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Abstract

The authors establish the Hardy integral inequality for commutators generated

by Hardy operators and Lipschitz functions.
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Let / be a non-negative and integral function&r, Hardy operators are de-

fined by
1 xT
:—/ fydt, = >0,
T Jo

and -
:/ f)ydt, = >0.
* Hardy’s Integral Inequality For
The Hardy integral inequality results are well knoven 10, 11]; in particular Commuct)atorstof Hardy
perators
1 1 Qing-Yu Zheng and Zun-Wei Fu
ay ([ Tovwra) <L ([Cuwre)
0 P Title Page
and Contents
1 o %
(1.2) ( / (Vf(x))pd:v) T<p ( / <a:f<o:>>”dx) . Wi »
0 0 < >
In (1.1, the c:onstanli.;f—1 is the best possible. 11.(2), the constanp is also Go Back
the best possible. The inequality.{) was first proved by Hardy in an attempt |
Close

to give a simple proof of Hilbert's double series theorer |
Let f be a non-negative and integral function®n, and the fractional Hardy Quit

operator be defined by Page 3 of 16

(H*f)(x x>0,
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for = a,0 < a < 1. There are fractional order Hardy integral inequalities
WhICh correspond tol(1) and (L.2):

(L.3) ( | <Haf<x>>qu)’l’ <c ( | wwy dx) g

and
00 1 o 1
(1.4) </ (Vf(l‘))%ll’) < C </ (l‘lfaf(x))p diL‘) . Hardy’s Integral Inequality For
0 0 Commutators Of Hardy
Operators
The Hardy inequalityX.3) can be found ind], (1.4) in [13]. Ging-Yu Zheng and Zun-Wei Fu
The Hardy integral inequalities have received considerable attention and a
large number of papers have appeared which deal with its alternative proofs, Tile P
itle Page

various generalizations, numerous variants and applications. For earlier devel-
opments of this kind of inequality and many important applications in analysis, Contents
see [L1]. Among numerous papers dealing with such inequalities, we choose

to refer to the papers?], [5], [©], [10], [16] — [2]] and some of the references S Al
cited therein. < 4
Definition 1.1. Let0 < a < 1 andb(z) be a measurable, locally integrable Go Back
function. Then the commutator of the Hardy operdtgris defined by lles
it
—b())dt, x> 0. ou
Page 4 of 16

Fu [7] obtained the following results.
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Theorem 1.1.For b € Ag(R"),0 < 8 < 1, Hy is a bounded operator from
LPRYYWOLIRT),1<p<g<oo,0<a<l,0<a+pf<l,i-i=a+p

P q
Remark 1. In Theoreml.], If we leta = 0, Then the result corresponds to
Hardy inequality (.3).

Definition 1.2. Letb(z) be a measurable, locally integrable function. Then the
commutator of the Hardy operatdi, is defined by

Vof(z) = / T O () — b)), > 0.

In Definition 1.1, if we let v = 0, then we denoté{(y by H,.

It can be seen that if € Ag(R"), 0 < § < 1, thenH, has a similar bound-
edness property t&”. A natural question regarding the boundedness property
of V,, can be answered in the affirmative by the following inequalityp)(

Theorem 1.2.1f b € Ag(R*),  — 2= 3,0 < B < 1,p>1. Then

(1.5) Vafllg < ClIblA, @ 1C) S -

Theorem1.3.lfbe/\@(R+),O<ﬂ<1,}0—§:a+6,0<a+6<1,
0<a<l1l,p>1. Then

(1.6) Vorlly < ClIblas@n 1) F () lp-

If we let o = 0 in Theoreml.3, then Theoremi..2 can be obtained without
difficulty. Thus we just need to prove Theorein3. Before we prove the main
theorem, let us state some lemmas and notations.
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The Besov-Lipschitz spack;(R") is the space of functionf satisfying

h) —
Flpny = sup XD ZT@ o
2, hE€R+ h7£0 |h[?

Lemma 1.4 ([3, 15]). Foranyz,y € R*,if f € Ag(R"),0 < 8 < 1, then

(1.7) [F(2) = F@) < |& =yl fllas00),

and given any interval in R™

sup | f(z) = f1| < CU|| fll 4,0+,

xzel
1
f1—|—]|/lf-

Lemma 1.5 ([/, 14]). Lets > 0,q > p > 1, then

where

119

2k+1

> 3 (/ |f(t)|pdt>p <o /Ow|f<t>rpdt)’q’,

i=—o00 | k=t

op/2s 94d'/2s 7 1 1
C:(QP/QS—l) (zq//QS_l) ) E‘i‘a:l

There are two different methods to prove Theoref

where
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1.3

First Proof.

/ " Vf () da
0

2i+1 q

3 / / _ b)) f(D)dt| da

i=—o0 2"

S i+l oo q Hardy’s Integral Inequality For

> [ | / " 106 - be)s0] ) do Commisziors O Hary

_oo 9i+1 o gk+1 q Qing-Yu Zheng and Zun-Wei Fu
-3/ (Z [ 106 - sanso) dt) I

1=meo k=i 2 Title Page

o0 21+1 o0 2k+1 q
< 2u/¢ Z / (Z/ |(b(3§') — b(2i72i+1})f(t)| dt) dz Contents
i ) k
i=—o00 2 A k=i 2 P SY
[o'e) 21+1 o0 2k+1 q
+ 9a/d Z / (Z/ }(b(t) — b(2i72i+1])f(t)‘ dt) dx < | 2
. 21 — k
e k=i 7 Go Back
=1+ J
Close
By Lemmal.4and the Holder inequality, Quit
21+1

[ =214 Z/

1=—00

2k+1 q Page 7 of 16
_b2121+1{ d.f[f Z/ |dt
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2k+1

k

o0
< 29/¢ 2!
X
>(/
< 24/4 Z 9i(gB+1) (Hb“Ag(Rﬂ)q
X
>(/
< 029/ Z 9i(gB+1) (||b||/'\g(R+))q
X iQk/p/
k=i

Notice thatz—lj — % =a+f,

o0

1< C27 (|1b]| 5, r+))" Z

1=—00

(/

If(t)|”dt> |

2k+1

k

S 2hG) /
k=i 2k

q
‘b(ﬂ:‘) — b(2i72i+1] })

<
VN
u\
= )
ol
t
QL
~
N——
SE

27k(17a)p|t17af<t) ’pdt)

2k'+1

Itl‘“f(t)lpdt>

1
P

hSA

q

Hardy’s Integral Inequality For
Commutators Of Hardy
Operators

Qing-Yu Zheng and Zun-Wei Fu

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 8 of 16

J. Ineq. Pure and Appl. Math. 7(5) Art. 183, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:zqy7336@163.com
mailto:
mailto:lyfzw@tom.com
http://jipam.vu.edu.au/

By Lemmal.5 <s = ﬁ)

2.1) 1< 0 (Ibles) ( / Itl‘o‘f(t>|”dt)p

Now estimate/,

oy (2

i=—00 k=i
o0 2i+1 o0 2k:+1
vy [T (3
1=—00 2 k=1 2"

[e%¢] 9i+1 o0
DS /2 (;/Qk

1=—00

= Jl + JQ.

i 1_1_ 1,1
Notice that;— . =a+ 5, P

i=—00

2k+1

| (b(t) — bz pi]) f (1) dt) da

| (b(t) — brae gr1)) f (1) dt) da

q
|(b(2k72k+1] — b(zizi—‘-l])f(t)} dt) dx

= 1, by Lemmal.4, it can be inferred that

9i+1 ok+1 q
Jy <2l 3 / sup  [B(t) — boe sien / FO)ldt | da
:i te(2k 2h+1] ’ 2k

< C24 (bl )" Z .

2’L+1

(szﬁ / 2k+1| (t)]dt) dx
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2k +1 P
< C229 ([|b]| 5,5+ Z 2 22’“5* (/ Fi (t)|pdt)

1=—00

< C2%7 (|1b]| 5, r+)) "

1 q
oo 00 9k+1 D
i k(B+ —k(1—a)p|l—a
3 (Sowenn ([ wscomn o)
1=—00 k=i
[e%] o0 9k+1 % 1
e )t 3 (200 ([ o)
i=—oo \ k=i 2

In the third inequality, the Holder inequality is applied.
By Lemmal.5(s = q),

(2.2) J1 < C (16l 4, @+))° (/0 |t1‘°“f(t)|pdt) ’

To estimate/,, fori > k, by Lemmal.4, the following result is obtained.

2i+1

1
b(2k’2k+1] — b(gi’2i+1]| < 5 / ‘b(y) — b(zk?2k+1]| dy

2t
< = dyd
21+1

2k+1
[ / / jy— =1 dyd-

2k+1 27,+1

IN
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< C27 bl j ey

Notice that, — 2 = a+ 6, ;+; = 1; by Lemmal.4and the Holder inequality,
we have

9i+1 2k+1 q
Jy < C2VTH ([b]]5 ) Z/ (2@32/ |dt> da

1 q
[ele} oo 9k+1 P
’ i 1 ’
< OB (o, en)" 3 (209 S0t (/ / “)’pdt)
1=—00 k=i
< OV (|[b]l 4, )
[e’¢) [e%s} 2k+1 ) e
. 1 ;
« Z 22(ﬁ+5) Z 2k/p </ 2—k(1—a)p|t1—af(t) |pdt>
i=—o00 k=i 2t
[e’e] ) ok+1 % 7
/ i— 1 —a
= 227 (|Ib]l s, )" D 22( R (/k t! f(t)’pdt)
i=—oco \ k=i 2

In the second inequality, the Hélder inequality is applied.
By Lemmal.5 (s = ,6'+1>

23) B C () ([ e ropa)
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Combining @.1), (2.2) and @.3), we complete the proof of Theorein3. [

Second ProofBy inequality (L.7) and comparing the size afandt, we have

/0 Vs (z |de—@§_;0 /| / PO lb(w) — b(a)ldt
2_00/21+1< /2k+1
¢ (bllsen)’ 3 /( [

21+1

dm

q
It — 2| ||b]l 5, ) |f(t)|dt> dx

2k+1

i=—00

q
P f(t) |dt> da

1=—00

22+1 2k+l 11—
1o £ (1)
C (Mlen)” 3 / < / tlL(ﬁldt) da

= C (blas@+)”

2k+1 11—
i ETf ()
2 (Z/ tl—a— B dt)

By the Holder inequality% + ;% = 1, the following estimate is obtained.

1=—00

1
7

ok+1 ok+1 P

2k+1

It”f(t)!”dt> p ( /.

t(OéJrﬁ*l)P' dt)
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Notice that}lo — % =a+f,

/ Vo f (z)|%dz
0

1 q
00 00 9k+1 D
<)’ 35 4302 ([ sl
i=—oo | k=i 2
By Lemmal.5, the desired result is obtained. O Hardy's Integral Inequality For
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