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Abstract

In this paper we introduce and study some properties of a unified class
U [µ, α, β, γ, λ, η,A, B] of prestarlike functions with negative coefficients in a unit
disk U . These properties include growth and distortion, radii of convexity, radii
of starlikeness and radii of close-to-convexity.
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and close-to-convexity, Cauchy-Schwarz inequality.
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1. Introduction
Let A denote the class ofnormalizedanalytic functions of the form:

(1.1) f(z) = z +
∞∑

n=2

an zn,

in the unit diskU = {z : |z| < 1}. Further letS denote the subclass ofA
consisting of analytic and univalent functionsf in the unit diskU . A function
f in S is said to be starlike of orderα if and only if

(1.2) Re

(
zf ′(z)

f(z)

)
> α

for someα (0 ≤ α < 1). We denote byS∗(α) the class of all starlike functions
of orderα. It is well-known thatS∗(α) ⊆ S∗(0) ≡ S∗.

Let the function

(1.3) Sα(z) =
z

(1− z)2(1−α)
, (z ∈ U ; 0 ≤ α < 1)

which is the extremal function for the classS∗(α). We also note thatSα(z) can
be written in the form:

(1.4) Sα(z) = z +
∞∑

n=2

|cn(α)|zn,

where

(1.5) cn(α) =
Πn

j=2(j − 2α)

(n− 1)!
(n ∈ N {1}, N := {1, 2, 3, . . .}).
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We note thatcn(α) is decreasing inα and satisfies

(1.6) lim
n→∞

cn(α) =


∞ if α < 1

2
,

1 if α = 1
2

,

0 if α > 1
2
.

Also a functionf in S is said to be convex of orderα if and only if

(1.7) Re

(
1 +

zf ′′(z)

f ′(z)

)
> α

for someα (0 ≤ α < 1). We denote byK(α) the class of all convex functions
of orderα. It is a fact thatf ∈ K(α) if and only if zf ′(z) ∈ S∗(α).

The well-known Hadamard product (or convolution) of two functionsf(z)
given by (1.1) andg(z) given byg(z) = z +

∑∞
n=2 bnz

n is defined by

(1.8) (f ∗ g)(z) = z +
∞∑

n=2

anbnz
n, (z ∈ U).

LetR[µ, α, β, γ, λ, A, B] denote the class of prestarlike functions satisfying
the following condition

(1.9)

∣∣∣∣∣∣
zH′

λ(z)

Hλ(z)
− 1

2γ(B − A)
(

zH′
λ(z)

Hλ(z)
− µ

)
−B

(
zH′

λ(z)

Hλ(z)
− 1

)
∣∣∣∣∣∣ < β,
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whereHλ(z) = (1 − λ)h(z) + λzh′(z), λ ≥ 0, h = f ∗ Sα, 0 < β ≤ 1,
0 ≤ µ < 1, and

B

2(B − A)
< γ ≤


B

2(B−A)µ
, µ 6= 0,

1, µ = 0

for fixed−1 ≤ A ≤ B ≤ 1 and0 < B ≤ 1.
We also note that a functionf is a so-calledα-prestarlike(0 ≤ α < 1)

function if, and only if,h = f ∗ Sα ∈ S∗(α) which was first introduced by
Ruscheweyh [3], and was rigorously studied by Silverman and Silvia [4], Owa
and Ahuja [5] and Uralegaddi and Sarangi [6]. Further, a functionf ∈ A is in
the classC[µ, α, β, γ, λ, A, B] if and only if, zf ′(z) ∈ R[µ, α, β, γ, λ, A, B].

Let T denote the subclass ofA consisting of functions of the form

(1.10) f(z) = z −
∞∑

n=2

anz
n, (an ≥ 0).

Let us write

RT [µ, α, β, γ, λ, A, B] = R[µ, α, β, γ, λ, A, B] ∩ T

and
CT [µ, α, β, γ, λ, A, B] = C[µ, α, β, γ, λ, A, B] ∩ T

whereT is the class of functions of the form (1.10) that are analytic and uni-
valent inU . The idea of unifying the study of classesRT [µ, α, β, γ, λ, A, B]

http://jipam.vu.edu.au/
mailto:maslina@pkrisc.cc.ukm.my
http://jipam.vu.edu.au/


A Unified Treatment of Certain
Subclasses of Prestarlike

Functions

Maslina Darus

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 6 of 16

J. Ineq. Pure and Appl. Math. 6(5) Art. 132, 2005

http://jipam.vu.edu.au

andCT [µ, α, β, γ, λ, A, B] thus, forming a new classU [µ, α, β, γ, λ, η, A, B] is
somewhat or rather motivated from the work of [1] and [2].

In this paper, we will study the unified presentation of prestarlike functions
belonging toU [µ, α, β, γ, λ, η, A, B] which include growth and distortion theo-
rem, radii of convexity, radii of starlikeness and radii of close-to-convexity.
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2. Coefficient Inequality
Our main tool in this paper is the following result, which can be easily proven,
and the details are omitted.

Lemma 2.1. Let the functionf be defined by (1.10). Thenf ∈ RT [µ, α, β,
γ, λ, A,B] if and only if

(2.1)
∞∑

n=2

Λ(n, λ)D[n, β, γ, A, B]|an|cn(α) ≤ E[β, γ, µ, A,B]

where

Λ(n, λ) = (1 + (n− 1)λ),

D[n, β, γ, A, B] = n− 1 + 2βγ(n− µ)(B − A)−Bβ(n− 1),

E[β, γ, µ, A,B] = 2βγ(1− µ)(B − A).

The result is sharp.

Next, by observing that

(2.2) f ∈ CT [µ, α, β, γ, λ, A, B] ⇔ zf ′(z) ∈ RT [µ, α, β, γ, λ, A, B],

we gain the following Lemma2.2.

Lemma 2.2. Let the functionf be defined by (1.10). Thenf ∈ CT [µ, α, β,
γ, λ, A,B] if and only if

(2.3)
∞∑

n=2

nΛ(n, λ)D[n, β, γ, A, B]|an|cn(α) ≤ E[β, γ, µ, A,B]

http://jipam.vu.edu.au/
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where

Λ(n, λ) = (1 + (n− 1)λ),

D[n, β, γ, A, B] = n− 1 + 2βγ(n− µ)(B − A)−Bβ(n− 1),

E[β, γ, µ, A,B] = 2βγ(1− µ)(B − A)

andcn(α) given by (1.5).

In view of Lemma2.1 and Lemma2.2, we unified the classesRT [µ, α, β,
γ, λ, A,B] andCT [µ, α, β, γ, λ, A, B] and so a new classU [µ, α, β, γ, λ, η, A, B]
is formed. Thus we say that a functionf defined by (1.10) belongs to
U [µ, α, β, γ, λ, η, A, B] if and only if,

(2.4)
∞∑

n=2

(1− η + nη)Λ(n, λ)D[n, β, γ, A, B]|an|cn(α) ≤ E[β, γ, µ, A,B],

(0 ≤ α < 1; 0 < β ≤ 1; η ≥ 0; λ ≥ 0; −1 ≤ A ≤ B ≤ 1 and0 < B ≤ 1),

whereΛ(n, λ), D[n, β, γ, A, B] , E[β, γ, µ, A,B] andcn(α) are given in (Lemma
2.1and Lemma2.2) and given by (1.5), respectively.

Clearly, we obtain

U [µ, α, β, γ, λ, η, A, B] = (1− η)RT [µ, α, β, γ, A,B] + ηCT [µ, α, β, γ, A, B],

so that
U [µ, α, β, γ, λ, 0, A,B] = RT [µ, α, β, γ, A,B],

and
U [µ, α, β, γ, λ, 1, A,B] = CT [µ, α, β, γ, A, B].
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3. Growth and Distortion Theorem
A distortion property for functionf in the classU [µ, α, β, γ, λ, η, A, B] is given
as follows:

Theorem 3.1. Let the functionf defined by (1.10) be in the classU [µ, α, β,
γ, λ, η, A, B], then

(3.1) r − E[β, γ, µ, A,B]

2(1 + η)Λ(2, λ)D[2, β, γ, A,B](1− α)
r2

≤ |f(z)| ≤ r +
E[β, γ, µ, A,B]

2(1 + η)Λ(2, λ)D[2, β, γ, A,B](1− α)
r2,

(η ≥ 0; 0 ≤ α < 1; 0 < β ≤ 1; z ∈ U)

and

(3.2) 1− E[β, γ, µ, A,B]

(1 + η)Λ(2, λ)D[2, β, γ, A, B](1− α)
r

≤ |f ′(z)| ≤ 1 +
E[β, γ, µ, A,B]

(1 + η)Λ(2, λ)D[2, β, γ, A,B](1− α)
r,

(η ≥ 0; 0 ≤ α < 1; 0 < β ≤ 1; z ∈ U).

The bounds in (3.1) and (3.2) are attained for the functionf given by

f(z) = z − E[β, γ, µ, A,B]

2(1 + η)Λ(2, λ)D[2, β, γ, A,B](1− α)
z2.
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Proof. Observing thatcn(α) defined by (1.5) is nondecreasing for(0 ≤ α < 1),
we find from (2.4) that

(3.3)
∞∑

n=2

|an| ≤
E[β, γ, µ, A,B]

2(1 + η)Λ(2, λ)D[2, β, γ, A, B](1− α)
.

Using (1.10) and (3.3), we readily have(z ∈ U)

|f(z)| ≥ |z| −
∞∑

n=2

|an|cn(α)|zn|

≥ |z| − |z2|
∞∑

n=2

|an|cn(α),

≥ r − E[β, γ, µ, A,B]

2(1 + η)Λ(2, λ)D[2, β, γ, A,B](1− α)
r2, |z| = r < 1

and

|f(z)| ≤ |z|+
∞∑

n=2

|an|cn(α)|zn|

≤ |z|+ |z2|
∞∑

n=2

|an|cn(α),

≤ r +
E[β, γ, µ, A,B]

2(1 + η)Λ(2, λ)D[2, β, γ, A, B](1− α)
r2, |z| = r < 1,

which proves the assertion (3.1) of Theorem3.1.
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Also, from (1.10), we find forz ∈ U that

|f ′(z)| ≥ 1−
∞∑

n=2

n|an|cn(α)|zn−1|

≥ 1− |z|
∞∑

n=2

n|an|cn(α),

≥ 1− E[β, γ, µ, A,B]

(1 + η)Λ(2, λ)D[2, β, γ, A,B](1− α)
r, |z| = r < 1

and

|f ′(z)| ≤ 1 +
∞∑

n=2

n|an|cn(α)|zn−1|

≤ 1 + |z|
∞∑

n=2

n|an|cn(α),

≤ 1 +
E[β, γ, µ, A,B]

2(1 + η)Λ(2, λ)D[2, β, γ, A, B](1− α)
r, |z| = r < 1,

which proves the assertion (3.2) of Theorem3.1.
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4. Radii Convexity and Starlikeness
The radii of convexity for classU [µ, α, β, γ, λ, η, A, B] is given by the following
theorem.

Theorem 4.1. Let the functionf be in the classU [µ, α, β, γ, λ, η, A, B]. Then
the functionf is convex of orderρ (0 ≤ ρ < 1) in the disk|z| < r1(µ, α, β,
γ, λ, η, A, B) = r1, where

(4.1) r1 = inf
n

{
2(1− α)(1− ρ)Λ(n, λ)D[n, β, γ, A, B](1− η + nη)

n(n− ρ)E[β, γ, µ, A,B]

} 1
n−1

.

Proof. It sufficient to show that∣∣∣∣zf ′′(z)

f ′(z)

∣∣∣∣ =

∣∣∣∣−∑∞
n=2 n(n− 1)anz

n−1

1−
∑∞

n=2 nanzn−1

∣∣∣∣
≤

∑∞
n=2 n(n− 1)an|z|n−1

1−
∑∞

n=2 nan|z|1−n
(4.2)

which implies that

(1− ρ)−
∣∣∣∣zf ′′(z)

f ′(z)

∣∣∣∣ ≥ (1− ρ)−
∑∞

n=2 n(n− 1)|an||z|n−1

1−
∑∞

n=2 nanzn−1

=
(1− ρ)−

∑∞
n=2 n(n− ρ)an|z|n−1

1−
∑∞

n=2 nan|z|n−1
.(4.3)

Hence from (4.1), if

(4.4) |z|n−1 ≤ (1− ρ)

n(n− ρ)
· 2(1− α)Λ(n, λ)D[n, β, γ, A, B](1− η + nη)

E[β, γ, µ, A,B]
,
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and according to (2.4)

(4.5) 1− ρ−
∞∑

n=2

n(n− ρ)an|z|n−1 > 1− ρ− (1− ρ) = ρ.

Hence from (4.3), we obtain ∣∣∣∣zf ′′(z)

f ′(z)

∣∣∣∣ < 1− ρ

Therefore

Re

{
1 +

zf ′′(z)

f ′(z)

}
> 0,

which shows thatf is convex in the disk|z| < r1(µ, α, β, γ, λ, η, ρ, A,B).

By settingη = 0 andη = 1, we have the Corollary4.2 and the Corollary
4.3, respectively.

Corollary 4.2. Let the functionf be in the classRT (µ, α, β, γ, λ, ρ, A, B).
Then the functionf is convex of orderρ (0 ≤ ρ < 1) in the disk |z| <
r2(µ, α, β, γ, λ, ρ, A, B) = r2, where

(4.6) r2 = inf
n

{
2(1− α)(1− ρ)Λ(n, λ)D[n, β, γ, A, B]

n(n− ρ)E[β, γ, µ, A,B]

} 1
n−1

.

Corollary 4.3. Let the functionf be in the classCT (µ, α, β, γ, λ, ρ, A, B).
Then the functionf is convex of orderρ (0 ≤ ρ < 1) in the disk |z| <
r3(µ, α, β, γ, λ, ρ, A, B) = r3, where

(4.7) r3 = inf
n

{
2(1− α)(1− ρ)Λ(n, λ)D[n, β, γ, A, B]

(n− ρ)E[β, γ, µ, A,B]

} 1
n−1

.

http://jipam.vu.edu.au/
mailto:maslina@pkrisc.cc.ukm.my
http://jipam.vu.edu.au/


A Unified Treatment of Certain
Subclasses of Prestarlike

Functions

Maslina Darus

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 14 of 16

J. Ineq. Pure and Appl. Math. 6(5) Art. 132, 2005

http://jipam.vu.edu.au

Theorem 4.4. Let the functionf be in the classU [µ, α, β, γ, λ, η, A, B]. Then
the functionf is starlike of orderρ (0 ≤ ρ < 1) in the disk|z| < r4(µ, α, β, γ,
λ, η, A,B) = r4, where

(4.8) r4 = inf
n

{
2(1− α)(1− ρ)Λ(n, λ)D[n, β, γ, A, B](1− η + nη)

(n− ρ)E[β, γ, µ, A,B]

} 1
n−1

.

Proof. It sufficient to show that∣∣∣∣zf ′(z)

f(z)
− 1

∣∣∣∣ < 1− ρ

Using a similar method to Theorem4.1 and making use of (2.4), we get (4.8).

Letting η = 0 andη = 1, we have the Corollary4.5 and the Corollary4.6,
respectively.

Corollary 4.5. Let the functionf be in the classRT (µ, α, β, γ, λ, ρ, A, B).
Then the functionf is starlike of orderρ (0 ≤ ρ < 1) in the disk|z| <
r5(µ, α, β, γ, λ, ρ, A, B) = r5, where

(4.9) r5 = inf
n

{
2(1− α)(1− ρ)Λ(n, λ)D[n, β, γ, A, B]

(n− ρ)E[β, γ, µ, A,B]

} 1
n−1

.

Corollary 4.6. Let the functionf be in the classCT (µ, α, β, γ, λ, ρ, A, B).
Then the functionf is starlike of orderρ (0 ≤ ρ < 1) in the disk|z| <
r6(µ, α, β, γ, λ, ρ, A, B) = r6, where

(4.10) r6 = inf
n

{
2n(1− α)(1− ρ)Λ(n, λ)D[n, β, γ, A, B]

(n− ρ)E[β, γ, µ, A,B]

} 1
n−1

.
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Last, but not least we give the following result.

Theorem 4.7. Let the functionf be in the classU [µ, α, β, γ, λ, η, A, B]. Then
the functionf is close-to-convex of orderρ (0 ≤ ρ < 1) in the disk|z| <
r7(µ, α, β, γ, λ, η, A, B) = r7, where

(4.11) r7 = inf
n

{
2(1−α)(1−ρ)Λ(n, λ)D[n, β, γ, A, B](1−η +nη)

nE[β, γ, µ, A,B]

} 1
n−1

.

Proof. It sufficient to show that

|f ′(z)− 1| < 1− ρ.

Using a similar technique to Theorem4.1 and making use of (2.4), we get
(4.11).
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