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Abstract

In this paper we introduce and study some properties of a unified class
U, o, 8,7, A\, 1, A, B] of prestarlike functions with negative coefficients in a unit
disk U. These properties include growth and distortion, radii of convexity, radii
of starlikeness and radii of close-to-convexity.
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Let A denote the class eformalizedanalytic functions of the form:
(1.) f&) =2+ an 2",
n=2

in the unit diskU = {z : |z| < 1}. Further letS denote the subclass of
consisting of analytic and univalent functiogisn the unit diskU. A function
fin Sis said to be starlike of order if and only if

(1.2) Re (z]{f(;)) > a

for somea (0 < a < 1). We denote by5*(«) the class of all starlike functions
of ordera. It is well-known thatS*(«) C S*(0) = S™.
Let the function

(1.3) Sa(z) =

z
(1 — z)20-a)’

which is the extremal function for the claS$(«). We also note tha$,, (=) can
be written in the form:

(zeU; 0<a<l)

(1.4) Sa(2) =2+ lea(@)]2",
where
(15) cu(a)= Hjoald — 20) (ne N{1}, N:={1,2,3,...}).
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We note that, («) is decreasing i and satisfies

00 ifoz<%,
(1.6) lim ¢, () =91 ifa=1,
0 ifa>1.

Also a functionf in S'is said to be convex of orderif and only if

A Unified Treatment of Certain
zf”(z) Subclasses of Prestarlike
>

Functions
f'(2)

for somea (0 < a < 1). We denote by («) the class of all convex functions
of ordera. Itis a fact thatf € K («) ifand only if z f'(2) € S*(«).

a.7) Re (1 +
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The well-known Hadamard product (or convolution) of two functigits)
given by (L.1) andg(z) given byg(z) = z + 3., b,2" is defined by Contents
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where Hy(z) = (1 = Mh(z) + A\zh(2), A > 0, h = f% 5, 0 < § < 1,
0<u<1,and

B << s MO,
2(B - A) | =70
forfixed—1 < A< B<1land0< B <.

We also note that a functiofi is a so-calledx-prestarlike(0 < a < 1)
function if, and only if,h = f % S, € S*(«) which was first introduced by
Ruscheweyhd], and was rigorously studied by Silverman and Silvig Pwa
and Ahuja p] and Uralegaddi and Sarangi][ Further, a functionf € A isin
the clas< [, a, 3,7, A\, A, Bl ifand only if, 2 f'(2) € R[u, o, 3,7, \, A, B].

Let T denote the subclass df consisting of functions of the form

(1.10) flz)=2z— Zanz", (a, > 0).

Let us write
RT[M7Q76777 )‘7A7 B] = R[/“%Oéaﬁu’)/a >\7A7 B] nT

and
CT[[L,OZ,ﬂ,’y,)\,A,B] = C[Maa7ﬁ7’77)‘7"4a B] NnT

whereT is the class of functions of the formi.(L0 that are analytic and uni-
valent inU. The idea of unifying the study of class&r |y, «, 5,7, A, A, B]
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andCr|u, «, 5,7, A, A, B] thus, forming a new cladg[u, «, 5,7, A\, n, A, B] is
somewhat or rather motivated from the work of &énd [].

In this paper, we will study the unified presentation of prestarlike functions
belonging tdA|u, «, 3,7, A, n, A, B] which include growth and distortion theo-
rem, radii of convexity, radii of starlikeness and radii of close-to-convexity.
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Our main tool in this paper is the following result, which can be easily proven,

and the details are omitted.

Lemma 2.1. Let the functionf be defined by1(10. Thenf € Rr[u,«, [,
v, A\, A, B] if and only if

(21) Y A, A)D[n, 5,7, A, Bllaslea(a) < E[B,7, 1, A, B]
n=2

where
A(n,A) =1+ (n—1)N),
E[B,7, 1, A, Bl = 206v(1 — p)(B — A).
The result is sharp.

Next, by observing that
(2'2) f e CTI:/”’? a? 67 /77 )\7 A7 B] <:> Zf,(z) 6 RT[/’LJ a? /67 77 )\7 A? B}?
we gain the following Lemma.2.

Lemma 2.2. Let the functionf be defined by1(10. Thenf € Cr[u,«, [,
v, A\, A, B] if and only if

(2.3) > nA(n,\)D[n, 8,7, A, Bllan|ca(a) < E[B,7, 1, A, B]

n=2
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where
An,\) = (14 (n—=1)N),
D[n75777A7 B] =n—1 +2ﬁ’)/(n - M)(B - A) - Bﬁ(n - 1)7
E[ﬁ77aM7Av B} = 2&7(1 - H’)(B - A)
andc,(«) given by (.5).

In view of Lemma2.1 and Lemma2.2, we unified the classeR7|u, a, 3,
v, A\, A, BlandCr[u, o, 5,7, A\, A, Bl and so anew clagg[., «, 3,7, A\, 1, A, B]
is formed. Thus we say that a functigh defined by (.10 belongs to
Ulp, o, B,7,\,n, A, B] if and only if,

(2.4) > (1 —n+nn)A(n, N\ D[n, 8,7, A, Bllan|ca(e) < E[B,7, 1, A, B,
n=2

0<a<;0<8<1;n>0,A>0;, -1<A<B<land0< B<1),

whereA(n, \), D[n, 8,~, A, B], E[3, v, u, A, Bl andc, («) are given in (Lemma
2.1and Lemma.2) and given by {.5), respectively.
Clearly, we obtain

U[%%ﬁ»%/\ﬂ%fla B] = (1 - U)RT[MO&,@%/LB] + nCT[H’aaaﬁavaAa B]a

so that
U[I’L7Oé7/3777)\707A7B] = RT[M7@7/3777A7B]7

and
u[/%aaﬁaf)/a )\7 17A7 B] = CT[M>Oé7ﬂ777Aa B]
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A distortion property for functiorf in the clasg/[u, o, 3, v, A\, n, A, B] is given
as follows:

Theorem 3.1. Let the functionf defined by 1.10 be in the clas$/|u, «, 53,
v, \,m, A, B], then

E[3,7, p, A, B]
BN "= AR NDR. B A BT —a)
E[ﬁa%%f‘LB] 2
W@l o AR DR A A B —a)
n>0; 0<a<l; 0<p<1l; zel)
and
E[3,v, p, A, B]
B2 U T AR NDR. 57 A Bl —a)

(1+mA2,A)D[2,8,7, A, B|(1 - a)
m>0; 0<a<l, 0<p<1l; zel).
The bounds in3.1) and (3.2) are attained for the functiorf given by

E[5777M7A7B] 2

Je) =2 = AR DR, 6., A Bl —a)
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Proof. Observing that,,(«) defined by {.5) is nondecreasing fap < a < 1),
we find from @.4) that

00 E[B,v, 11, A, B
(3.3) ; |an| < 2(1+n)A2,\)D[2,5,7, A, B|(1 — o)

Using (1.10 and @.3), we readily havé: € U)

oo
A Unified Treat t of Certai
F(2)] = (2] =) lanlen(a)|2"] e TS
n=2 Functions

Maslina Darus

[eS)
> |2 = 2% ) lanlea(@),
n=2

E[B,v, 1, A, B 9 Title Page
>r— re z|=r <1
2(1 + 77)/\(2> )‘)D[Qa ﬂv s A’ B](l - Oé) Contents
and 4« 13
- " < >
1F(2)] < J2l+ > lanlen(a)]2"]
n=2 Go Back
<zl + 1221 Y lanlea(), Close
n=2 Quit
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Also, from (1.10), we find forz € U that

o0

()] 21 =) nlag|ea(a)|z"""]
n=2
>1— |z Zn\an|cn(a)
E[B,7, 1, A, B]
>1— =
= (1 + 77) (27 )‘> [ 76 Y, A B](l - Oé) " |Z‘ r<l A Unified Treatment of Certain
Subclasses of Prestarlike
and Functions
~ Maslina Darus
1F/ ()] <1+ nlag|en(a)|"|
n=2 Title Page
<1+ |7 Zn!anlcn(a), Contents
E[3 A B <4< 44
777/’117 7
<1+ T, zl =1 <1,
S AR DR Ay A B = < | >
. . Go Back
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The radii of convexity for clas® 1, «, 3,7, A\, n, A, B is given by the following
theorem.

Theorem 4.1. Let the functionf be in the clasé/[u, a, 3,7, A\, n, A, B]. Then
the functionf is convex of ordep (0 < p < 1) in the disk|z| < r(u, a, 53,
v, A\, m, A, B) = ry, where

1

n(n - p>E[ﬁ’ v, K, A7 B]
Proof. It sufficient to show that
2f"(2)| _ | = Ealyn(n = Dagz""!
fl(z) | 1—>, na,z"!
oo _ n—1

T L= nat

4.1 r = inf{

which implies that

D n(n = Dlag|z" !
1=, na,z"!

(4.3) _(=p) = s n(n = planle" "

1 =200, nag|z|"!

Hence from {.1), if

@a) |o-r < L=p) 2= c)Am N D, 5.7, A B = 1+ i)

n(n—p) E[ﬁvfyuuv"éLB] ’
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and according to4.4)

(4.5) L—p=> n(n—planlz"' >1—p—(1—p)=p.

n=2

Hence from ¢.3), we obtain

"
Zf/ () <l-—p
f'(z)
Therefore N .
Zf”(Z) A Unified Treatment of Ce;rtaln
Re<1+ >0 Subclasses of Prestarlike
f’(z) ’ Functions
which shows thaf is convex in the diskz| < r(u, o, 3,7, A\, n,p, A, B). O Maslina Darus
By settingn = 0 andn = 1, we have the Corollary.2 and the Corollary
4.3, respectively. Title Page
Corollary 4.2. Let the functionf be in the classR+(u, o, 5,7, A, p, A, B). Contents

Then the functionf is convex of ordep (0 < p < 1) in the disk|z| <

ro(p, v, B, 7, A\, p, A, B) = ro, Where « dd
1 4
(2(1—a)(1 = p)A(n, \)D[n, 8,7, A, B] ] 7 4
(4.6) r9 = inf .
n n(n — p)E[B,7, 1, A, Bl Go Back
Corollary 4.3. Let the functionf be in the clasr(u, o, 5,7, A, p, A, B). Close
Then the functionf is convex of ordep (0 < p < 1) in the disk|z| < Quit

rs(pu, o, B, 7, A\, p, A, B) = r3, where

2(1 — a)(1 — p)A(n, \)D[n, 3,7, A, B }nll
(n—p)E[ﬁ,'y,,u,A,B] '
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Theorem 4.4. Let the functionf be in the clasé/[u, ., 3,7, A\, n, A, B]. Then
the functionf is starlike of ordery (0 < p < 1) in the disk|z| < r4(u, @, 5,7,
A\ n, A, B) = ry, where

1—a)(1-pA 1— =
(4.8) ry = inf { 2(1 = a)(1 = p)A(n,A\)Din, 8,7, A, B](1 — n + nn) } |
" (n_p)E[6777/L7AaB]
Proof. It sufficient to show that

2f'(z)
—1l<1-
/() g
Using a similar method to Theore#l and making use ofX(4), we get ¢.9).

O

Lettingn = 0 andn = 1, we have the Corollary.5and the Corollaryt.6,
respectively.

Corollary 4.5. Let the functionf be in the classR+(u, o, 5,7, A, p, A, B).
Then the functiorf is starlike of orderp (0 < p < 1) in the disk|z| <
T5(/1’7 Oé,ﬁ,’)/, )\7 P, A7 B) = Ts, Where

. 2(1 — a)(1 — p)A(n,\)Din,3,v,A,B] | "
9 o=
Corollary 4.6. Let the functionf be in the clas<r(u, «, 5,7, A, p, A, B).
Then the functionf is starlike of orderp (0 < p < 1) in the disk|z| <
re(u, o, 8,7, \, p, A, B) = rg, where

i d 21— @) = p)A(n, A)Dln, 5,7, A, B] }nll
(4.10) 6 nf{ (n — p)E[3,7, i, A, B] .
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Last, but not least we give the following result.

Theorem 4.7. Let the functionf be in the clasé/[u, a, 3,7, A\, n, A, B]. Then
the functionf is close-to-convex of order (0 < p < 1) in the disk|z| <
T7(/1’7 Oé,ﬁ,’)/, )\7 7, A? B) =T, where
2(1—a)(1— p)A(n, \)D A, B](1— =
(411) :inf{ (1= 0)(1 = p)A(n. N Dln, 3.7, A, B n+nn>} _
n nE[B,v, u, A, Bl

Proof. It sufficient to show that

[f'(z) =1 <1—p.

Using a similar technique to Theorefml and making use ofZ4), we get
(4.17). O
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