journal of inequalities in pure and N‘
applied mathematics

http://jipam.vu-edu-au
issn: 1443-575b

Volume 9 (2008), Issue 2, Article 56, 2 pp. © 2007 Victoria University. All rights reserved.

A SIMPLE PROOF OF THE GEOMETRIC-ARITHMETIC MEAN INEQUALITY

YASUHARU UCHIDA

KURASHIKI KOJYOIKE HIGH SCHOOL
OKAYAMA PREF, JAPAN

haru@sqr.or.jp

Received 13 March, 2008; accepted 06 May, 2008
Communicated by P.S. Bullen

ABSTRACT. In this short note, we give another proof of the Geometric-Arithmetic Mean in-
equality.
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Various proofs of the Geometric-Arithmetic Mean inequality are known in the literature, for
example, see [1]. In this note, we give yet another proof and show that the G-A Mean inequality
is merely a result of simple iteration of a well-known lemma.

The following theorem holds.

Theorem 1(Geometric-Arithmetic Mean Inequalitylror arbitrary positive numbersl,, A,, ..., A,,
the inequality

) A1+A2+---+An2m

n

holds, with equality ifand only ift; = A, =--- = A,,.

Lettinga; = V/A; (i = 1,2,...,n) and multiplying both sides by, we have an equivalent
TheoreniD.

Theorem 2. For arbitrary positive numbers, as, . . ., a,, the inequality
(2) a" +a" + -+ a," > najaz---ay,
holds, with equality if and only ti; = as = - - - = a,,.

To prove Theorerp|2, we use the following lemma.
Lemma 3. If a; > ao, by > by, then
3 ai1by + azby > aiby + agb;.
Proof. Quite simply, we have
arby 4 agby — (arby + ashy) = a1(by — ba) — aa(by — by) = (a1 — ag)(by — be) > 0.
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Iterating Lemm& [3, we naturally obtain Theorgm 2.

Proof of Theorer|2 by induction on Without loss of generality, we can assume that the terms
are in decreasing order.

(1) Whenn = 1, the theorem is trivial since,;! > 1 - a;.

(2) If Theoren{ 2 is true when = k, then, for arbitrary positive numbets, as, . . . , ax,
(4) a1k+a2k—|—-«~+akk2ka1a2-~ak.
Now assume that; > as > -+ > a > a1 > 0.
Exchanging factors,; anda; (i = k,k—1,...,2,1) between the last term and the

other sequentially, by Lemnjia 3, we obtain the following inequalities
ar" a4 g g P
— a7 P a4 gk Lk + aka -

k+1 k+1 k+1 k k
>a" T ta T ot a T g “Opt1 Qg1 - G

Zalkz—H+a2k+1+.._+ai_1k+1+aik‘%_i___‘
+ akkak‘—l-l + Qg1 Qip1Qiy - ag - A41-
Asal > a};ﬂaiﬂaiw ...ag, a; > agyq, We can apply Lemn@] 3 so that
a1k+1 + a2k+1 + -+ Cbi_lk—H + aik’ . %‘i‘ e
+ akkak—i-l + Qg1 A1 Qg A - 41

k41 k41 E+1 k k
> a1 " Fa" T a4y CQpy1t o Fag" agg

F g1 Qi1 Qg - - Ay - G

> ar"ap1 + afap+ - artag + a1asaz - agia
= (a" + as®+ - FarM)apss + arazas - - apy.
By assumption of inductior [4), we have
(a4 as®+ - +ar)ap1 + arasas - - - apy
> (k‘(haz T ak)ak;+1 + arazas - - - Qg4
= (k4 1ajas - apagy1.
From the same proof of Lemma 3,
if a; > as,b1 > by, then a by + asby > a1by + asb;.

Thus, in the above sequence of inequalities, if the relationship a., is replaced
by a; > a;,1 for somei, the inequality sign> also has to be replaced by at the
conclusion. We have the equality if and onlyiif = a, = - - - = a,.
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