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Abstract
In this paper, we are concerned with the following nth difference equations
A"k -1)+ f(k,y(k) =0, ke{l,...,T},

A'y(0)=0,i=0,1,...,n =2, A" 2y(T+1)=aA" %),

where f is continuous, n > 2, T > 3 and ¢ € {2,...,T — 1} are three fixed
positive integers, constant a > 0 such that a¢ < T + 1. Under some suitable
conditions, we obtain the existence result of at least three positive solutions for
the problem by using the Leggett-Williams fixed point theorem.

2000 Mathematics Subject Classification: 39A10.
Key words: Discrete three-point boundary value problem; Multiple solutions; Green’s
function; Cone; Fixed point.
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This paper deals with the following three-point discrete boundary value problem
(BVP, for short):

(1.1) Amy(k— 1)+ f(k,y(k)) =0, ke{l,....T}
(1.2) Aiy(O) =0,2=0,1,...,n— 2, An_Qy(T +1) = ozAn_Qy(g), Triple Solutions for a
Higher-order Diﬁerence
where Ay(k — 1) = y(k) — y(k — 1), A"y(k — 1) = A"} (Ay(k — 1)),
ke {1 T} Zengji Du, Chunyan Xue and
R ) ) . o Weigao Ge
Throughout, we assume that the following conditions are satisfied:
(Hy) T >3and¢ € {2,...,T — 1} are two fixed positive integers, > 0 such Title Page
thatal < T + 1. P
(Hy) feC{l,...,T} x[0,+00),[0,4+00)) and f(k, -) = 0 does not hold on P >
{1,...,¢—1}and{¢,...,T}.
| >
In the few past years, there has been increasing interest in studying the exis- Go Back
tence of multiple positive solutions for differential and difference equations, for
example, we refer the reader td [ []. Close
Recently, Ma §] studied the following second-order three-point boundary Quit
value problem Page 3 of 23

(1.3) u” + Xa(t)f(u) =0, t € (0,1), u(0)=0, au(n) =u(l),
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by applying fixed-point index theorems and Leray-Schauder degree and upper
and lower solutions. In the cage= 1, under the conditions thdtis superlinear

or sublinear, Ma ](] considered the existence of at least one positive solution
of problem (L.3) by using Krasnosel'skii’s fixed-point theorem.

However, in P] — [11], the author did not give the associate Green’s func-
tion and exceptional work was carried out for higher order multi-point differ-
ence equations. In the current work, we give the associate Green’s function
and obtain the existence of multiple positive solutions for BYR)(— (1.2) by
employing the Leggett-Williams fixed point theorem. Our results are new and
different from those in{] — [11]. Particularly, we do not require the assumption
that f is either superlinear or sublinear.
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For the convenience of the reader, we present here the necessary definitions
from cone theory in Banach space, which can be foung]in [

Let N be the nonnegative integers, welet; = {k € N : i < k < j} and
N, = No,.

We say thay is a positive solution of BVP1(1) — (1.2), if y : Npyp, 1 —
R, y satisfies {.1) onN; 1, y fulfills (1.2) andy is nonnegative oiN,.,,_, and
positive onN,,_; 7.

Definition 2.1. Let E be a Banach space, a nonempty closediSet E is said
to be a cone provided that

(i) if xr € Kand\ > 0then\z € K;

(i) if r € K and—x € K thenz = 0.

If K C E is acone, we denote the order induced Byon FE by <. For
x,y € K,wewritex < yifandonlyify — z € K.

Definition 2.2. A maph is a nonnegative continuous concave functional on the
coneK which is convex, provided that

(i) h: K — [0, 00) is continuous;

(i) h(tz+ (1 —1t)y) > th(z)+ (1 —t)h(y) forall z,y € K and0 < t < 1.
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Now we shall denote
K.={yeK: |yl <c}
and
K(h,a,b) ={y € K : h(y) > a, |ly|]| < b},

where|| - || is the maximum norm.
Next we shall state the fixed point theorem due to Leggett-Williartijsdlso

see [].

Theorem 2.1. Let £ be a Banach space, and I&f C FE be a cone inE.
Assume that is a nonnegative continuous concave functionalloisuch that
h(y) < |ly|| forall y € K., and letS : K, — K. be a completely continuous
operator. Suppose that there exisk a < b < d < ¢ such that

(A1) {y € K(h,b,d) : h(y) > b} # 0 andh(Sy) > bforall y € K(h,b,d);
(A2) ISyl < afor [yl <a;
(As) h(Sy) > bforall y € K(h,b,c) with || Sy|| > d.

ThensS has at least three fixed poings, v, andys in K, such that|y; || < a,
h(y2) > band||ys|| > a with h(ys) < b.

In the following, we assume that the functi6iik, () is the Green’s function
of the problem-A"y(k — 1) = 0 with the boundary conditionl(2).

It is clear that (see)

g(k,1) = A" 2G(k, 1), (with respect tdk)
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is the Green’s function of the problemA?y(k — 1) = 0 with the boundary
condition

(2.1) y(0) =0, y(T' +1) = ay(§).

We shall give the Green'’s function of the problerd\?y(k — 1) = 0 with the
boundary condition4.1).

Lemma 2.2. The problem

Triple Solutions for a

(22) A%k —1) +u(k) =0,  k€Nig, O aton
with the boundary conditior?(1) has the unique solution Zengji B C_hunyém Xue and
eigao Ge
k—1 T
(2.3) y(k T+1_Q£ZT+1—Z Title Page
l:l =
-1 Contents
T+1—a£z Ju(l), k&€ Npyi. 4« >
=1
< >
Proof. From @2.2), one has
Go Back
Ay(k) — Ay(k — 1) = —u(k), Close
Ay(k —1) — Ay(k — 2) = —u(k — 1), Quit
Page 7 of 23
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We sum the above equalities to obtain

k
Ay(k) = Ay(0) = "u(l), k€ N,

=1

here and in the following, we denoE;’:p u(l) = 0, if p > ¢. Similarly, we
sum the equalities frorr to £ and change the order of summation to obtain

k l

y(k+1) =y(0) + (k+ 1)Ay(0 ZZU

=1 j=1

Mw

=y(0) + (k+1)Ay(0) = Y (k+1—1u(l), ke Ny,

=1
i.e.,

k—1

(2.4) y(k) = y(0) + kAy(0) = > (k= Du(l), k€ Npyi.

=1

By using the boundary conditior2 (1), we have

(2.5) Ay(0) = —

By (2.4) and @.5), we have shown tha®(3) holds.
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Lemma 2.3. The function

M boalbl 1 e Nygot M Npeo;
UT+1—k)+og(k—1 .
( T+i—a§( ), [ € N¢p—1;
(2.6) g(k7 l) - E[T4+1-l—a(£-1)] le N .
T TiicaE € Nge—1;
| g I € Nir(\Ner-
is the Green’s function of the following problem
(2.7) —A?’y(k—1)=0, k€ Ny,
(2.1) y(0) =0, y(T'+1) = ay(§).

Proof. We shall divide the proof into the following two steps.

Step 1. We supposé < £. Then the unique solution of probler.(), (2.1
can be written as

y(k) = —i(k = Du(l) + T++_a£ i(T +1=hull)
k = -
T —at _;(T +1—Du(l) + ;(T +1- Z)U(l)]
Mk—1 £-1
_ ﬁk—ag ;(5 — Du(l) + ;(6 - l)U(l)]
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k‘

-1

ST+ 1k —a(e— k)
X e W
kT +1—1—a— TkT+1—l
* T+1—al )+ 1—@5(0

l

I
=

=

= > glk,Du(l)

Step 2. We supposé > £. Then the unique solution of probler.(), (2.1)
can be written as

-1 k—1
y(k) = — | > (k= Dull) + Y (k- Z>u<l>]
=1 I=¢
I -1 k—1
+T+1_%_§;T+1—U(D+hJT+1—D(U
T ak =
+Y (T+1-1 Ti—of (€ = Du(l)
=k =1
S IT+1—k—al—k)
- — T+1—a€ u(l)
T+ 1—k)+at(k— L KT +1-1)
+l:£ T+1-af +; T+1-af u(l)

Triple Solutions for a
Higher-order Difference
Equation

Zengji Du, Chunyan Xue and
Weigao Ge

Title Page

Contents
44 44
| | 2
Go Back
Close
Quit
Page 10 of 23

J. Ineq. Pure and Appl. Math. 6(1) Art. 10, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:duzengji@163.com
mailto:
mailto:xuechunyanab@bit.edu.cn
mailto:
mailto:gew@bit.edu.cn
http://jipam.vu.edu.au/

= > gk, Duld)

Thus the unique solution of problen2.{), (2.1) can be written ag/(k) =
S gk, Du(l). O

We observe that the conditiert < 7"+ 1 implies thaty(k, /) is nonnegative
onNzy; x Ny r, and positive orlN; 1 x Ny 7. From @.3), we have

Triple Solutions for a

T Higher-order Diﬁerence
y(k) = Zg(k’ Du(l), Equation
=1 Zengji Du, Chunyan Xue and
Weigao Ge
where
g(k,1) = (T +1— ) (B(T +1 1) G [PEEE
— (k=D(T+1 - a&)xpr-1l) — ak(€ = Dxpe-1(1))- Contents
This is a positive function, which means that the finite set 4« dd
| 2
{9(k,0)/g(k, k) - k1 =1,2,...,T} p=——
takes positive values. Let/;, M, be its minimum and maximum values, re- Close
spectively. Quit
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In the following, we denote

m = min Zg(k:,l), = max ngl

]CENT+1

and -
M = max g(k, k).

kGNg_’T kGNT+1

Then0 < m < M, 0 < i < M.
Let £ be the Banach space defined by

E={y:Nri,1— R Ay0)=0,i=0,1,...,n—2}.

Define

kEN 1

K = {y € E: A" ?y(k) >0for k€ Ny and min A" ?y(k) > cr||y||}

whereo = 21 ¢ (0, 1),

Mo M
in E.
Finally, let the nonnegative continuous concave functianak’ — [0, co)
be defined by

= Inax |A"2y(k)|. Itis clear thatK is a cone
S

T+1

h(y) = min A" ?y(k), yec K.

kEN{ T

Note that fory € K, h(y) < ||yl
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Remark 1. If y € K, ||y|]| < ¢, then
0 S y(k) S qc, ke NT+n—17
where
(T+n—1)(T+n)---(T+2n—4)
(n—2)! '
Infact, ify € K, ||y|| < c, then0 < A" 2y(k) <c, k € Npyq, i€,

q = Q<n7T) =

0< A(A”‘3y(k)) = A"‘3y(k +1) — A”‘3y(/<:) <c.
Then one has

0 < A"7y(1) — A"?y(0)
0 < A"7y(2) — A" y(1)

Y

IA A

C
C7

0 < A" 3y(k) — A" 3y(k—1) <c.
We sum the above inequalities to obtain

0 S An_3y(l€) S ]{ZC, k c NT+2.

Similarly, we have

2!

i=1

k
k(k+1
0 < A" y(k) < (Z i) c= gc, k € Npis.
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By using the induction method, one has
k(k+1)---(k+n—3)

0 < y(k) < — ¢,

k€ Npyn_1.
Then
0 < y(k) < (T+n—1)(T+n)---(T+2n—4)
(n—2)!
Theorem 3.1. Assume that there exist constant$, ¢ such that) < a < b <
¢-min {0, 22} and satisfy

c = qc, ke Npin_1.

(Hs) f(k,y) < 57, (k,y) €0, +n—1] x [0, qc],
(Hy) f(kyy) <47, (kyy) €0, +n—1] x [0, qal,

(Hs) There exists somg € [n—2,7+n—1], such thatf (k,y) > mio, (k,y) €
[n—2,T +n—1] x [b, 2], wherem, = Jmin g(k,1) > 0.
WENT

Then BVP {.1) — (1.2) has at least three positive solutiops, y, and ys,
such that

(3.1) ol <a,  h(y2) > b,
and
(3.2) llysl| > a with  h(ys) <b.

Proof. Let the operatof : K — FE be defined by
T

(Sy)(k) = Gk, 1) f(1,y(1)),

=1

k€ Nrpyn_1.
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It follows that
(3.3) A"2(Sy)(k Zg (k, ) f ),for ke Npy.

We shall now show that the operaiﬁrmapsK into itself. For this, lety € K,

from (H,), (H), one has

(3.4) A"2(Sy)(k Zg (k1) f )>0,for ke Np,,

and -
A"2(Sy)(k) =Y g(k, 1) f (1 y(0)

T

<M, Y gk RS (L)

=1

T
< MQMZf(l,y(l)), for ke NT+1-
=1

Thus T

ISyl < MM Y f(1y(D)).

From(H,), (H,), and B.3), for k € N&;:,lvve have
T

A" (Sy)(k) = MY g(k k) f(1,y(1D))

=1

T -
- Mim
> My 3 F.(1) = TSyl = oSyl

2

Triple Solutions for a
Higher-order Difference
Equation

Zengji Du, Chunyan Xue and
Weigao Ge

Title Page

Contents
44 44
| | 2
Go Back
Close
Quit
Page 15 of 23

J. Ineq. Pure and Appl. Math. 6(1) Art. 10, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:duzengji@163.com
mailto:
mailto:xuechunyanab@bit.edu.cn
mailto:
mailto:gew@bit.edu.cn
http://jipam.vu.edu.au/

Subsequently

. : n—2 > .
(3.5) i A"(Sy)(k) = oSyl
From 3.4) and @.5), we obtainSy € K. HenceS(K) C K. Also standard
arguments yield that : K — K is completely continuous.

We now show that all of the conditions of Theoreéni are fulfilled. For all
y € K., we have||ly|| < c. From assumptio(Hs), we get

ISyl = max [A"*(Sy)(k)|

keENT1
T
— kD) f(Ly(l
Jhax Zlg( D Fy(0)
c T
37 X ;g(k’, l)=c

HenceS : K. — K..

Similarly, if y € K,, then assumptiof,) yields f(k,y) < i, fork €
Nr,:. As in the argument above, we can shéw K, — K,. Therefore,
condition(As) of Theorem2.1is satisfied.

Now we prove that conditiofA,) of Theorem2.1holds. Let
k(k+1)---(k4+n—3)b

y (k) = (=2l , for

ke Né’T.
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Then we can show that € K (h,b, L) andh(y*) > £ > b. So

{yeK(h,b,S) L h(y) >b} £,

From assumption&H,) and(Hs), one has

> min g(/{? lo) f(lo, y(lo))

kJENS T

b
> — mi > b.
o kgll\}?Tg(k,l) >0
This shows that conditiof4,) of Theorem?2.1is satisfied.
Finally, suppose that € K (h, b, ¢) with || Sy|| > £, then
h(Sy) = min A"7*(Sy)(k) > o|Sy|| > b.
kENg
Thus, condition(A3) of Theorem2.1 is also satisfied. Therefore, Theorem

2.1implies that BVP (.1) — (1.2) has at least three positive solutionsys, ys
described by%.1) and 3.2). O
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Corollary 3.2. Suppose that there exist constants

m

. m .
0<a1<b1<cl-m1n{a,ﬂ}<a2<bg<02-m1n{a,M}<---<ap,

p is a positive integer, such that the following conditions are satisfied:

(H7) f(kyy) < 45, (kyy) €0, +n—1] x [0,qa], i € Nyp;

(Hs) There existyy € [n —2,T +n — 1], such thatf(k,y) > £, (k,y) €
[n — 2,T +n— 1] X [b“ q?bi], 1€ Nl,p—l-

Then BVP {.1) — (1.2) has at leasRp — 1 positive solutions.

Proof. Whenp = 1, from condition(H), we shows : K,, — K,, C K,,.
By using the Schauder fixed point theorem, we show that BB ¢ (1.2) has
at least one fixed point, € K,,. Whenp = 2, itis clear that Theorer@.1holds
(with ¢; = a3). Then we can obtain BVPL(1) — (1.2) has at least three positive
solutionsy,, ¥, andys, such thatl|y;|| < a1, h(y2) > by, ||lys|| > a1, with

h(ys) < by. Following this way, we finish the proof by the induction method.

The proof is completed. O

If the casen = 2, similar to the proof of Theorerd.1, we obtain the follow-
ing result.

Corollary 3.3. Assume that there exist constani$, c such that) < a < b <
¢-min {0, 22} and satisfy

(Hy) J(k,y) < & (ky) € 0,7 +n— 1] x [0,d],
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(Hy) f(ky) <17 (ky) €0, T +n—1] x[0,al,
(HU) f(kvy) > %7 (k7y) € [£>T+n_ 1] X [b7 g]

Then BVP {.1) — (1.2) has at least three positive solutiops, v, and ys,
satisfying 8.1) and (3.2).

Finally, we give an example to illustrate our main result.

Example 3.1. Consider the following second order third point boundary value
problem

(3.6) A’y(k—1)+ f(k,y) =0, k€ Nyg,
7
(3.7) y(0) =0, y(7)= §y(3),
wheref (k,y) = =ga(y), and
= +sin’y, ify € [0, %];
aly) = %%—6( —3—10)+Sin8y, ifye[%,?)];

sin? (y— : H
A 8 ) n® gy ify € [3,360].

ThenT =6,n =3, a=§ <1, T+1—an =% > 0. Then the conditions
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(H,), (H2) are satisfied, and the function

( @, 1 € Nyg1[1Nig;
3 3U(T—k)+7(k=1) .
G(k, l) _ ﬁ 3 ) l e N3,k717
k(429—2l)’ | € Nyo;
| k(7 1), l € N6 [1Nsg,
. . : iple Solutions f
is the Green’s function of the problemA?y(k — 1) = 0,k € Ny  with (3.7). Hgfe?-gr%g:lg?f?egnace
Thus we can compute = 2, M =18, m = 2, M = 2 M, = 2, M, = 9, Fauation
0 =g <% =3.We choose that = -, b = 15, ¢ = 360, consequently, Zengji Duv\,lC_humgn Xue and
eigao Ge
100
[k, y) = a(y
(k,y) k + 100 (v) Title Page
o t1<20= 4, (k,y) €10,7) % [0, 55] p—
<a(y) <4 A +6(B3—%)+1<20=2, (k,y)€0,7] x [5,3]; « S
LB 9= 2 (k,y) € [0,7] x [3,360]. P >
Thus ‘ Go Back
koy < — k € 0,7 0,360];
f( 7y)—M7 ( 7y> {7 ]X[7 ]’ C|OSG
and Quit
Flky) < oo Fsinty < =00 (k) € 0.7]x [0, | T
— 720 630 M 35
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100 [ 1 11 1 b
> | - indy| > — = —
Tthy) 2 707 [720+6(10 30) s y} =135 m
|
k _ 3l
(ko) € 137 ¢ | 52.3]

That is to say, all the conditions of CorollaBy3 are satisfied. Then the bound-

ary value problem3.6), (3.7) has at least three positive solutions y, andys,
such that
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