l +
(3.46) [ = K(@IP) Close
—1rlnr+ —r)RInR uit
< o Drir 2 U= 0FR ey 2
(R 1)in —r (- )l Page 33 of 42
—l)h-+({-=r
< p [ - K(@iP)|.
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r[(R—1)lnt+(1—-r)lng
gan ¥ s ~ K(@IIP)
<\/Ti - 1) (1= /7)
< — h(P||Q
TR (PllQ)
VR[(R=1)Int+(1-7)Ink
< T R
< .- K(@IP)
and Generalized Relative
Information and _Ir_\formation
(R _ 1) In % + (1 _ 7,) In L Inequalities
(3.48) 27“2 R_r B K(Q| |P) Inder Jeet Taneja
< (R-1)(1—7) —x*(PllQ)
(R—1)lni+(1—-r)nt Title Page
< 2 r R
< 2R { R—r K@IIP)| . Contents
Proof. (3.45 follows by takings = —1, (3.46) follows by takings = 1, (3.47) 4 dd
follows by takings = % and (.49 follows by takings = 2 in Result6. For < >
s = 0, we have equality sign. O
Go Back
Close
Quit

In particular, fors = % in Theorem3.1, we have the following proposition (see Page 34 of 42

also Dragomir ]).
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Proposition 3.10.Let f : I € R, — R the generating mapping be normal-
ized, i.e.,f(1) = 0 and satisfy the assumptions:

(i) fis twice differentiable orfr, R), where) < r <1 < R < oc;

(i) there exists the real constanis, M with m < M such that

(3.49) m < 23?2f"(x) < M, Vz e (r,R).
If P,Q € A, are discrete probability distributions satisfying the assump- Generalized Relative
tion Information and Information
Di Inequalities
0<r<—<R<x,
qi Inder Jeet Taneja

then we have the inequalities:

Title P
(\/T%—l)(l—ﬁ) itle Page
3.50 4m — h(P Contents
(3.50) N (PllQ)
44 44
< Gy(r. B) — Cy(PI|Q) —1—
VR—1) (1 =7
<4M ( ) —h(P||Q)] , Go Back
\/ﬁ - \/F Close
whereC(P||Q), B¢(r, R) and h(P||Q) as given by Z.1), (2.8) and (L.5) ot
respectively. Page 35 of 42
In view of Propositior3.10, we have the following result. e — S —————
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Result7.LetP,@Q € A, ands € R. Letthereexist, R (0 <r <1< R < c0)

such that '
0<r<® <R<oo, Vie{l,2,...,n}

4;

then in view of Propositio.10, we have

(351)  4r’% VE-1)a-vn
51 4r 2 — h(P
NN (PllQ)
Generalized Relative
S qbs(?a, R) _ (I)S(PHQ) Informati?nnezﬂg"ltri\(i(;rmation
< 4R25_1 (\/}_% — 1) (1 - \/F> h(PHQ) S 1 Inder Jeet Taneja
2 J— , S Z =
B VR+/r 2
Title Page
and Contents
(352) 4R™T Wﬁ _ 1> L=V h(P||Q) b >
' VR4 /1 < >
< ¢s(r, R) — ©4(P||Q) Go Back
<dr'T <\/E _ 1) S h(P <! e

Page 36 of 42
Proof. Let the functiongs(u) given by 8.29 be defined ovefr, R]. Defining
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g(u) = u¥/2¢!(u) = vz, obviously we have

R232—1’ s Z %’
(3.53) sup g(u) =
u€lr.R] rie, s< i
’ =32
and
re, s> 4
(3.54) infR g(u) = -
u€(r,R] R%’ s < %

In view of (3.53, (3.54) and Propositio3.10 we get the proof of the result.[]
In view of Result7, we have the following corollary.

Corollary 3.11. Under the conditions of Resuit we have

s [(VE-1)(1-v)

(3.55) N TEr T — h(P[|Q)
<DL Qe
s [(VE-1)a-vm
S\/T_?’ \/§+\/77 _h(PHQ) )
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Information and Information
Inequalities
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(3.56)

(3.57)

and

(3.58)

y [(vE-y)o-vn
< (R—l)ln};%j:il—r)lnﬁ _K(Q|IP)
c JUA)OE
TV VR4 /1 )|
(VR-1) (1 -v)
4/r VEr T h(PIQ)]
< (R—l)rln;—}—_(:—r)RlnR _ K(P||Q)
(VE=1) (1= i)
<4\/}_%[ TRt h(PIQ)]
(VE-1)1-vP)
8vr3 NG h(PQ)]

< (R=11=r) = x*(PllQ)
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(VE-1) (- vn)
VR +\/r

< 8VR3 — h(P]|Q)

Proof. (3.55 follows by takings = —1, (3.56) follows by takings = 0, (3.57)
follows by takings = 1 and @3.59 follows by takings = 2 in Result7. For
s = % we have equality sign. O
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