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ABSTRACT. In this note, we obtain some new generalizations of the Hardy’s integral inequality
by using a fairly elementary analysis. These inequalities generalize some known results and
simplify the proofs of some existing results.
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1. INTRODUCTION

In [4], Hardy proved the following inequality. > 1, f > 0 and
Fla) = [ st
0

then

(1.1) /OOO (%)pdx < /OOO FP(z)dx

unlessf = 0. The constany = p(p — 1)_1 Is the best possible. This inequality plays an
important role in analysis and its applications. It is obvious that, for paramet@nsl b such
that0 < a < b < oo, the following inequality is also valid

(1.2) /ab (g)pdx < /ab 7(2)dz,

where( < f0°° fP(z)dz < oo. The classical Hardy inequality asserts that if- 1 and f is a
nonnegative measurable function @nb), then [1.2) is true unlesg = 0 a.e. in(a, b), where
the constant here is best possible. This inequality remains true providéd<hat< b < co.
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In particular, Hardy|[3] in 1928 gave a generalized form of the inequdlity (1.1) when he
showed that for anyn # 1, p > 1 and any integrable functiofi(z) > 0 on (0, co) for which

Jy f@dt for m >1,
F(r) =
{ [ f@t)dt for m <1,

then

(1.3) /Ooomep(x)dx < (lmp_ 1‘)1)/000 " 2 f ()] da

unlessf = 0, where the constant is also best possible.

Because of their fundamental importance in the discipline over the years much effort and time
has been devoted to the improvement and generalization of Hardy’s inequglitjeq (1]1), (1.2) and
(1.3). These include, among others, the works in [1]—[9].

The objective of this paper is to obtain further generalizations of the classical Hardy integral
inequality which will be useful in applications by using some elementary methods of analysis.
Throughout this paper, the left-hand sides of the inequalities exist if the right-hand sides exist.

2. MAIN RESULTS

The following theorems are the main results of the present paper.

Theorem 2.1.Letp > 1, m > 1 be constants. Lef(x) be a nonnegative and integrable
function on(0, co) and letz(x) be differentiable in0, co) with 2’(x) > 0 andz(0,) > 0. Let
w(x) andr(x) be positive and absolutely continuous functiong@rmx). Let

1 z(x) w’(a:)+ p  z(x) ()

L= m—12(z) wx) m—12(z)r(x)

> 0.

>

Leta € (0, 00) be fixed and set

2.1) / (@) 28 g (2) e < (l) / (@) 2D o (2) da

holds for allb > «.

Proof. Integrating the left-hand side of inequalify (2.1) by parts gives

’ Z(x) N () . L P
/Gw(x)zm<x)F (x)d:c—w(b)THF (b)—i-m/a z w FPdx
S L P Y L ()
“ [ e s g [ e e
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Sincem > 1 andF'(b) > 0, we have

/w@) 2(2) [1_ L ) p ) @),

2m(x) m—12(x) wlx) m—12(z)r(x)

PN 1)) I p / PoA@)
= w(b) ] F (b)+m_1 ’ wzm(x)F fdz
b ’
p ? (33') p—1
<7 /a w—zm($)F fdx.
Here, using the assumption anwe have
b 2 () 1
P —
/a w(m)zm(x)F (x) /\dx

< /abw(«'t);;(g) F?(x) [1 T 1@ we)  m—12(z) T’(f)] dx
< _P /waFplfdx.

“m-—1 2m(x)

By Hdlder’s inequality,

[ 2o ([ (o)

and thus on simplification, we have

/abw(x)MFp (z) dz < (i)p/abwﬂfpdx.

2m(x) m—1 2m(x)
This proves the theorem.
Theorem 2.2.Letp, m, f, z, 2/, w andr be as in Theorem 2.1. Let
- 1 z@)w'(z) p  z(z)r(z) > 1 -0
m—1z2(x)wlx) m-—12x)r(x) — A
Leta € (0, 00) be fixed and set

F(z):=r(x) /: i((i))f((tt)) dt, z € (0,00).

Then the inequality
b N P rb At
(2.2) / w(x) ( )Fp (x)dx < (ﬂl) / w(x) ( )fp (x) dx

holds for allb > a.
Proof. This is similar to the proof of the Theorgm P.1.

Theorem 2.3.Letp, m, f, z,2’,w andr be as in Theoref 2.1. Let
1 / /
(@) wilz) | p 2@)rfe) 1
m—12(z)wx) m—12(z)r(x) — A
Leta € (0, 00) be fixed and set

F(z) := r(lx) Lw T<t>z,(t)f(t)dt, z € (0,00).

1—
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Then the inequality

ey [wwirwas (2) [w@E L yepa

Proof. Upon integrating by parts we have

/0 w(x) “(2) F? (x)dz = w(b) 200 " FP?(b) + ;/0 2w FPdy

2m(x) —m+1 m—1

b / b
- L/ z_meMdex + L/ 2w P g(z)| da,
m—1J r(x) 0
where

_ 1 (@ @) f) 15X ()
o= (T gy ).
Sincem > 1 andF(b) > 0 we have

/obw(x) Z’(x)) FP (z) {1 B CORCA O AIC)) ""(37)} o

=)
—m+1

b
e / 2w P g(x)| da.
m—1J

By the assumption ok, we have

b Z/($) . l )
/Ow@)Zm—(x)F (1) 1

2m(x) m—1z2'(z) wlx) m-—12(x)r(x)
P [Ee) @)
< L [ S gl

By Hdlder’s inequality

[ i 22 ([ ) ([ 2 o)

and thus on simplification, we have

/Obwu);(app (2) de < (%)p/obwi‘(z)(]w) (@) do

This proves the theorem.

Theorem 2.4.Letp, m, f, z, 2/, w andr be as in Theorem 2.1. Let

1 ) w@)  p oz (@) 1
! m—12(z) w(x) m—12(x)r(x) = A >0
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Leta € (0, 00) be fixed and set

Proof. This is similar to the proof of the Theorgm P.3. O

Theorem 2.5.Letp > ¢ > 0, . + . = 1, and m < 1 be real numbers. Let(x) be
differentiable in(0, co) with 2’/(x) > 0 and z(0;) > 0, let w(z) and r(z) be positive and
absolutely continuous functions ¢ oo), n and letf : [0,00) — [0, c0) be integrable so that
-, 1 z@)w'(z) p 1 =2(z)r(z) Zl>0
m—1z2(z)w(x) qm-—12'(z)r(z) — A
a.e. forsome\ > 0. Letb € (0, c0) be fixed and set
L [P )1
F(x) = )
(x) @) /r ) dt, x € (0,00)
Then the following inequality
b 2'(x) e A\ [P 2'(x) e
2. Fa < q
(2.5) /a w(x)zm(x) (x)dx < (m—1> /a w(z) fa(z)dz
holds for all0 < a < b.
Proof. This is similar to the proof of the Theorgm P.1. O
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