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ABSTRACT. By using a method based upon the Briot-Bouquet differential subordination, we
prove several subordination results involving starlike and convex functions of complex order.
Some special cases and consequences of the main subordination results are also indicated.
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1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functiorfsnormalizedby
(1.1) f2) =2+ at,
k=2
which are analytic in thepenunit disk

U:={z:2€C and |z| < 1}.

A function f(z) belonging to the clasd is said to bestarlike of complex ordeti (b € C\ {0})
in U if and only if

f(z)%() andi)%(lJr%[

z

2f (2)
f(2)

(1.2) —1}>>0 (z€U; be C\{0}).
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2 H.M. SRIVASTAVA AND A.Y. LASHIN

We denote byS;(b) the subclass ofd consisting of functions which are starlike of complex
orderb in U. Further, letSy(b) denote the class of functiorns € A satisfying the following
inequality:

2f'(2)
f(z)
We note thatS; (b) is a subclass af;(b).

Afunction f(z) belonging to the clasd is said to beconvex of complex ordér (b € C\{0})
in U if and only if

f(z)

z

(1.3)

—1‘<|b\ (z€U; be C\{0}).

12f"(2)
0 and R (1 + -
7 b ()
We denote byCy(b) the subclass ofd consisting of functions which are convex of complex
orderbin U. Furthermore, lek; (b) denote the class of functiorfse A satisfying the following

inequality:

(1.4) >>0 (z€eU; be C\{0}).

2f'(2)

f'(2)

so that, obviouslyC;(b) is a subclass of’;(b).
We note that

(1.5)

<[p] (z2€U;beC\{0}),

(1.6) f(z) € Ko(b) & 2f'(2) € S(b)  (be C\{0})
and
(1.7) f(z) eKi(b) & 2f (2) € S;(b)  (be C\{0}).

The classes(b) and/Cy(b) of starlike and convex functions of@mplexorderb in U were
introduced and investigated earlier by Nasr and Abuf [8] and Wiatrowski [12], respectively (see
also [6], [4] and[[9]). Their subclasse&s (b) and KC;(b) were studied by (among others) Choi
[1] (see also Choi and Saigo [2]), Polgto and Bolcall[10] and Lashin [4].

Remark 1. Upon setting =1 — o (0 £ a < 1), we observe that

Si(1—a) =8"(a) and Ko(1 — a) = K(a),
whereS*(a) andC(«) denote, respectively, the relatively more familiar classes of starlike and
convex functions of a real orderin U (see, for exampldg11]).

Finally, for two functionsf andg analytic inU, we say that the functioffi (z) is subordinate
to g (z) in U, and write

f=<g or f(2)<g(z) (2€0),
if there exists a Schwarz functian(z), analytic inU with
w(0)=0 and |w(z)|<1l (zel),

such that

(1.8) f(z)= g(w (z)) (z€U).

In particular, if the functiory is univalentin U, the above subordination is equivalent to
(1.9) f(0)=g(0) and f(U) C g(U).

The main object of the present sequel to the aforementioned works is to apply a method based
upon the Briot-Bouquet differential subordination in order to derive several
subordination results involving starlike and convex functions of complex order. We also
indicate some interesting special cases and consequences of our main subordination results.
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2. MAIN SUBORDINATION RESULTS

In order to prove our main subordination results, we shall make use of the following known
results.

Lemma 1 (cf. Miller and Mocanu[[5, p. 1%t seq). Let the functions'(z) and G(z) be
analytic in the open unit disk and let

F(0) = G(0).
If the functionH (z) := zG'(z) is starlike inU and
2F'(2) < 2G'(2) (2 €N,
then
2.1) ﬂ@<m@:mm+/@¥ht (z€U).

The function7(z) is convex and is the best dominant(ihl]).

Lemma 2 (Eenigenburget al. [3]). Let 5 andy be complex constants. Also let the function
h(z) be convexXunivaleny in U with

h(0)=1 and R(Bh(z)+7) >0 (z€U).
Suppose that the function
p(2) =14 piz+p22® +p32® + -+
is analytic inU and satisfies the following differential subordination

zp'(2) B B
(2.2) p(z) + 302+ =< h(2) (z € U).
If the differential equation
2q'(2) 0 _
(2.3) q(2) + O h(z)  (q(0):=1)

has a univalent solution(z), then
p(z) <q(z) <h(z)  (2€0)
andq(z) is the best dominant i (thatis p(z) < q(z) (= € U) for all p(z) satisfying
and ifp(z) < G(z) (z € U) for all p(z) satisfying(2.2), theng(z) < (z)) (z € U).
Remark 2. The conclusion of LemniZican be written in the following form
P+ <)+ 5 = b <al) (e D)
Remark 3. The differential equatiof2.3) has its formal solution given by
o) = F@) _ B4 (H(z))ﬂ 7
F(z) B \F(z)

3
F(z) = (ﬂtv/oz{ﬁ(t)}ﬂﬂ—l dt)é

H(z) =z -exp (/0 h(t)t_ ! dt) .
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We now state our first subordination result given by Thedrem 1 below.
Theorem 1. Let the functiom(z) be conveXunivaleny in U and let
h(0)=1 and R(bh(z)+(1-0b)) >0 (z€U).
Also letf(z) € A.

(a) If
(2.4) 1+ %ZJ{(S) <h(z) (e,
then
V(G N L
(2.5) 1+ ( e 1) <h(z)  (zeU).

(b) If the following differential equatian

a2) + LBy ()= 1)

Ba(z) +
has a univalent solution(z), then
12f"(z) 1 (2f'(2)
(2.6) 1+5 70) —<h(z):>1+5 ( B —1) <q(z) < h(z) (2€0)

andg(z) is the best dominant i2.6)).
Proof. We begin by setting
1 (2f'(2) )
2.7 1+ - ( -1 =:p(2),
so thatp(z) has the following series expansion:
p(z) =1 +p12+p222 +p323 + e
By differentiating [2.¥) logarithmically, we obtain
z2p'(2) 12f"(2)
z) + =1+ -
e e R e
and the subordinatioh (2.4) can be written as follows:

2/ (2)
p(z)+bp(z)+(1—b) <h(z) (z€l).

Now the conclusions of the theorem would follow from Lermjma 2 by taking
G=b and y=1-0.
This evidently completes the proof of Theorgn 1.
Next we prove Theorefr] 2 below.

Theorem 2. If f(z) € K1(b) (|b] = 1; b#0), then

L (2f'(2) )
14+ - —1) <q(z z € U),
(5 oz)  (zeU)
whereq(z) is the best dominant given by
1 zeb
(2.8) q(z)=1-— 3 + 1
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Proof. First of all, we observe that (1.5) is equivalent to the following inequality:
1 zf”(z))
14— -1
( b f'(2)
L2f"(2)
b f'(z)

Thus, in Theorer|1, we choose

<1 (z€0),

which implies that

1+ <14z (z€l).

h(z) =1+ =z
and note that
R(bh(z) + (1 —b)) >0 whenz € Uand [b] <1(b+#0),
and h(z) satisfies the hypotheses of Lemfrja 2. Consequently, in the view of Lg¢hma 2 and

Remark B, we have
H(z) =z exp (/ h(t)t_ ! dt)
0

which, forh(t) = 1+ t, yields
(2.9) H(z) = ze*
and

that is,

1 th %
F(Z): ﬁoedt R

which readily simplifies to the following form:

(2.10) F(z) = (b;b (e — 1)) ’ ,
From (2.9) and[(2.10), we obtain

-3 (75) 7"

which leads us easily tp (2.8), thereby completing our proof of Thepiem 2. O

Lastly, we prove the following subordination result.
Theorem 3. Let f(z) € S;(b) (b € C\ {0}), then
1
f2)

(2.11) et

(z € 1)

and this is the best dominant.
Proof. Sincef(z) € S;(b) (b € \{0}), we have

+%(Zf'(z) _1> P Lew),

f(z) 1—2z
that is,
(2.12) %(%S)Jrl) < 12_ZZ+% (z € ).
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Now, by setting
P(z):= (:f(2))"  (2€D),

we can rewrite[(2.12) in the following form:

z(log P(z))/ <z <log [z%(l — z)_QDI (z € U).
Thus, by setting

F(z) =logP(z) and G(z) = log [z%u - z)—ﬂ
in Lemmd 1, we find that

log P(z) < log [z%(l - z)’z} (z € U),

which obviously is equivalent to the assertipn (2.11) of Thedrem 3. O

3. SOME INTERESTING DEDUCTIONS

In view especially of the equivalence relationships exhibited by (1.6)[and (1.7), each of our
main results proven in the preceding section can indeed be applied to yield the corresponding
subordination results involving convex functions of ortler C \ {0}. For example, Theorem
[3 would immediately lead us to the following subordination result.

Corollary 1. Let f(z) € KCo(b) (b € C\ {0}). Then
(z € U)
and this is the best dominant.
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