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ABSTRACT. The authors establish the Hardy integral inequality for commutators generated by
Hardy operators and Lipschitz functions.
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1. INTRODUCTION AND MAIN RESULTS

Let f be a non-negative and integral functionl®nh, Hardy operators are defined by

@ = [ o oo
and .
(Vf)(x):/ F(t)ydt, @0,

The Hardy integral inequality results are well known[[9, 10, 11]; in particular

(1) ([ <Hf<:c>>pd:c)’l’ <2 ([Tuwy dx);,

and

1.2) ([ <Vf<x>>pdx)’l’ <o ([ Gy dx);
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In ), the constanlgcf—1 Is the best possible. I@.Z), the constarg also the best possible.
The inequality[(1.]l) was first proved by Hardy in an attempt to give a simple proof of Hilbert’s
double series theorem [12].

Let / be a non-negative and integral function &, and the fractional Hardy operator be
defined by

(H*f) x>0,

for - —+ =a,0 <a <1 There are fractlonal order Hardy integral inequalities which

correspond tq]I] 1) and (1.2):

(13 ([ (Hadex)é <o (f(w))”drc); ,

and

(L4) ( | (Vf<w))"dx); <c ( | @ sy dw);

The Hardy inequality{ (1]3) can be found in [4], (1.4)in[13].

The Hardy integral inequalities have received considerable attention and a large number of
papers have appeared which deal with its alternative proofs, various generalizations, numerous
variants and applications. For earlier developments of this kind of inequality and many impor-
tant applications in analysis, see[[11]. Among numerous papers dealing with such inequalities,
we choose to refer to the papers [3], [5], [9],[10],[16] =/[21] and some of the references cited
therein.

Definition 1.1. Let0 < o < 1 andb(x) be a measurable, locally integrable function. Then the
commutator of the Hardy operatdy* is defined by

—b(t))dt, x> 0.

Fu |7] obtained the following results.

Theorem 1.1.Forb € Ag(R™),0 < 8 < 1, Hb is a bounded operator frofy’(R*) to L4(R "),
l<p<g<oo,0<a<l,0<a+pg<1, ————a+ﬁ

Remark 1.2. In Theorem 111, If we letv = 0, Then the result corresponds to Hardy inequality
3.

Definition 1.2. Let b(x) be a measurable, locally integrable function. Then the commutator of
the Hardy operatoy), is defined by

Vof (2 / FO(b(x) — b))t 3> 0.

In Definition[1.1, if we letoe = 0, then we denoteé(;’ by H,.

It can be seen that if € Ag(R"), 0 < 3 < 1, thenH, has a similar boundedness property
to H°. A natural question regarding the boundedness property,ofan be answered in the
affirmative by the following inequality (1}5).

Theorem 1.3.1f b € Ag(R¥), i1 . =04,0<p<1,p>1.Then
(1.5) IIbeIIq < Ol1bll i@ 1) £ -
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Theorem1.4.lfb€Aﬁ(R+),0<ﬁ<1,%—%:a+5,0<a+6<1,0§a<1,p>1.
Then

(1.6) Vorlla < ClIbllag@n 1)~ F () lp-

If we leta = 0 in Theorenj 1.4, then Theorgm [L.3 can be obtained without difficulty. Thus we
just need to prove Theoregm 1L..4. Before we prove the main theorem, let us state some lemmas
and notations.

The Besov-Lipschitz space;(R™) is the space of function satisfying

fath) —f@) _

A == Su
”fH/\B(Rﬂ x,heRJrI?h;éO |h|5
Lemma 1.5([8,[15]). For anyz,y € R*,if f € Ag(RT),0 < 5 < 1, then
(1.7) 1f(@) = fW)] < |z =y’ f | Ases),

and given any interval in R™
sup | f(x) = f1| < CII|| f]l 4,0+,

xel
1
ﬁ—m[f

Lemma 1.6([7,[14]). Lets > 0,¢ > p > 1, then

where

19

o0 o0 2k+1 P 00 1
SIS g ( / If(t)|”dt> <c ( / If(t)|”dt> |
1=—00 | k=1 0
where .
op/2s 24'/2s q 1 1
C= (2:0/23_1) (2(1’/25_1) ) a+5:1'

There are two different methods to prove Theofen 1.4.

2. PROOF OF THEOREM [1.4

First Proof.
/0 Vo f (2)|*dx = z_z_:oo /W / — b(t)) f(t)dt qd:z:
< z;o [ ( / (2) — b0 S0 dt)
_ Z_ZOO [ ( [ 106 - wenso dt) P
< 24/ _Z /21+1 ( /216+1 — beai 2041)) f (1) dt) q dz
+ 24/4' Z /TH ( /2k+1 |(b(t) = bai pivr)) f (1)) dt)q dx
=14+ J. o
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By Lemmd 1.5 and the Holder inequality,

22+1 ok+1 q
J — 24/7 Z / T) — bei 21+1]| dx (Z/ |f (t)|dt>

1=—00

< u/d Z 2! < sup ‘b(l’) — b(2i72i+1]‘)

1
i=—00 x€(2t,2111]

< Z(/ |f(t)|”dt>

N 4

3=

2k+1 ?
[
k=i 2"

. o ok+1 % ok+1 ﬁ
< 24/ Z 9i(gf+1) (|’bH/\5(R+))q Z (/Qk |f(t)‘pdt> (/Qk dt)

q

i=—00 k=i

1\ ¢

ok+1 p

< 0207 Y 2D (b)) | 02 (/ : 2“““‘“”’|t1—af<t>r”dt)
2

i=—00 k=i

Notice that}lo — % =a+f,

q

3 =

2k+1

I< CQq/q’ (HbH/\B(R-F))q _Z_: 22 ( +03) (/Qk
By Lemma' = 1+qﬁ

@) rC ()’ ([ 1esopa)

Now estimate/,

gl 3 / ( /

1=—00

[t () !pdt)

B

2k:+1

q
— b(gz 21+1 (t){ dt) dl’

q

9+l [/ o 2k+1
22q/q Z / (Z ‘(b(t) —b(2k72k+1])f(t)‘dt> dx
k=t

1=—00

9i+1 2k+1 q
+ 2%/ Z / ( b(2k72k+1} — b(zi,2i+1})f(t)| dt) dx

1=—00

= Jl + JQ.

H 1 1 1 1 H H
Notice that] — 1 =a + 43,1 + 5 =1, by Lemm, it can be inferred that

9i+1 00 ok+1 q
J; < 92a/q Z / (Z ( 2sku_gcﬂ] (t) — b(2k72k+1]‘> /Qk ’f(t)‘dt) dx
k—

1=—00

2i+1 ok+1 q
< OB (b, 0)" 3 / ( > | |f(t)!dt> da
2

i=—00
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q

1
2k+1 P
< 0229 ([|b]| 5,5+ Zzl 22’““ ( / ](t)|pdt>

1 q
s 2k +1 P
< C227 (||b] ) Z 2! | YoM (/ 2—’“(1—“)?|t1—0‘f(t)|1’dt>
1=—00 k=i 2"
oo 2k+1 7\
= C2%7 ([|bl 5 ym4))” Z ZQ (/ |t1_af(t)|pdt>

In the third inequality, the Holder inequality is applied.

By Lemmd 1.6(s = ¢),

@2 R (Blsn)” ([ 10 st
0
To estimate/,, for i > k, by Lemmg 1., the following result is obtained.
1 2i+1
‘b(2k72k+1} — b(zi’gz#l}‘ < 5 /21 ‘b(y) — b(2k72k~+1]‘ dy
2k+1 2z+1
< = dyd
2k+1 27,+1

snbnAﬁRﬂQZQk / / jy— 21" dyd-
21+1

1 1 9k+1
< Hb”/\g(Rﬂ <§ / ﬁdy—l— ok Zﬁdz)
21

< C2iﬂ+1’|b”/\5(R+)-

Notice that, — L =a + 4,1 + 5 = 1; by Lemm and the Hoélder inequality, we have

2i+1 2k+1 q
Jo < C22YTH(||b]| 5ty Z/ (2@52/ \dt) dx

1=—00
q

1
00 00 9k+1 D
/ i 1 /
< CPUTH(|[p]| 5 )" Y | 20 Y 2 (/k |f(t)|pdt>
i=—00 k=i 2
o 2k+1 AN
< O22q/q'+q (HbH Rﬂ) Z ﬁ+ Z Qk/P (/ 2—k(1—a)p|t1—af(t)|pdt)
1\ g
, o] o] ' ) 2k+1 D
— (924/d +a (||b’|A5(R+)>q Z Z 9(i=k)(6+73) (/Qk |t1af(t)|pdt>
i=—00 k=1

In the second inequality, the Holder inequality is applied.
By Lemm<s = ﬁ)

(2.3) Jy < C (HbH/\g(Rﬂ)q (/Ooo |t1af(t)’pdt) ’
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Combining [2.1),[(Z2]2) andl (3.3), we complete the proof of Theg¢remn 1.4. O

Second ProofBy inequality {1.7) and comparing the sizeaofndt, we have

| it |qu—2/21“/ F6)lb(z) — ba)|dt

W/T“( ST

d:z:

2k+1

q
[t — 270l sy 1 (D)) dt) dx

B 2i+1 ok+1 q
C (Ibll3,5)" Z / ( s \dt) dr
27,+1 2k+1 11—
S ()]
”bH/\g]R-*-) Z/ ( /Qk Ao p ——2dt da:
2k+1 11—
i (@)
= (HbH/\,@ R+) 4 2 (Z/Q tl—a—p dt)
By the Hdolder mequalltyb = 1, the following estimate is obtained.

1

1
2k+1 11— 2k+1 5 2k+1 pl
t t /
/ Mdt < / [t f () |Pdt / HlatB=1p" 1t _
2k tl—oc—/@ 2k 2k
Notice that}lo — % =a+f,

2k:+1

| s <€ (10l e0)" 32 { Y200 </

i=—00 k=i

|t1‘“f(t)|pdt>

By Lemmd 1.5, the desired result is obtained. O
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