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1. Introduction and Preliminaries

It is well known that the method of atomic decompositions plays an important role in
martingale theory, such as in the study of martingale inequalities and of the duality
theorems for martingale Hardy spaces. Many theorems can be proved more easily
through its use. The technique of stopping times used in the case of one-parameter
is usually unsuitable for the case of multi-parameters, but the method of atomic
decompositions can deal with them in the same manner. FW&iggaye some
atomic decomposition theorems on martingale spaces and proved many important
martingale inequalities and the duality theorems for martingale Hardy spaces with
the help of atomic decompositions. Hou and R8hdbtained some weak types of
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martingale inequalities through the use of atomic decompositions. Title Page
In this paper we will establish some new atomic decompositions for weak martin-

gale Hardy spacesQ, andwD,,, and give some necessary and sufficient conditions. Gz
Let (©2,%,[P) be a complete probability space, afd,),>o a non-decreasing <« »

sequence of sub-algebras ofY such thaty = o (Un>O En). The expectation

operator and the conditional expectation operators relativg,tare denoted b 4 >

andE,, respectively. For a martingale = (f,.).>o relative to(2, X, P, (3,),>0),

. ) . . Page 3 of 10
definedf; = f; — f;—1 (i > 0, with conventionif, = 0) and ?
. . . Go Back
fn: sup |fl|7 f :foozsup‘fn’7
0<i<n n>0 Full Screen

N|=

- s : Close
Sn(f)=<2\dfi\2> , 5(f)=<2\dfi!2) .

i=0 i=0 journal of inequalities

Let0 < p < co. The space consisting of all measurable functifrier which in pure and applied
mathematics
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is called a weal.,,-space and denoted byly. We setW., = L. Itis well-known
that|-[| ., is a quasi-norm on W, andL, C wL,, since| f{|wz, < | f[/,. Denote
by A the collection of all sequencés,,),>o of non-decreasing, non-negative and
adapted functions and sgt, = lim,, . A\,. If 0 < p < oo, we define the weak
Hardy spaces as follows:

WQp = {f = (fn)nZO : B(An)nzo - A, s.t. Sn(f) S /\nfl, )\oo S WLp},

£l = inf [ Accllo,
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WDp = {f = (fn)nzo : H(An)nzo € A, s.t. |fn| < )\nfl,)\oo S WLP},
Hf”pr = ()\132/\ H/\oonLp- Title Page
Remarkl. Similar to martingale Hardy space&3, and D, (see F.Weisz{q]), we Contents
can prove that inf ” in the definitions of|-|| ., and|-[|, 5 is attainable. That is, « b
there exist(\}”),>o and (A),= such that] f[lvo, = [IX]lvz, and | fllwp, = 5 R
H/\c(f)) lwz,» Which are called the optimal control 51 f) and f, respectively.

— o Page 4 of 10
Definition 1.1 ([6]). Let0 < p < oco. A measurable functioa is called a(2, p, ) gt o
atom (or (3, p, o0) atom) if there exists a stopping time(v is called the stopping Go Back
time associated with) such that

Full Screen
() a, =E,a=0ifv >n, Close

(i) S(a)]le < P(v# 00) % (or (i)’ [la*]|so < P(v # 00) 7).

Throughout this paper, we denote the set of integers and the set of non-negative
integers byZ andN, respectively. We us€, to denote constants which depend only
on p and may denote different constants at different occurrences.
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2. Main Results and Proofs

Atomic decompositions for weak martingale Hardy spaces and wD,, have been
established ind]. In this section, we give them new forms of atomic decompositions,
which are closely connected with weak type martingale inequalities.

Theorem 2.1.Let0 < p < oo. Then the following statements are equivalent:

(i) There exists a constant, > 0 such that for each martingalg = (f,,)>o: S s

Yanbo Ren and Dewu Yang
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(i) If f = (fn)n>o € wQ,, then there exist a sequen@e);z of (3, p, oo) atoms

and a sequencguy ) ez of nonnegative real numbers such that foralE N: Title Page
(2.1) f = Z 1B, a* Contents

kez 44 44
and

1 < >

2.2 2P » < w
(2:2) ?:ég (e <o0)r <Gy || f p> Page 5 of 10
where0 <y, < A-28P(v, # oo)% for some constartl and;, is the stopping EWIEEES
time associated with*. Full Screen

Proof. ()=-(ii). Let f =
(An)n>o Such thatS, (f) <

23 < A1, journal of inequalities
(2:3) [ ol < fra & Ans in pure and applied
Define stopping times for alf € Z: mathematics

ve =inf{n >0: fF+ X\, > 2%}, (inf = c0). issn: 1443-575k

)(\ fn)s0 € w@Q,. Then there exists an optimal control Slse

_1. Consequently,
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The sequence of stopping times is obviously non-decreasingf*tet (f,au, )n>0
be the stopped martingale. Then

D=y = (Z X(m < vie1)dfn — Z x(m < uk>dfm>

keZ keZ \m=0
(24) = Z <Z X(Vk <m < Vk-l—l)dfm) = fna Weak Hardy Spaces
m=0 \keZ Yanbo Ren and Dewu Yang
wherey(A) denotes the characteristic function of the 4etNow let vol- 9.ss. 4, art. 101, 2008
1 14 14
(25) Hie = 2k ’ ?’P(Vk 7A OO)P7 a - Nk; (f t f k)a (k S Z7 nc N) Title Page
(af = 0if u, = 0). Itis clear that for a fixed € Z, (a*),>o is a martingale, and by Contents
(2.3 we have
) <« »
(2.6) Jan] < i (2 + 1£4]) < P(v # 00) 77 p ,
Consequentlyia” ), is Lo-bounded and so there exists € L, such thatf, a* = =
s/ t= . ge 6 of 10
ak, n > 0. Itis clear thate®* = 0 if n < v, and by @.6) we get||a** || < P(vp #
o0)"». Therefore each” is a (3, p, co) atom, @.4) and @.5) shows thatf has a SlIERLES
decomposition of the form2(1) and0 < p;, < A - 2FP(yy, # oo)% with A = 3, Full Screen
respectively. By (i), we have g
ose

2FPP (1), < 00) = 2"PP(f* + Ao > 2F)
k X E—1 h—1 journal of inequalities
S 2P(P(fT>27) +P(Aw > 277)) in pure and applied
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(i)=(). Let f = (fu)>0 € wQ,. Thenf can be decomposed as in (fi) =
> ez iwak of (3, p,00) atoms such that’(?) holds. For any fixed, > 0 choose
j € Zsuchthat’ <y < 2/t and let

Jj—1 00
= Z,ukak = Z pa +Zukak =:g+h.
k=j

kEZ k=—o0

. . . Weak Hardy Spaces
It follows from the sublinearity of maximal operators that we h#ve< ¢* + h*, so

Yanbo Ren and Dewu Yang
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For0 < p < oo, choose; so thatmax(1,p) < ¢ < oo. By (ii) and the fact that

a* = 0 on the sety;, = c0), we have Tite Page
) . Contents
7j—1 7j—1

lg™lle < D mella™llg = D mwlla™x (v # o0)|lq “ >
k=—o00 k=—00
-1 < »
< Z A- 2k(1_§)2%p1[3’(yk -+ oo)% Page 7 of 10
k=—o00
j—1 Go Back
k(1-2 @
<G Z A 2M q)Hvaqup Full Screen
k=—o00
p Close
q

< prl_gan 9,
wW&p
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On the other hand, we have

P(h* > y) <P(h* > 0) < Z

k=j Weak Hardy Spaces
s _k k Yanbo Ren and Dewu Yang
(28) S Z 2 " 2 pP(Vk 7& OO) vol. 9, iss. 4, art. 101, 2008
k=j
< Gy Pl flls
o Il % Title Page
- . . oIl £11?
Combining ¢.7) with (2.8), we getP(f* > y) < Cy~*|| f||5.o,- Hence Contents
1/ e, < Cpll fllwe,- « 3
The proof is completed. [l < >
Theorem 2.2.Let0 < p < co. Then the following statements are equivalent: Page 8 of 10
(i) There exists a constant, > 0 such that for each martingalg = (f,,)>o: Go Back
1S(Nlwr, < Coll fllwp,: Full Screen
. ) Close
(i) If f = (fu)nso € WD, then there exist a sequen@e),cz of (2, p, 0o) atoms
and a sequencguy ) ez of nonnegative real numbers such that foralE N: journal of inequalities
in pure and applied
(2.9) fn = Z prE,a® mathematics
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and

(2.10) sup 2"P(v;, < o0)
keZ

D=

<Gy llfllvp, -

where0 < p, < A-2FP(y, # oo)% for some constant andr, is the stopping
time associated with*.

Proof. (i)=-(ii). Let f = (f.)s0o € wD,. Then there exists an optimal control Weak Hardy Spaces
(>\n>n20 such thatlfn| < Ap_i. Consequently, Yanbo Ren and Dewu Yang
1 vol. 9, iss. 4, art. 101, 2008

2

(2.11) Su(f) = (Ddfi\? + |dfn\2> < Sua(f) + 22X
1=0

Title Page
Define stopping times for ali € Z: Contents
v = inf{n > 0: S,(f) + 2\, > 2},  (inf ) = o), < >
anda® andy, are as in the proof of Theoreil. Then by £.11) we have < >
S(a*) < g (S(f7) + (1)) < P(v # 00) . P06
Thus ||S(a¥)|| . < P(ux # o0)” » and there exists an* such thatE, ¢* — ak, Go Back
n > 0. Itis clear thatz* is a (2, p, 00) atom. Similar to the proof of Theorem1, Full Screen
we can prove®.9) and @.10).
The proof of the implication (ii:-(i) is similar to that of Theoren. 1. Close
The proof is completed. O , : »
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