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ABSTRACT. We consider a particular definite integral and reduce it to hypergeometric form.
Then we develop identities for some numerical constants and the number
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1. INTRODUCTION

m, IS a real number and defined as the ratio of the circumference of a circle to its diameter.
7'* digits have many interesting properties antias a rich history dating back to the time of
the Babylonians and Egyptians, circa 2000 B.C. The Bible has two references, | Kings 7:23 and
Chronicles 4:2, to Pi and gives it an estimate of about 3. The Babylonians gave an estimate of
™ as3§ and the Egyptians also obtainag as an estimate. We know th@é <7< 3;-?.

Many researchers have increasingly calculated the number of decimal places for the value
of 7. Apparently in September 2002, Dr. Kanada and his team, from the University of Tokyo,
calculatedr to 1.2411 trillion digits, indeed a world record. Many, many formulae also exist
for the representation af, and a collection of these formulae is listed below.

Vieta (~1593), se€ [7], gave an infinite product of nested radicals for the reciprogal of

namely
2_\/T 1+1\/T L1 1
x V2y2 2V2\2 22 2V2
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2 ANTHONY SOFO

Wallis (~1650), see [7], gave

_H( 2r+1))

Leibnitz (~1670), see [7], gave the very slow converging series
T (1)
4 TZ; 2r+1°

Newton (~1666) admitted being ashamed at having computedifteen decimal places, by
the formula

7r:——|—24/ Vo — 22dx

3V3 3(1 1 1 5
=Y 49 Z7)Z
1T 4{5+7-24+9-27+11-212Jr }

3v/3 3 — 1
:_f+2__z(2k') :
4 4 £~ k) 16% (k4 1) (2k + 5)

Euler (~1750) gave many representations aficluding:

= lim

1 1 1
n—oo | n 6n2 4 Z n? + j2
Ramanujan (~1914) has also given many representatlo;nsmﬂ its reciprocal, including:

122 i (4r)1 (1103 + (2-5-7-13-29) r)
(r)*(22-32.11)" '

T 34.112

For a fuller account of Ramanujan’s work the interested reader is referred to the books of Berndt

[4].
Comtet (1974) gave

r=0

L 23 34 i
r=1
D.and G. Chudnovsky (1989) gave
_ 19 Z " (67)! 13 1045493 +2-3%-7-11-19-127 - 163r
(218 .33 . 53 . 233 208)" 2
Bailey, Borwein and Plouffe (1996) gave

o

1 [ 4 2 1 1
1.1 - _ _ _ .
(1) 8 ;16’" [8r+1 8&r+4 Sr+5 8r+6]

Bellard (1997) gave

o0

3P
Sy (r) —24-5-254741],

7"1”1
r=1

T 32.52.11-13- 23[
where

P(r)=—13-29-2351653r° + 193 - 16193509r* — 5% . 7. 79 - 2128731
+5-206392559r% — 2 - 98441137r + 2° - 13 - 43 - 2459.
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7 AND OTHER CONSTANTS 3

Lupas [10], gave
B i (%) (40k* + 16k + 1)
(3@)2 2k (Ak+1)°

The original Lupas formula contained a minor misprint which has been corrected here.
Borwein and Girgensohn (2003), wrote

> 1
7T:1H4+10 PNETSY
2 3 (7]

Sofo [16] has given

_\/_+ln< >+Z( )16" 27’+1)(4r+1)

r=0

and

7T2_1308+12i A
135 5 &= r2(2) (r+1)(2r+1)(2r+3)

Many other representations nfexist, including the famous Machin-type formulae such as

Z—4rtn 1 — arctan L
1= arcta 5 arcta 539 |-

There are also many other connections @nd other mathematical constants, including:
em+1=0,

(=1

™+ 8T =56—28 ,
Z rr+1)2r+1)>°

) ()’

=3In%¢ + —, where¢ is the Golden ratio
6 ¢ Z (2r)! (2r + 1) ¢
and
1 9
7= —12¢° Z — €OS
r 2 2
r=1 rr 44/ (rm)” =3

A selection of some series expansion representationsin€luding some of the above is
given by Sebah and Gourdan [15].

There are other nice articles and books relating tocluding [2, 3] 6] 7, 8, 11, 12].

The aim of this paper is to derive representations,as well as some other constants, by the
consideration of a particular definite integral. The following integral will now be investigated.
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4 ANTHONY SOFO

2. THE INTEGRAL

Theorem 2.1. For k&, m and« real positive numbers and > 1, then

1

@ xm
2.1 1 = -
@Y Iekmo) = " s
- (a)
2.2 = r
(2:2) ; r!(rk +m + 1) ark+m+l
m+1 1
(2.3) =Ty 2F1 [ 717€1+71+ka —k]
k a
1 m+ 1 ko om+1
(2.4) —k‘[B<1 o — ) B(l a "1 O )1,
where
1
(2.5) Ty = (m 1 1) am’
(b), is Pochhammer’s symbol defined by
(b)o =1
(2.6) o
(b),=b(b+1)---(b+s—1) = 55,

I' (b) is the classical Gamma functiopt; |- -] is the Gauss Hypergeometric functiaB,(s, t)
is the classical Beta function and

B(z;s,t) = / w1 —u) " du
0
is the incomplete Beta function.

Proof.

where we have utilised

and from

(_f) Ly (m:— 1) _cro,

I(a,k,m,a) = /a Z@kam.
o = !

Reversing the order of integration and summation and substituting the integration limits we
obtain the resul{ (2]2). The resUlt (R.4) is obtained by the use of the substitttion— z*.

we have
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7 AND OTHER CONSTANTS 5

Binomial sums are intrinsically associated with generalised hypergeometric functions and if
from (2.2) we let

()
2.7 T, — r ,
(2.7) rl(rk +m + 1) a™k+m+l

then we get the ratio
Trn  (a+7)(r+ 22

T, b (r+1)(r+ 2tk
whereTy is given by [2.5). Fron{ (2]5) anf (2.2) we can write

m+l | 1
I(a, k,m,a) =Ty 2 Fy { LR, E}
k

1 m+1 m+1
k{(o‘k) (“O‘k)]
which is the result (2]3). We can now mat€h {2.2) 4nd](2.3) so that
. (a)r o 5 (8] 1
; rl(rk +m + 1) a™k+m+l =To 211 vl%+kl+k ok

1 m+1 k m+1
——IBl1-a. 2"~} _B . 0
k:{ ( Tk ) (1 a1 Tk )1’

and the infinite series converges far*| < 1. O

(2.8)

m+1

In a previous paper, Sofo [17] has utilis¢d (2.1) for the ease 1 and developed identities
for 7 and other constants, such as
150! (V30 + 65 +1-v5) (1)

™ )
4(59), “— 71 (307 + 30p + 7)

forp=0,1,2,3,...
30

Remark 2.2. Bailey, Borwein, Borwein and Plouffe see€ [7] utilisZ.l) fo= 2, a =1,
k=8andm = 3 — 1, § < 8 to prove the new formulg (1.1). Subsequently Hirschhoorn [9] has
shown that[(1]1) can be obtained from standard integration procedures.

The following lemma will be useful in the consideration of the intedral| (2.1).

Lemma 2.3. Forp = 0,1,2,... the following well-known identities are given by Bef&r

(2.9) sin? ' r = (;Tlp) j; (—1) (QPJ 1) sin ((2p + 1 —2j) )

and
(2.10) sin?™g

1
T 92p+l

<2p+1> (ay .” (1) (2p—|—2

p = p

The integral[(2.11) can be simplified as follows. Consider the gase2; then from [(2.1)

1

) cos ((2p + 2 — 2j) x)] :

a ™
(211) I(a,m,?,a) = /0 (1_—$2)O‘dx

The following lemma concerns the integrfal (4.11).
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Lemma 2.4.
() Form=2p+1,2aa=2¢+1;p=0,1,2,...,andg =0,1,2, ...

1

b 2p+1 o* 2p+18
(2.12) [(a,m,Z,a):/ x—zqﬁd;c:/ S
0 (1 0

22) cos24 0

1 1—2q 5 1 —2q
=—|B 1)—-B(1- ; ——— 1
[P (5] (e )

1 ( )2p+2 q— 1( )j( )2p+2ﬁ2(p—q—|—i)—1

_.I_
_ 201 g+ 2 1= —
T 2¢—1 cos2 14 — cos (e==tg= 11 2(q—1i)+1
q . p
2p—q+1)—1 (-1
0 (p—g+1) {( 2)
T 2(g—i)+1 22p

X Z%S_Tlgﬂ <2p+1) {1—008((2p—25+1)9*)}] :

S

wherez = sin§ and§* = arcsin (1)

Note, the middle term in the rigﬁt hand side [of (2.12) is identically zerq fer1 and
only the last sum applies fgr= 0.

(i) Form=2p+2,2aa=2¢+1;p=0,1,2,...,and¢g =0,1,2,...

% 2p+2 0*
(2.13) [(a,m,2,a):/ “’—zqﬂdx:/ S
0 (1 0

22) c0s24 0

1 1-2¢ 3 ,1-2¢ 3
=-|B 2)-B(1-a? °
|55 s) e (e )

1 ()2p+3 +q 1( )]( )2p+3ﬁ2(p—q—|—l—|—1)
T 2¢—1 cos2lg p cos?@==1g* L1 2(q—i)+1
ey T2(p—q+i+1) [ 1 2p+ 1Y .
pale 2(q—1i)+1 22p+1 P

— (=1)? Z 2p(—_+s>:—Q <2p;- 2) sin ((2p — 2s + 2) 9*)] } :

2p+2 i

s=0
wherez = sin§ and§* = arcsin (1) .
Note, the middle term in the right hand side [of (2.13) is identically zerq fer1 and
only the last two terms apply fgr= 0.

Proof. (i) From
2p+1 4

o
I(a,m,2,a) = / Sm—d&,
0

cos24 6
integrating by parts once leads to

1 sinP+29 1" 7 gin?*1g
I(a,m,2,«a)= 20 1 [0052‘119}0 —(2p+3— QQ)/O ——df

cos24—20

(%)QHZ 2p —2q + 3 /9* sin?t1 4
0

- (2 — 1) cos2—16*  2¢—1 cos?1=2 0

df,
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7 AND OTHER CONSTANTS 7

and repeated integration by parts gives us

(2.14) I(a,m,2,«)

()™ +‘”<1>f()2””ﬁ2<p—q+z'>+1
~ (2¢ — 1) cos2a-1 g+ cos?(a—)=1 g+ 2(q—1i)+1

7j=1

T 2(p—q+i)+1 7

—1)¢ s 2p+1 )

+(=1) ]l la—+1 /0 sin%*1 9o
Substituting[(2.9), from Lemnia 2.3, into (2]14) and integrating, resulfs in|(2.12) hence
part (i) of the lemma is proved.

(i) The proof of part (ii) of the lemma follows the same footsteps as part (i).

O

The following lemma is given and will be useful in the simplification of the left hand side of
(2.17) and[(2.18).

Lemma25.Forr=0,1,2,... andg=1,2,3,... then

(2.15) (¢+3), 1 (2 ﬁ2r+2p+1
' r! 4\ r i 20+1 7
and forg = 0,

(3), 1 [2r
2.1 2/r — .
(2.16) 7! 4T(r)

Proof. Forq = 0, then

(3), T(+3) 1 (2
() '
This result is well known and is also given by Wil [18].

Forqg > 1, let
g+, 12\ F2r+20+1
Pla) = r! _Z(T>QW
then ; N
P(1) = (5') _ (2r+ 1)F(§) (5)7«7
r 2 F(i) 7!
and from (2.1p)

which satisfies the right hand ¢f (2]15) fpe= 1.
Consider

(¢+3), T(e+r+3)

7! B T!F(q—l—%)
29+ 2r+1 I‘(q—l—r%—%)
< 2q+1 ) r!F(q+%)

<2q+2r—|—1) (Q+%)r

2q +1 7!

P(g+1)=
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8 ANTHONY SOFO

and from [2.1p)
—1 q
2q+2r+1\ 1 /2r\ g 2r+20+1 1 [2r 2r 4+ 2p + 1
Pla+V)=\—5 7" & || St 1=, 7
2¢+1 4r \ r iy 2p+1 4\ r potey 2p+1
hence the lemma is proved.
For k = 2 the following theorem now applies.
Theorem 2.6.
(i) Form=2p+1,2a0=2¢+1;p=0,1,2,...,¢g=0,1,2,...,
00 oo 1 2r42p+1
(2 17) Z (q + %)r _ Z 2r Hq Qp%f)l
. par ! (27“ + 2p + 2) a2r+2p+2 — r qr (27« + 2p + 2) a2r+2p+2
o p+1l, 3(2¢+1) | L
1 1—2q 5 1 —2¢q
=-|B 1)-B(1-a% 1
(5] (e )
1

(H)* Z (-1 (1) ﬁ 2p—q+i)+1

- (2¢ — 1) cos?a=1 g+~ & cos?la=D=1g* L3 2(q—i)+1

T2 —q+i)+1
+(=1) 1} 2(q—1i)+1

N S P

where

) 1
O (2p + 2) a2 +2

andf* = arcsin (é)
(i) Form=2p+22a0=2¢+1;p=0,1,2,...,¢=0,1,2,...,

(e}

@18) 3 (9+3),
r=0

L(2r + 2p + 3) a?r+2p+3
B o) 27’ Hq 1 27“;;)2—5;—1
N —\ T 47 (2r + 2p + 3) a?+2p+3
1 1
_ v s(2p+3), 3(2¢+1) | 1
TO 2F]. |: % (2p + 5) a2

1 1—2¢q 3 o 1 —2¢q 3
=—|B — | —-B(1- : -
3|5 (FF ) - (1 e
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I 6 N Ef >(>%“Ii2@—q+i+n
10*

(2q — 1) cos?a—1 g+ (a=7) 2(q—1i)+1
2(p—q+i+ 2p+1
—1
o )Ll e e bl (8

_ (_1)P22p (_2512 <2p+2> sin ((2p — 25 + 2) 9*)]}

where

V _ 1
O T (2p+3) a2

and@* = arcsin (é) .

The proof of Theorerm 2|6 follows directly from Lemina|2.4, (2.14) and Lefnnja 2.5.

Some examples will now be given expressingnd other constants in terms of an infinite
series.

3. ILLUSTRATIVE EXAMPLES
Example 3.1. From (2.17) withg = 2, a = 2 and¢* = ¢, we have

Z(5-20-0) +scr@-ney

p s
(—1) 2p+1 { T
_— 1-— 2p — 2 1—}
X;Qp—Qs—i—l cos(2p =25 +1)

S

_ - (27‘) (2r +1) (2r +3)

r) 16"(r+p+1)

Hence, forp = 7,

3. 222 3211
3= -
V3= 63 6367 271636370

WE

(27«) (2r+1)(2r +3)

r 16" (r + 8)

Il
=)

T

Example 3.2. From ) withg = 2, a = % andf* = %, we have

e )3

- (—1)1’; 2]0(__—218)12 (21’; 2> sin(2p— 25 +2)
() G ()

http://jipam.vu.edu.au/
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or rearranging,

T 3rt2 2\ (2r+1)(2r+3) /3"
5—16p(p+1)(21“;1> {4;; 8+Z< ) (2r +2p + 3) (E)}

L ey 3 (=1 <2p;_2)sin(2p—28+2)g,

(2p+1> 2p — 25+ 2
P s=0

20\/§7r:1+i§_o:(27") (2r 4+ 1) (2r + 3) (3)

and forp = 2

2r+7 16
Forp=2,a=+2

_§ i 2r\ (2r+1)(2r +3) (1)’
RERIEN P 2r + 5 8)
Example 3.3.Forq = 3, p = 2 anda = /2,

w—%_ﬁ;(?‘) (2r+1)(§:i§)(zr+5) (%>r

Example 3.4.Forq =4, p = 3 anda = 2,

_1712V3 L] i 2r\ (2r+1) (2r +3) (2r +5) (2r +7)
945 8960 < (2r +9) 16" '

Example 3.5.Forqg = 5, p = 0 anda = v/,

E 21 i 2r\ (2r+1)(2r+5)(2r+7)(2r +9) (27"—1-11)'
3-5-193-2731 & 20"

Example 3.6.Forqg =6, p = 5 anda = v/2,

o 2%.1289 N 1 iK%)
C5-7-9-11 5.16-829-v24 [\ 7
8 (2r+1)(2r+3)2r+5)(2r+7)(2r+9) (2r+11)

(2r + 13) 8"
Example 3.7.Forg =4 (o = 2) , p = 59 (m = 120) anda = 2,

oy 1 = /2r\ (2r+1)(2r +3)(2r +5)(2r +7)
”_m+9_3;( > (2r + 121) 167 ’

where

2y = 15604102274295581508678435968572864501995513795052733
= (46042305118509401202197) (338907929004245243145594887689) ,

0y, =20.35.52.72.11-13-17-19-23-29-31-37-41-43-47-53-59
+61-67-71-73-79-83-89-97-101-103-107-109- 113
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and
Q3=2".3%.5.7-13-17-19-23-29-31-37- 59
-61-67-71-73-79-83-89-97-101-103-107-109 - 113.
In this case the first term of the sum givesaccurate to over forty decimal places.
Other particular values of constants may be obtained ffom|(2.13).
Example 3.8.Fora =2, m =10,k =1landa =7

o0

27947 1 r+6 1
In2 = 3 _ |
NET s Ta2 357 ( r )(r+11)2r

r=0
It is of some interest to note that frofn (2/18) far = 0 anda = w > 1, integer, we may
eventually write, after integration by parts, and us[ng](2.2)

n(5) -t () e

r=0

w—1

1 1/ a® \“7ow—2v+1
_a(2w—1)21§(a2—1) H w—v

j v=1

where(2w — 3)!! = (2w — 3) 2w —5)---5-3-1,anda > 1.
Fora = 11 andw = 7, we have

| 6 o1l i r+6 1 11-179 17047711
n{-|=-—— — - .
5 3.7-112 r (2r +1) 1217 29 .38 . 56

r=0

Remark 3.1. In the degenerative case of = 1 then we obtain the well-known formula as
listed in Abramowitz and Steguh![1], namely

a+1 ad 1
1 =2 B ———
1 (a— 1) Z (2r + 1) a?+1

r=0

4. SOME ESTIMATES

It is useful to be able to obtain some estimates of the representation of the [seties (2.2). This
is done in the following theorems.

Theorem 4.1. Given that

= (),
(@.) Slask am) =3 ot e
then
(4.2) .
- (m + 1) amt!
< S(a,k,a,m)

L [B(l-ap.t) - B(1—at1-ap})]7,

1 1
((mg+1)amatt)akp

<

ak “ 1
ak—1 (m+1)am+1> a>1,

J. Inequal. Pure and Appl. Math6(5) Art. 138, 2005 http://jipam.vu.edu.au/
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for real numbersg and ¢ wherep > 1, % + % = 1, B (s,t) is the classical Beta function and
B (z;s,t) is the incomplete Beta function as described in Thegrein 2.1.

Proof. Let f (x) = ﬁ andg (z) = z™. Since|f (z)|” and|g (x)|? are integrable functions
defined onz € [0, 2], then by Hélder’s integral inequality [14]

1
1

. a @ dx z
< mq S
S(a,k,o,m) < (/o x dx) (/0 (1—x’f)°‘p>
dr 1 1 . 1
[ = [p(meng) - o (-t )|

by the substitution. = 1 — ¥, and hence

1

1 1 IR

S (a,k,a,m) < — [B(l—ap,—)—B(l—ak;l—ap,—)] )
(mq + 1) o) z z

The lower bound ot¥ (a, k, v, m) is m since the su 2) is one of positive terms.
The second part of the inequali.2) is obtained from

/;Wf() @l <ess s /(s r/ 2)| da.

x€[xo,x1]

Now

Sincef (z) is monotonic onx € [0, ],

o (o |- (55)

and X
a 1
md —
/0 T e
hence L va
1 a 1

———— < S(a,k < .

(m+1)amt! (a, k,a,m) < <a’“ - 1) (m+1)amt!
The result[(4.R) follows and the theorem is proved. O

The next theorem develops an inequality[of[4.1) based on the pre-Griss result.
Theorem 4.2.Fora > 1,

1 1 . 1
S(a,k,a,m)—m{B(l—a,E)—B(l—a ,1 O(,E>}

< —1].
2(m+1)amt\/2m+1 [ \a* —1

1 .
/ f(z)g(x)dx — / f(z)dz - / g(x)dx
xl—xo xr1 — Zo 1 — Zo

for f (x) andg (x) integrable functions, as given in Theorem|4.1, and defined an|0, ],
then the pre-Gruss inequality [13] states that

T (9. )l < 5 L T (0.0))

(4.3)

Proof. Define

T (g, f):

J. Inequal. Pure and Appl. Math6(5) Art. 138, 2005 http://jipam.vu.edu.au/
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7 AND OTHER CONSTANTS 13

fory < f(z) <T.
Now, forz € [0, 1]

T (g, f :a/ —adx—aQ/ —a/ x™dx
(9.9) o (1—2aF) o (1—=2%)"Jg

a2 1 —k 1

In a similar fashion

.9 = (m+1)amv2m +1

CombiningT (g, f) and[T (g, g)]% gives us the resul.3) after a little algebraic simplifica-
tion. O

Open Problem 1. From Exampl¢ 3]2, we have that

- 9p+3 2r\ 2r+1)(2r+3) (3"
U°O16p(p+1)<2pp+l>{p 8+Z(’”) (2r+2p+3) (16)}

—1)P & —1)° 2p + 2

4= (=) P sin(op—2s+2)Z =T,
(2p+1) £~ 2p —25+2 s 3 3
)=

Now let us consider the following. For a finite positive integelet

30+ Z 2r\ (2r+1)(2r+3) (3’
UR_16 1) ( 2»t1 {4]? 8+ (7"> 27’+2p+3) (1_6)
p(p+1) (%)
()" &~ (=D (2p+2) m
W — 25 +2) =
+<2p+1>sz—;2p—28+2 s sin (2p — 25 + >3’
)=

Up=V +W,

in fact
T

UR<§.

For a fixed positive integeR, it can be shown, by standard analysis methods, that
3pt+3

lim V = lim
p—>00 p— >°°16pp—|— (2p 1>

ey (U) EnEe (3) o

r=

and ap— > oo uniformly

—1)P & —1)° 2+ 2
_ =1 (=1) (p+ )Sin(2p—28—|—2)
(2p+1> = 2p—25+2 5
) =

~
~

wl 3
S

J. Inequal. Pure and Appl. Math6(5) Art. 138, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

14 ANTHONY SOFO

This implies that fop— > co, W = U,, and

)" & (=D (2p+2)
w <2p+1>;2p—23+2 . sin (2p s+ 2)
) —

An open problem is to prove, or provide a contradiction to,

1) & —1)° 2 + 2
lim W = lim (=1) (=1 p+ sin(2p—25—|—2)ﬁ =
p—>00 p—>00 <2p+1> —0 2p — 2s =+ 2 S 3

) _

~
~

™
3 .

wl

™
3 .
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