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ABSTRACT. A discrete analogue of the weighted Montgomery identity (i.e. Euler identity) for
finite sequences of vectors in normed linear space is given as well as a discrete analogue of
Ostrowski type inequalities and estimates of difference of two arithmetic means.
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1. INTRODUCTION
The following Ostrowski inequality is well known [10]:

b r — atb)?
r0 -, [ rod< §+%l =)/

It holds for everyz € [a, b] wheneverf : [a,b] — R is continuous ora, b] and differentiable
on (a, b) with derivativef’ : (a,b) — R bounded or{a, b) i.e.

£l = sup |f'(t)] < +o0.
te(a,b)

Let f : [a,b] — R be differentiable ora, b, ' : [a,b] — R integrable orja, b] andw : [a,b] —
[0,00) some probability density function, i.e. integrable function satisfyf(rﬁgu (t)dt = 1;
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2 A. AGLIC ALJINOVIC AND J. PECARIC

defineW (t) = fatw(:p) dx fort € [a,b], W (t) = 0fort < aandW (t) = 1fort > b. The
following identity, given by Péaric in [11], is the weighted Montgomery identity

f<x>:/ w(t)f(t)dt+/ Py (e,0) /(1) dt.

where the weighted Peano kernel is

W (t), a<t<ux,
P, (z,t) =
Wit)—1 x<t<hb.

All results in this paper are discrete analogues of results from [1]. The aim of this paper
is to prove the discrete analogue of the weighted Euler identity for finite sequences of vectors
in normed linear spaces and to use it to obtain some new discrete Ostrowski type inequalities
as well as estimates of differences between two (weighted) arithmetic means. In $éction 2,
a discrete weighted Montgomery (i.e. Euler) identity is presented. In Sggtion 3, Ostrowski's
inequality and its generalization are proved. These are the discrete analogues of some results
from [6]. In Sectior] 4, estimates of differences between two (weighted) arithmetic means are
given and these are the discrete analogues of some results froi [2])] [3]) [4], [5].and [12].

2. DISCRETE WEIGHTED EULER IDENTITY

Let zy, 2o, ..., 2, be a finite sequence of vectors in the normed linear spacd-||) and
wy, we, . . ., w, finite sequence of positive real numbers. If, foK k < n,

k n
W, = E w;, Wi = E w; = W, — Wy,
i=1 i=k+1

then we have, seel[9],

—_

n k—1 n—
(2.1) sz‘xz‘ = a Wy, + Z Wi(zi —xip1) + Y Wiz —x), 1<k<n.
i=1 i=1

i

[
B

The difference operataA is defined by

(2.2) Ax; = xi01 — ;.
So using formulg[(2]1), we get the discrete analogue of weighted Montgomery identity
(2.3) T = Win Zz:; w;x; + jz::ti (k,i) Az,
where the discrete Peano kernel is defined by
R W; 1<i<k-1,
(2.4) Dw(k,@):Wn.{ (), k<i<n

If we takew; = 1, i = 1,...,n, thenW; = i andW; = n — i, and [2.B) reduces to the
discrete Montgomery identity

n n—1
1
(2.5) me=—) @i+ Dulki) A,
i=1 i=1
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A DISCRETEEULER IDENTITY 3

where '
- 1<i<k-—-1,

D, (k,i) = {
If n € N, A" is inductively defined by
Anl’i = Anil (A.I'Z) .
It is then easy to prove, by induction or directly using the elementary theory of operators,see

[8], that
Anl’i = Z (Z) (_1>n—lc Litk-

k=0
In the next theorem we give the generalization of the iderjiityj (2.3).

L1, k<i<n.

Theorem 2.1.Let (X, ||-||) be a normed linear space;, -, . . ., x,, a finite sequence of vectors
in X, wy, ws, ..., w,finite sequence of positive real numbers. Then foraé {2,3,...,n — 1}
andk € {1,2,...,n} the following identity is valid:

1 <& - 1 (&,
(2.6) z, = Wn;llh‘xi“‘ ; n_ (;A 372)
n—1 n—2 n—r
X (Z Z . Z Dw (k’, 21) Dn—l (il, 22) s Dn—r+1 (ir—la ZT))

i1=1142=1 ir=1

n—1 n—2

+Y N i Dy (k1) Dy (i, i2) - - - Dypmgt it i) A",

i1=112=1 im=1

Proof. We prove our assertion by induction with respecttoForm = 2 we have to prove the
identity

Applying the identity [(2.p) for the finite sequence of vectdrs;, i = 1,2,...,n— 1, we obtain

n—1 n—2
1 A2
Axi = n—1 ;:1 Al'z + ]é_l Dy (%]) A L

so, again using (2 3), we have

n n—1 n—1 n—2
=1 i=1 i=1 Jj=1
1 n 1 n—1 n—1 .
- Wn ; w;T; + — (; A[L‘i> (; D, (k, Z))

n—1 n—2

+ 35" Dy (ki) Doy (i) A%

i=1 j=1
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4 A. AGLIC ALJINOVIC AND J. PECARIC

Hence the identity (2]6) holds for = 2.

Now, we assume that it holds for a natural numbee {2, 3, ..., n — 2}. Applying the identity
(2.5) for theA™z;

1 n—m n—m—1
m _ m . - m+1
A X, = n—m E A X + § Dn—m (Zmy Zm—&—l) A mim+1
=1 im+1=1

and using the induction hypothesis, we get
B 1 n m—1 1 n—r Ar
=1 =1
n—1 n—2
(Z Z Z D k Z1 (ila ZZ) e anr+1 (Z'rfb lr))

i1=110=1 ir=1
n—1 n—2
E E D k Z1 (21722) Dn—m+1 (im—laim)
i1=1143=1 im=1
n—m—1
m m—+1
X E A i + E Dn m Zmyzm+1)A L1
n—m
=1 ’Lm+1 1

1 n m 1 n—r .
_Wn;wﬂiJrzn—r <ZA ZL“Z>
n—1 n—2
(ZZ ZD (kyi1) Dy (i1,42) -+ Dy (ir—hir))

11=112=1 ir=1

n—1 n—2 n—(m+1)

+ Z Z Z D k‘ 21 (il, 22) o Dn—m (Zmy Z‘m-‘rl) Am—"_ll‘inﬂ-r

11=119=1 tmt+1=1

We see tha{ (2]6) is valid for. + 1 and our assertion is proved. O

Remark 2.2. Form = n — 1 (2.6) becomes
W, par “n—r \ =
n—1 n—2
(Z Z Z D k 21 (ila 22) e anrJrl (2'1”717 7’7‘))

i1=110=1 ir=1
n—1 n—2
+ Z Z Z Dy, (k,i1) Dy_1 (i1,42) -+ Do (in—2,in—1) A" 'z, ..
i1=11i2=1 in—1=1
Corollary 2.3. Let(X, ||-||) be anormed linear space;, -, . . ., z,, afinite sequence of vectors

in X. Thenforallm € {2,3,...,n— 1} andk € {1,2,...,n} the following identity is valid:

1 n m—1 1 n—r
:ﬁ;%—{_;n—r <;A%i>
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(Z Z Z Dy (K, 1) Doy (i1,72) - Dy (i1, Zr)>

11=112=1 ir=1
n—1 n—2
+ Z Z Z D ]C Z1 (Zl, Z2> Dn—m+1 (im—la Zm) Am.%'im.
i1=110=1 im=1
Proof. Apply Theorenj 2.1 withw; = 1,7 =1,...,n. O

Remark 2.4. If we apply (2.6) withn = 2{ — 1 andk = [ we get

20—1 2—1—r
o= W211wa2+22l—1—r<ZArxz>

=1

21-221-3  2-1-r
X (ZZ Z Dy, (1,i1) Dar—2 (i, i2) - - - Doy—y (iT17iT>>

i1=1149=1 ir=1

20-221-3 2l-1-m

+ Z Z Z l Zl Dgl 2 (21, Zg) D2l—m (im—la Zm) Amxlm

11=119=1 im=1
We may regard this identity as a generalized midpoint identity sinceifer 1 it reduces to
21—1 2[—2
2.7 x w;T; + Dy, (1,1) Ax;
(2.7) 1= W2l L Z Z

and further forw; = 1,1 =1,2,...,2l —1to
2[—1 -1

1 1
) = — e — (Ax; — Axor_1_:) .
(2.8) 2 2l_1;:c1+21_1;2( T T 1)

Similarly, if we apply [2.6) witht = 1 and then witht = n, then sum these two equalities and
divide them by2, we get

(2.9) x1+xn: Zwl:cl—l—zn_?n(ZA”xz)

=1
1 n r .
(1,41) + Dy (n,i . . ,
(Z 1) 9 ( I)anl (21, Z2) Tt Dn7r+1 (erh ZT‘))
=1 =1
- — (1,4 Dw n,i . , ,
+ Z Z 1 ( 1)Dn—l (21, Z2) e Dn—m+1 (Zm—la Zm) Amxim-
i1=1 im=1
We may regard this identity as a generalized trapezoid identity sinee ferl it reduces to
1+ Ty (1,49) —|— D, (n,1)
(2.10) SRR Zw,xz + Z Az,
and further forw; = 1,i=1,2,...,nto

(2.11) o1 + Tn _ 2 le Z (i - g) Az,

(2.8) and|[(2.1]1) were obtained by Dragomir(in [7].

J. Inequal. Pure and Appl. Math5(3) Art. 58, 2004 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

6 A. AGLIC ALJINOVIC AND J. PECARIC

3. DISCRETE OSTROWSKI TYPE INEQUALITIES

The Bernoulli number®;, i > 0, are defined by the implicit recurrence relation

—~\ @ )7 o0 if m#o0.
If, for n € N andm € R ,we write

Spm(n)=1"4+2" 43"+ .-+ (n—1)",

it is well known, see[8], that ifn € N

1 1 ,
S (1) = ——— (m T )BZ- pmH—
m + 1 0
Theorem 3.1.Let (X, ||-||) be anormed linear space;, z», . .., x,, a finite sequence of vectors

in X, wy,wy, ...,w, finite sequence of positive real numbers. Let dlgg;) be a pair of
conjugate exponertfsm € {2,3,...,n—1}and k € {1,2,...,n} the following inequality
holds:

n m—1 n—r
1 1 v
OO e & 2 (ZA )
n—1 n—2
X Z Z Z D k? 21 (21, 22) Dn—r-i-l (ir—la ZT’)) H
i1=112=1 ir=1
n—1 n—2 n—m-+1
S Z Z Z D k 21 (21, ZQ) Dn—m+1 (im—lv ) ||Am$||p’
11=1142=1 im—1=1 q
where
1
. (S iamar) it <p<os
jamz), =4 \& |
(Juax [lAm] it p = oo.
Proof. By using the[(2.6) and the Holder inequality. O

Corollary 3.2. Let(X, ||-||) be anormed linear space;, z-, .. ., z,, afinite sequence of vectors
in X, wy,wy, ..., w, a finite sequence of positive real numbers. Let d}s@) be a pair of
conjugate exponents. Then for &l {1, 2, ..., n} the following inequalities hold:

(z k—i wi) Az,

(z <2w> <5 (z ) ) JAal],,

max {Wy_1, Wy, — Wi} - [[Az]], .

(

1 n
xk——g w;T;
n 1L

1=

sl- 3= Fl-

Thatis:1 < p,q < oo, ;+%:1
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A DISCRETEEULER IDENTITY 7

Proof. By using the discrete analogue of the weighted Montgomery ideftity (2.3) and applying
the Holder inequality we get

n
1
T — —— w;T;
i 2 1
1=

< 1Dw (k; )l [AZ]],, -

We have

1D, (k, )l = (Z|W|+Z|—W\)
1 k—1 » -
— A (Z (k —i)w; + ;zwkH)

=1

—Wiiyk—uwi
"oi=1

and the first inequality is proved.

Since
1Dw (&, )lg = 577 ( !W|q+2\—W|>
“w(2(20) E(2m)

1
||Dw <k7 )”oo = Wmax{wk—h Wn - Wk}7

which completes the proof. O

??‘
H

1

the second inequality is proved.
Finally, for the third

The first and the third inequality from Corollary B.2 and also the following corollary was
proved by Dragomir in[7].

Corollary 3.3. Let(X, ||-||) be anormed linear space;, z», . . . , z,, afinite sequence of vectors
in X, wy,ws,...,w, finite sequence of positive real numbers, and alsdze) be a pair of
conjugate exponents. Then for &l {1,2,...,n} the following inequalities hold:

L2 (- %)7) - A

(3.2) (Sy (k) + Sy (n — k& + 1))7 - | Azl ,

n
1
n <
=1

1
Lmax{k—1,n—k}-[|Az|,.

Proof. If we apply Corollary 3. withv; = 1,7 =1,2,...,n, or use the discrete Montgomery
identity (2.5), we have

n
1
T — — E ZT;
n“
=1

> D, (ki) Az

=1

‘ n—1

IN

1. 0. ) (ZHMH”)
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8 A. AGLIC ALJINOVIC AND J. PECARIC

Since forg =1

n—1
1 (n?2—1
Dy (k,i)| = =
> 1Dn ki) n( —

the first inequality follows.
For the second let < ¢ < oo

k—1 n—1
Z|D (k,1) qu—ir
=1 =

S

the second inequality follows.
Finally for ¢ = oo and

2

)
)

(Sg (k) + 53 (n =k +1))

max {|D (k,i)[} = %max{k— Ln—k)

1<i<n—1

implies the last inequality.

O

Corollary 3.4. Assume that all assumptions from Theofen 3.1 hold. Then the following in-

equality holds

m—1 20—1—r
1 1
- 1 AT ¢
U T g | A
i=1 r=1 =1
21-221-3 20—1-r
% (ZZ Z Dy, (1,i1) Doy—g (iq,12) - - -
i1=11ia=1 ir=1
21-221-3 2l—m

i1=112=1 tm—1=1

D2l—m (im—la )

DQIfr (7;7'717 Zr)) H

DD D Dulliia) Do (inyia) -+

|A™z]],;

q

it may be regarded as a generalized midpoint inequality sincefer 1 it reduces to

20-1

xr; — E W;ix;
sz 1 ’

1 -1 [ i T 99
w; |+
W2l71 7; ]; ’ ZZ::
1

\ WQlfl
if in additionw; = 1,7 = 1,2,...,2[ — 1 it further reduces to
(1(1—1)
U= aa,
2[—1 1 )
: < a
(3.3) ) — l_lzxz <9 5T (25 (1)
-1

J. Inequal. Pure and Appl. Math5(3) Art. 58, 2004

s 20—
I —i|lw; ) || Az,
WQH(;\ i) - el

1
LA
2. )) Az,
Jj=i+1

max {W;_1, W1 = Wi} - [[Az||;

Az,
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A DISCRETEEULER IDENTITY 9

Proof. Apply (3.1) withn = 2 — 1 andk = [ to get the first inequality.
For the second, taking. = 1, or applying Holder’s inequality tg (2.7), gives

201 202
1 .
5= g v = |3 D (1) A < (1D, (1), Al
=l i=1

Now

=1

1Dw (1)1, = <ZIW|+Z!—W\) ng1<2“ z|wz>,

1Dw (-1l (Z\W\q+2|—w\>

=1

-1 / i 212 n @ 4
. -+ 7 )
WQZ 1 (Z 7 (jzle> ; (j;f”) )

maX{VVz 1, Wo—1 — VVl}

Dw la' 00
D0 1) = 57

and the second inequality is proved.
Now if we takew; = 1,7 = 1,2,...,20—1, or apply inequality[(3]2) witm = 2/ — 1 andk = [,

2011

1 L(1-1)
[Daa ()l = g Dol =il = 5=

i=1

S

[ Dar—1 (1, - (Z I ZV) = 211 (254 (D)7,

1 [—1
21_1max{l—1 N—1—1}=—"

Do (1,-
1Date (1) = TR
and thus the third inequality is proved. O

Corollary 3.5. Let all the assumptions from Theorém|3.1 hold. Then the following inequality
holds:

xl—i—xn 1 — .,
__szxl Zn—r <ZA :IZ‘Z)

r=1 =1
1 1 + -D TL,Z. i ) )
(Z Z 1 ( 1>Dn71 (21, Z2> T anr+1 (ZT*17 ZT)) H
i1=1 ir=1
n— m+1 -
1 1 + -D n,1 N ) m
Z Z 1 ( 1>Dn71 <21722)"'Dn7m+1 (mela') HA x”p;
i1=1 im—1=1

q
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10 A. AGLIC ALJINOVIC AND J. PECARIC

this may regarded as a generalized trapezoid inequality sincenfer 1 it reduces to

(
n—1 .
Zi:l I‘/I/I//:L - % ’ HAx||oo7
1 + x, 1 — il o L
2 WZMZIZ = (Zi:l x‘//VV; _% )q : ||A$||pa
"oi=1
| max { | 3], | = 4]} - el
and if in addition,w; = 1,7 = 1,2, ..., n it further reduces to

(7 (=1=13]) (15]) - 1Az,

l - .
L(25, (%)) - Az, if n is even,

(3.4) <

T+ T, 1 &
2 n;

1 (Sq(n—l) — 28, (nT_1)>E . ||A$||p, if n is odd,

n 2q—1

Proof. To obtain the first inequality takg (2.9) and apply Holder’s inequality.
For the second we take = 1 or apply Holder’s inequality td (2.10),

T+ x, 1 —
T

n—1 . .
Z Dy, (1,1) —|2— D, (n, Z)Axi

=

1
Dw(la')+DW(n7'>
<[Pt jacl, .
q
Now
Dy(1,)+Dy(n, )| <= |Wi=Wi| & |Wi 1
|Pely et <X T = S )
1 1
Dy (1,:) + Dy (n, ) || ”z_: Wi 1)’
2 o\~ W, 2 ’
q =1
Dw(17'>+Dw(n7') — max Wz_l
2 i<i<n—1 | |[W,, 2
N w, 20| W, 2
N w, 207|\W, 2

and the second inequality is proved.
Now if we takew; = 1,7 =1,2,...,n, or use[(2.1]1) and apply Holder's inequality, we get

T+, 1 &
2 n;

1 1
| —
“n 2

[Az],-
q

Forg=1
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A DISCRETEEULER IDENTITY 11

forl < g < oo

1 (28, (2))¢, if n is even,

1 (sq;;:l) 98, ("T‘l)> " if nis odd:;

1 1 1 1 n — 2
- —— = max {— — — p = .
n o 2|, 1<isn-1|n 2 2n

Remark 3.6. The first inequality from[(3]3) was obtained by Dragomir(inh [7] and also an in-
correct version of the first inequality from (8.4), viz.:
AL A, if o= 2k + 1,

k-1 if n =
€+, _lix 5 ||AIHOO, if n 2/{?,
2 n !
i=1 2(2k+1)

. . 2+2k2+1 k2 .
The second coefficier#f ;%55 should be;; 5 since

s (@) () =

4. ESTIMATES OF THE DIFFERENCES BETWEEN TWO WEIGHTED ARITHMETIC
M EANS

and forqg =

O

<

In this section we will give the estimates of the differences between two weighted arithmetic
means using the discrete weighted Montgomery (Euler) identity. We suppese < N.
The first method is by subtracting two weighted Montgomery identities. The second is by
summing the discrete weighted Montgomery identity. Both methods are possible for both the
casel <! <m <n,ie.[l,m] C[l,n]andthecaseé <! <n <m,ie.[1,n|N[l,m] =[l,n].

Theorem 4.1.Let (X, ||-||) be a normed linear space;, zs, . . . , Tmax{m,»} a finite sequence of
vectors inX, [, m,n € N, wy, wy, . .., w, andu;, u;,1, - . ., u,, two finite sequences of positive
real numbers. Letalstl’ = Y7  w;, U =" u; and fork € N

k
Zwiv 1§k§n7
=1

Wy =
W, k> n,
0, k<l
k
(4.1) Uy = Su;g 1 <k<m,

1=l

U, k> m.

J. Inequal. Pure and Appl. Math5(3) Art. 58, 2004 http://jipam.vu.edu.au/
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12 A. AGLIC ALJINOVIC AND J. PECARIC

If [1,n] N [l,m] # 0, then, for both casel, m| C [1,n] and[1,n] N [I,m] = [I,n], the next
formula is valid

where

K(i)—%—%, 1 <i<max{m,n}.

Proof. Fork € ([1,n] N [l,m]) N N, we subtract the identities

n n—1
1
=1 =1
and

m m—1
1 .
T = T ;ulmz + ; D, (k,i) Ax;.
Then put
K (k,i) = Dy (k,i) — Dy, (k,1).
As K (k,i) does not depend dnwe write simply K (i):

-4, 1<i<l-—1,
(4.3) K()=4 %-W 1<i<m, it [1,m) C [1,n],
1—%, m+1<1<n,
3 1<i<l—1

(4.4) K (i) =

Theorem 4.2. Let all assumptions from Theorgm 4.1 hold &pdg) be a pair of conjugate
exponents. Then we have

1 — 1 &
W;wzxz U;Uzl’z

The constanMKHq is sharp forl < p < oc.

< [|K], 1Az, -

Proof. We use the identity (4]2) and apply the Holder inequality to obtain

n m max{m,n}

1 1 .

T wa - Y uww| = | S K () Aw| < K], Al
=1 =l =1

For the proof of the sharpness of the constgiit| , we will find z, a finite sequence of vectors

J. Inequal. Pure and Appl. Mathb(3) Art. 58, 2004 http://jipam.vu.edu.au/
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in X such that

max{m,n} max{m,n} a
Yo KAz = > [K@"] [Az],.
=1 =1

Forl < p < oo takex to be such that
Az; = sgn K (i) - |K (i)|77 .
Forp = oo take
Az; =sgn K (i) .
Forp = 1 we will find a finite sequence of vectogssuch that
max{m,n} max{m,n}

Z K(i)Ax;| =  max K@) | Y |Ax

1<i<max{m,n} —
1=

Suppose thatK ()| attains its maximum ai, € ([1,n] U [l,m]) N N. First we assume that
K (ip) > 0. Definex such thatAz,;, = 1 andAxz; = 0, i # i, i.e.

07 1§Z§ZO>
Tr; =
1, jp+1<i<max{m,n}.

Then,
max{m,n} max{m,n}
2 KA =Kl =, max K@ 3 |l
and the statement follows. In the cdsdi,) < 0, we taker such thatAz;, = —1 andAxz; = 0,
1 7& io, I.€.
]-7 1 S l S 7:07
€T; =
0, ip+1<i<max{m,n},
and the rest of proof is the same as above. O

Corollary 4.3. Assume all assumptions from the Theofem 4.2 hold and additionally assume
1 <1< m <n. Then we have

1 < 1 «

( [i-1 m n

W, Ui W, W,
S+ = S =]
T v owlt || 187l
L =1 i=l i=m+1
-1 m n o
< A Ui W ALK
wl 2T w2 L] | 1Al
L =1 i=l i=m+1
S BT Wisigm|U W i

\
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andforl<l<n<m

E w;Tiy — E U T

-1 n m
Wi ui W, Ui
i v il A
S+ |5 - 2[5 - 1l
L:=1 i= i=n+1
Fl-1 1
< — | Wi Ui Wi U Y]]
| 2T w2 T Y| 1A
L:=1 1=l i=n+1
max - X | = —
{ W U "i<i<n| U W v
Proof. Directly from the Theorerp 4]2. O

Remark 4.4. If we suppose: = m in both of the case$ </ <m <nandl <[ <n <
m,then the analogous results coincides.

Remark 4.5. By settingl = m = k andu;, = 1 in the first inequality from Corollary 4]3 we
get the weighted Ostrowski inequality from Corollary|3.2.

Corollary 4.6. If all assumptions from Theorgm 4.2 hold and, in addition, assurig: < m,
then we have

1 1 &
=1 i=

/o

N

-1

Wi U, Wi Ui
|k LA
T w2 | ‘”ﬂ
Li=1 i=k+1
k1 1
< — | W Ue W' ~— U |"|"
= Zk_k Zi A
YW T w2 [T |4z
Li=1 i=k+1
Wi Uprr |Us Wi
\max{ W 1 — UJer_W}HAﬂh
Proof. By settingn = [ = k in the second inequality from the Corollgry 4.3. O

The second method of giving an estimate of the difference between the two weighted arith-
metic means is by summing the weighted Montgomery identity. In this way we also get formula
(4.9). Forthecase <! <m <nletje{l,l+1,...,m}, from (2.3) we have

UT; —ujWwal+u]ZD (7,1) Ax;,

=1

m m n m n—1
7=l j=l i=1 j=t  i=1

SO
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By interchange of the order of summation we get

1 « 1 o
E Zluj'l'j — W lele
J= 1=

1 m j—1 1 m n—1 W,
= — U]Z—ZA$Z+—ZUJZ<—Z—1>A$Z
U]:l z:lW U]:l = w
-1 m m—1 m
1 Wi 1 W,
:—ZZ — Az + — Zu—le
J ? J ?
U =1 j=I w v =l j=i+1 w
m—1 3 n—1 m
1 W 1 Wi
P .“j(W‘l)A“ ZZ“J‘(W“)MZ
i=l 5=l i=m j=I
lflw m—1 U, W,
AN 1— 2 Zing,
LTy x+§< U)W ’
m—1 n—1

U, (W, W,

T2 1) A Zi 1) A
+ZU(W )+§%(W )
-1 m n—1

W, w; U W,
=S YA, P Vi) A i) A

This identity is equivalent tq (4,.2) with (4.3).
Forcasel <! <n <m,letje{l,l+1,...,n}, and again from[(2]3) we have

n n—1
1 .
Ujl’j = ij Zwlasl + U]‘ ZDU} (j, Z) AZEZ',

=1 =1

SO
n n n n n—1
Zujxj = ZU]% szl’z + ZU]' Z Dw (], Z) Al’l
Jj=l j=l i=1 j=l i—1
and
1 & 1 &
U Zu]x] 7 UjT
g=l Jj=n+1
_ <1 iU) 1 Z”:W,_ (l i u)iiwx
U - J W v U J W : g
J=l i=1 j=n-+1 =1
n n—1
+ (5 Zuj) > Du(j.i) A
j=l =1
Thus
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Sinceforj e {n+1,n+2,...,m}
1 n 7j—1 1 n
7j—1 n—1
= Z Azx; + Z Dy, (n,i) Az,
1=n 1=1

we have
1 « 1
5 Zujxj — W szl’l
j=l i=1
’ 1 n n—1 1 m n—1 j—1
- UZujZDw (7,1) Az; + i Z U, (ZD"” (n,i Ax,—l—ZAxZ) )
j=l =1

j=n+1 i=1 1=n

By interchange of the order of summation we get

1« 1
EZu]x]—WZwlxz
=l i=1
1 n j—1 WZ 1 n n—1 VVZ
—l—% Z u]ZDw n,1i) sz—l—— Z uJZAxZ

j=n+1 =1 j =n+1 i=n
-1 n n—-1 n n—1 1
1 W; 1 Wi 1 Wi
i=1 j=l i=l j=i+1 i=l j=l
n—1 m m— m
1
+EZ Z w; Dy, (n,1) Ax; + Z Z u; Ax;
i=1 j=n-+1 1j=i+1
-1 n—1 n—1
U, W U, U\ W; U, (W;

A AN In_Zi) Hing i (21 Axy
UiZIWx+il(U U)WxJF;U(W )x
m—1
U, W U,
1_Yn Vi A, _

(1-7) D 2 (7)o
i=n+1
-1 n m—
W; Wi U
= 2 Wsz + Z (W — U) Az, + ZJF <1 — —) Az;.

This identity is equivalent tq (4.2) with (4.4)
The next theorem is the generalization of Theofem 4.2.

Theorem 4.7. Let (X, ||-||) be a normed linear space,, s, . . ., Tmax{mn} a finite sequence
of vectors inX, wy,ws,...,w, and u;, w1, ..., u, finite sequences of positive real num-
bers and(p, ¢) a pair of conjugate exponents. Then for alle {2,3,...,n—1} andk €
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([1,n] N [l,m]) N N the following inequality is valid

s—1 n:r Ar . n—1
4 Z ( Zr';l_ . r ) (Z Z _D k Zl (21, 7/2) . Dn—r+1 (7:7’—172.7‘)>

i1=1 ir=1

1
AT (&=
_ % (Z ZD (k,11) Dy (11,02) * +* Dy —pi2 (irlair)>

1=l 1=l

l

< KRl A%,

n—1 n—2 n—s+1

k Zm Z Dw (k,’ll) anl (ilaiZ)"'ans+1 (Z-sflais)

i1=11=1 is—1=1

m—1m—2 m—s+1

_ Z Z Z Du k 21 (21, 22) Dm7175+2 (Z‘sfla ZS)

1=l i2=l is—1=1

and we suppose that
n—1 n—2 n—s+1

Z Z Z D k? 11 (11722) . Dn—s+1 (is_17 ZS) = 0, for Z; ¢ [1771] NN

i1=1143=1 is—1=1

and

m—1m—2 m—s+1

>3 o Y Dy(kyir) Doy (i1,42) -+ Dini—gya (is-1,35) = 0, fori, & [[,m] N N.

1=l i2=l is_1=1
The constanfK (k, -)|, is sharp forl <p < oo
Proof. Asin Theorenmi 42, we subtract two weighted Montgomery identities, one for the interval

[1,n] N N and the other fofl, m| N N. After that, our inequality follows by applying Holder’s
inequality. The proof for the sharpness of the constg&t(k, )|, is similar to the proof of

Theorenj 4. (withK (, -) instead ofK” and A*z instead ofAx). O
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