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Abstract

An inequality for convex functions defined on linear spaces is obtained which
contains in a particular case a refinement for the second part of the celebrated
Hermite-Hadamard inequality. Applications for semi-inner products on normed
linear spaces are also provided.
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Let X be areal linear space,b € X, a # b and let[a,b] := {(1 — \) a + b,
A € [0,1]} be thesegmengenerated by, andb. We consider the function
f : [a,b] — R and the attached functiop(a,b) : [0,1] — R, g(a,b)(t) :=
fl(l—=t)a+tb],te]0,1].

It is well known thatf is convex ona, b] iff ¢ (a,b) is convex on0, 1], and
the following lateral derivatives exist and satisfy

() g4 (a,0) (s) = (V=S [(1 = s)a+sb]) (b —a), s € (0,1)
(i) g (a,0) (0) = (V4 (a)) (b—a)
(ii)) g~ (a,0) (1) = (v-f (b)) (b—a)
) (%)

where(v+ f (z)) (y) are theGateaux lateral derivativesye recall that

Guf @) ) ¢ = iy [T L],
(V-f(@)(y) = kli%l, {f@ i k‘z;) —f (x)] , T,y e X.

The following inequality is the well known Hermite-Hadamard integral in-
equality for convex functions defined on a segment| C X :

(HH) f(‘”b) /f 1—ta+tb]dt<w,
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which easily follows by the classical Hermite-Hadamard inequality for the con-
vex functiong (a,b) : [0,1] — R

g(a,b) (%) gfolg(a,b)(t)dtgg(a,b><o>;g<a,b><1>.

For other related results see the monograph on iihe [
Now, assume thatX, ||-||) is a normed linear space. The functifin(s) =

L|z|?, z € X is convex and thus the following limits exist . _
2 An Inequality Improving the

) ) Second Hermite-Hadamard
i o 1 lly+tzl|"=llyll” | . Inequality for Convex Functions
(IV) <x> y>s T (V-i—f() (y)) (33) = lim [ 2t ) Defined on Linear Spaces and
Applications for Semi-Inner
} Products

I

V) (,9); == (V-fo (y)) (x) = lim [Mﬂ

S.S. Dragomir

foranyxz,y € X. They are called théower and upper semi-inneproducts
associated to the norif||. Title Page
For the sake of completeness we list here some of the main properties of

these mappings that will be used in the sequel (see for exaripl@§suming Contents
thatp, ¢ € {s,i} andp # ¢: <« R
@) (z,2), = [lz|* forall 2 € X; < >
(@) (ax, By), = af (z,y), if o, > 0andz,y € X; Go Back
Close
(aa@)|(z,9),| < Il 1y for all 2,y € X; ot

@) (az +y,2), = alr,z), + (y,2), if z,y € X anda € R; Page 4 of 18
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V) (—z,y), = —(z,y), forallz,y € X;
(va) & +9,2), < lall 2] + (y, 2}, forall 2y, = € X

(vaa) The mapping(-, ->p Is continuous and subadditive (superadditive) in the
first variable forp = s (or p = 1);

(vaaa) The normed linear spadgX, ||-||) is smooth at the point, € X\ {0} if
and only if (y, zo), = (y, xo), for all y € X; in generaly, =), < (y, ),

forall z,y € X;

An Inequality Improving the
. Second Hermite-Hadamard
<y> > Inequality for Convex Functions
Defined on Linear Spaces and
Applications for Semi-Inner
Products

(ax) Ifthe norm||-|| is induced by an inner produgt -) , then(y, z), =
(y,z) forall z,y € X.

Applying inequality (1H) for the convex functiorf, (z) = 3 |z||* , one may

deduce the inequality S.S. Dragomir
2 1 2 2
(1.1) x—;—y < / (1 —t)z +ty| dt < M Title Page
‘ Contents
foranyz,y € X. The sameHl{H) inequality applied forf; (z) = ||z, will % o~
give the following refinement of the triangle inequality:
| < >
rT+y Y
(1.2) ” / [(1—t)z +ty| dt < H H Iy , Ty € X, Go Back
- - - - - - - Close
In this paper we point out an integral inequality for convex functions which _
is related to the first Hermite-Hadamard inequality lifH) and investigate its QU
applications for semi-inner products in normed linear spaces. Page 5 of 18
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We start with the following lemma which is also of interest in itself.
Lemma 2.1. Leth : [a, 5] C R — R be a convex function o, 5]. Then for
any~ € [«, 5] one has the inequality

1) S [(B=7)°h, (1) = (v—a)?h_(v)]

N —

IN

(v —
_1Uﬁ V2R (B) - (v — a)’ M, ()]

The constang is sharp in both inequalities.
The second inequality also holds for= o or v = 3.

Proof. It is easy to see that for any locally absolutely continuous fundtion
(o, B) — R, we have the identity

I} I}
(2.2) /'u—wwawhqv—mhmwuﬁ—whww1/h@ﬂt

for anyy € («, 5) , whereh' is the derivative of which exists a.e. ofw, 3) .
Sinceh is convex, then it is locally Lipschitzian and thuks %) holds. More-
over, for anyy € («, 3), we have the inequalities

(2.3) h'(t) < k' (v) fora.e.t € [a,]
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and

(2.4) W (t) > 1 (y) fora.e.t € [y, ].

If we multiply (2.3) byy —t > 0, t € [a, ] and integrate ofr, 7], we get
v 1

(2.5) [ o—onwars 5 6-ati o)

and if we multiply .4 byt — v > 0, t € [v, 5], and integrate of, 3], we

also have An Inequality Improving the
B 1 ) Seccl)_ndeermite-Hadame_ard

(2.6) / (t=) W (@) dt = 5 (8 =)y (7). Defined on Linear Spaces and

vy Applications for Semi-Inner

Now, if we subtract?.5) from (2.6) and use the representatich?), we deduce Products

the first inequality in2.1). S.S. Dragomir

If we assume that the first inequalit.() holds with a constanf’ > 0
instead of}, i.e.,

Title Page
(2.7) C[(B- VR () = (y— )’ ()] Contents
’ «“ >
<G-a)bla)+(B-hE) - [ h@d
@ < >
and take the convex function (t) := k |t — "‘TW k> 0,t € [a,f], then ——
/ +
" (a g = k, Close

2
Quit
b (@ +08\ i
0~ 9 - Page 7 of 18
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ho(e) = ————==ho(0),
B 1 ,
/ ho()dt = k(5 a),
and the inequalityd.7) becomes, foty = "T*ﬁ,

1 .1 ,
Cl{-arks 10—tk <

giving C < %, which proves the sharpness of the consWthe first inequal-
ity in (2.2).

If either b/, (o) = —oco or b’ () = —oo, then the second inequality i.()
holds true.

Assume that, (a) andh’ () are finite. Since: is convex onja, 3], we
have

(2.8) r'(t) > 1 (a) fora.e.t € [a,7] (v may be equal t@)
and
(2.9) R’ (t) < k' (B) fora.e.t € [y,5] (v may be equal ta) .

If we multiply (2.8) by y — ¢ > 0, ¢t € [a,7] and integrate orfr, 7], then we
deduce

(2.10) JACECTACI S TR AS
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and if we multiply .9 byt —~ > 0, t € [y, ], and integrate offyy, 5], then
we also have

B
(2.11) [ =< 56— ).

Finally, if we subtract2.10 from (2.11) and use the representatioh?), we
deduce the second part &f.0).

Now, assume that the second inequality4ri) holds with a constand > 0
instead of}, i.e.,

(2.12) (y—a)f(a)+ (5~ / it
>D[ )f’_(ﬁ)—(fy—a)Qf;(a)}.

If we consider the convex functioly, given above, then we havé (5) = k,
b’ (o) = —k and by @.12) applied forh, andz = # we get

(B —0f <D | k(B0 + 1k (5~ o)

1 a)” < 1 o 1 o ,

giving D > %, and the sharpness of the const§uiﬂ proved. O

Corollary 2.2. With the assumptions of Lemrd.and ify € («, (3) is a point
of differentiability forh, then

(2.13) (‘*‘gﬁ —7) e
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< (g:g)h(a)vL (g:l>h(5)‘gialﬁh(t>dt‘

Now, recall that the following inequality, which is well known in the litera-

ture as the Hermite-Hadamard inequality for convex functions, holds

a+p 1 [ h(a)+h(f)
(2.14) h( 5 )Sﬁ—a/a h(t)dt < —=——"".

The following corollary provides some bounds for the difference

a B
h( >;—h(6)_ﬁia/a ht) dt.

Corollary 2.3. Leth : [a, 5] — R be a convex function da, 5]. Then we have

the inequality
[ (25w (252 -
. h(a);hm—ﬁi@/jh@dt

< W) =W (@] ().

(2.15) 0

IN

The constan§ is sharp in both inequalities.

We are now able to state the corresponding result for convex functions de-

fined on linear spaces.

An Inequality Improving the
Second Hermite-Hadamard
Inequality for Convex Functions
Defined on Linear Spaces and
Applications for Semi-Inner

Products

S.S. Dragomir

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 10 of 18



http://jipam.vu.edu.au/
mailto:sever@matilda.vu.edu.au
http://jipam.vu.edu.au/

Theorem 2.4.Let X be alinear space;,b € X,a #bandf : [a,b] C X — R
be a convex function on the segmgnt|. Then for anys € (0, 1) one has the
inequality

(2.16) 3 [(1 — 5 (74 f[(1 = s)a+ st]) (b —a)
2 (7 F (1= s)a+ sb) (b - a)]

<(1=3s)f(a)+sf(b /f (1—t)a+thdt

An Inequality Improving the

1 Second Hermite-Hadamard
<= [(1 - 5) (fo (b)) (b - a) - S (V+f (a)) (b - (1)} . Ineqi(;(lji?y fore(rlnczln\(jexéli:uirzgcr)ns
2 Define_d on Linear Spa_ces and
The constant is sharp in both inequalities. AT S
The second inequality also holds for= 0 or s = 1.
S.S. Dragomir
Proof. Follows by Lemma2.1 applied for the convex function
h(t)y=g(a,b)(t)=f[(1—t)a+1tb], tel0,1], Title Page
and for the choices = 0, 5 =1, andy = s. O Contents
Corollary 2.5. If f : [a,b] — Risasin Theorer2.4and Gateaux differentiable <« >
inc:=(1—Xa+ A\, A € (0,1) along the direction(b — a), then we have the p >
inequality:
] Go Back
@) (5-2) (@1 ©)6-0) Close
Quit

< (1=A) fla)+Af (b /f (1—t)a+tb] dt.

Page 11 of 18
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The following result related to the second Hermite-Hadamard inequality for
functions defined on linear spaces also holds.

Corollary 2.6. If f is as in Theoren2.4, then
b b
(218) ¢ {mf (“ ) (b—a)—v_f (“ ) (b— a)]

g / fl )a + tb) dt
1 ASn Ine(éuglity I_rtanov(ijng th(:j
econ ermite-Hadamar
9 —a)— + a —a)l. Inequality for Convex Functions
8[(v f0)(b—a)=(v+f(a))(b—a)]
Defined on Li S d
| _ | . e B
The constan§ is sharp in both inequalities. Products
Now, letQ2 ¢ R" be an open convex set " SR
If F:Q — Ris a differentiable convex function dn, then, obviously, for
anyc € 2 we have Title Page
" OF ( E) Contents
VF(c)(y) = Y, Yy €R™Y
(©) (9) z_; or, Y ¥ « N
oF . I : . < >
where 2~ are the partial derivatives of’ with respect to the variable;
(1=1,. . ). Go Back
Using (2.1@, we may state that Close
1 "OF (A\a+ (1—\)b) Quit
2.19) - — - (b; — a;
( 9)(2 )‘) 2 ox; (b = ai) Page 12 of 18

i=1
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g(1—A)F(a)+>\F(b)—/1F[(1—t)a+tb} dt

1 2 2
Sé[“_”. 0, AZ O ai)]

3
)
B!

—~
=
~—

foranya,b € Q andX € (0, 1).
In particular, forh = 1, we get

1 An Inequality Improving the

_ T Second Hermite-Hadamard
- / F [(1 - t) a + tb] dt Inequality for Convex Functions
0

Defined on Linear Spaces and

F(a)+ F (b)

(2.20) 0 < .

Applications for Semi-Inner

1 b 81 (C_l) Products
< = E . A
- 8 — ( ox; ox; ) (b; = a)

S.S. Dragomir

In (2.20 the constan§ is sharp.
Title Page

Contents
44 44
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Let (X, ||-||) be a real normed linear space. We may state the following results
for the semi-inner products, -), and(, -)..

Proposition 3.1. For anyz,y € X ando € (0, 1) we have the inequalities:

(3.1) (1 —0)2 (y—z,(1—0)x+oy), —o?(y—m, (1 - o)z + oy),

1
2 2 2
<A =o)[lzl”+ oyl —/O 11— t) 2+ tyl|”dt

An Inequality Improving the

2 2 Second Hermite-Hadamard
< (1 - U) <y - T, y>i -0 <y -, y>s : Inequality for Convex Functions
. L. Defined on Linear Spaces and
The second inequality ir8(1) also holds fore = 0 or o = 1. Applications for Semi-Inner
Products
The proof is obvious by Theoreth4applied for the convex functiofi(z) =
2 S .
%HQZ” ,r e X. S.S. Dragomir
If the space ismooth then we may pufr,y| = (z,y), = (z,y), for each
x,y € X and the first inequality in3.1) becomes Title Page
B2 (1—-20)[y—z,(1—0)x+ oy Contents
1
<44 >»
< (1—o)|lzl* +ollyl* ~ / (1= t) & + ty||* dt.
0 < >
An interesting particular case one can get fr@niyis the one for = 1, Go Back
1
(3.3) 0<cly—ay+a),~(y—ay+a) Close
Quit

Hﬂ?H +HyH
|| x+ty|| dt Page 14 of 18
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< U=y~ y-w2)).

The inequality 8.3) provides a refinement and a counterpart for the second
inequality in (L.1).

If we consider now two linearly independent vectatrg, € X and apply
Theorem2.4for f (z) = ||z||, € X, then we get

Proposition 3.2. For any linearly independent vectarsy € X ando € (0,1),

one has the inequalities: An Inequality Improving the
Second Hermite-Hadamard
[ lity for C Functi
@4y Lo _oplmnl-ortoy), ly—z.(-o0)rtoy) Defined on Linear Spaces and
. 5 ”(1 _ 0_) T+ 0y|| “(1 _ a) T+ Uy“ Appl|cat|orF1’src;‘8lrjcSt§m|-lnner
1
< (1 — O‘) HZL’H +o0 Hy|| — / H(l — t) T+ ty” dt S.S. Dragomir
0
1[ 2 {y —2,9); 2<y—fc,x>]
<s|1-0) t—o £l Title P
2 lyll &4l He rage
. . Contents
The second inequality also holds for= 0 or o = 1.
44 >
We note that if the space is smooth, then we have > 3
(3.5) (%_0> ) [y—fa(l—U)vaay] Go Back
[0 =)z + oyl 1 s
< (@ =o)lz[+ayl —/ (1= t)z + ty| dt Quit
0

Page 15 of 18



http://jipam.vu.edu.au/
mailto:sever@matilda.vu.edu.au
http://jipam.vu.edu.au/

and foro = % (3.4) will give the simple inequality

1 z+y Tty
(3.6) 0 < §[<y—9&, e > —<y—af, = >]
=4/ =/

|(1—t)x +ty| dt

1 Y T
< cy-a- LY —{y—a N
8 ||y|| i ||17|| s An Inequality Improving the

Second Hermite-Hadamard

. . . . : Inequality for Convex Functions
The inequality 8.6) provides a refinement and a couterpart of the second in- "t 0 0 = 0 S

equality in (L.2). Applications for Semi-Inner
Moreover, if we assume thdfd, (-,-)) is an inner product space, then by Products
(3.6) we get for anyr, y € H with ||z| = [jy|| = 1 that S.S. Dragomir
! 1
(3.7) 0< 1—/ |(1—t)z +ty| dt < §||y—:lt||2. Title Page
’ Contents

The constant is sharp. > W
Indeed, if we choosé! = R, (a,b) = a-b, x = —1, y = 1, then we get
equality in B.7). < >
We give now some examples. Go Back
1. Let? (K), K = C,R; be the Hilbert space of sequenaes: (z;), ., With Close
Quit
Page 16 of 18
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Yoo l2;]* < co. Then, by 8.7), we have the inequalities

(3.8) 0 < 1—/1 (i|(1—t)xi+tyi|2>2dt
0 \i=0

1 oo
S é : |yl - xi|2 )
=0
for anyz, y € ¢% (K) provided> >, |z:> = 32, [wil* = 1. ggégigugmzepﬁgéggntgg
2. Let i be a positive measurd,, (Q2) the Hilbert space ofi—measurable ";’;‘f;‘n"";ﬁyj‘n"L‘;‘;gvre;pii’;‘;“;’,?j
functions on(2 with complex values that arg—integrable ort2, i.e., f € Applicatiogs fgf Siemi-'nnef
)iff o 1f (¢t )|?dp (t) < oo. Then, by 8.7), we have the inequalities rosHes
S.S. Dragomir
1
2
39 0 < /(/11— 0+ 2 OF du(n))” ax .
Title Page
< / |f(t) () dp () Contents
44 44
forany f,g € L, () provided |, | f (¢ )P dp (t = o lg(t )P dp(t) = 1. < >
Go Back
Close
Quit
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