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Abstract

For some given positive v, a function f is called outer y-convex if it satis-
fies the Jensen inequality f(z;) < (1 — \)f(zo) + Aif(x1) for some zp: =
Ty 21y 2k = T1 € [Ll,'u,;lfﬂ satisfying HZ7 — Z]jAlH < 7, where \;: =
2o = zi||/|zo — 1], = 1,2,....,k — 1. Though the Jensen inequality is only
required to hold true at some points (although the location of these points is
uncertain) on the segment [z, z1], such a function has many interesting prop-
erties similar to those of classical convex functions. Among others it is shown
that, if the infimum limit of an outer v-convex function attains —oo at some point
then this propagates to other points, and under some assumptions, a function
is outer v-convex iff its epigraph is an outer y-convex set.
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Convex functions belong to the most important objects investigated in mathe-
matical programming. They have many interesting properties, for example, if a
convex function attains-oo at some point then it attainsoo at every relative
interior point of the domain, all lower level sets are convex and a function is
convex iff its epigraph is convex; sed] It is worth mentioning that all of them
follow from a single algebraic condition, namely the satisfaction of the Jensen
inequality
(1.1) flax) < (L= A)f(xo) + Af(x1)

xy=(1—=Nzo+ Axy, A€]0,1]
everywhere on the segment connecting two arbitrary points of the domain. In
a generalization of the classical convexity, for allowing small nonconvex blips,
convexity is required to hold true between points, the distance between which

is greater than some given positive real number, say, the roughness degree.

SupposeD is a nonempty convex set in the normed linear space| - ||).

According to Klétzler and Hartwig ([), a functionf : D ¢ X — R is

called roughlyp-convex if the Jensen inequality.() is satisfiedfor all points

Ty € [xo,21] C D whenevet|z; — xy|| > p, for some giverp > 0. But the
requirement of{.1) at all pointsis sometimes too hard (sed). In the concept
of Hu, Klee, and Larman’], a functionf is calledé-convex if (L.1) is fulfilled

at each pointc, € [z, z1] with

| &>

J
lzx = zoll 2 5 and lzx — 21| = 3
for some givery > 0, which means that at leagt; — zo|| > 6. According to
H. X. Phu, for a fixedy > 0, a functionf is called~-convex if
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|z1 — || >~ implies  f(xg) + f(z}) < f(x0) + f(21)
with 2 € [xg, 1], ||z — 2} =, i=0,1
([6]). It follows that f must fulfill the Jensen inequalityl (1) at least atz
or z. In addition to this trend;-convexlikeness and outerconvexity were
introduced respectively in/] and [5] (and they are equivalent for lower semi-
continuous functions). We recall that a functignis called outery-convex if
(1.1 holds truefor some points

200 = X0,%1,-..,%k. = X1 € [:EO, xl] satisfying ”Zi-&-l — ZzH <7 Outer y-Convex Functions on a
Normed Space
(but the location of these points iscertain). It was shown in {] that, under

some assumptions, a function is outeconvex (convex, respectively) iff the
sum of this function and an arbitrary continuous linear functional always fulfills
the property “each lower level set is outeiconvex™ (“each lower level set is Title Page
convex", respectively) (see the definition of outeconvex sets in Sectiod). R
In this paper we show that although the demand “satisfyind) @t some
points which are uncertain where" of outeiconvexity is very weak it could « dd
conclude some more similar properties of classical convexity. In Seétion < >
some similar properties of classical convexity are given. Among others we

Phan Thanh An

get the nearest-point properties (Proposittod). Some properties of outer Go Back
convex functions are given in Secti@n In particular, if the infimum limit of Close
an outery-convex function attains-oc at some point then this propagates to Quit
other points (the so-called infection property) (Propositiof). Finally, under

some assumptions, Corollafy? says that a function is outerconvex iff it its Page 5 of 19
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Let (X, - ||) be a normed linear space amde a fixed positive real number.
For anyz, z; € X and\ € [0, 1], we denote

Iy = (1 — )\)1'0 + )\.1'1,
(2o, x1] == {x\: 0 < A < 1},

[0, 1] == [wo, 21] \ {z1},
]xo,ﬂﬁ[ = [0, 21[ \{zo}-
As usual,B (z,r): = {y € X : |[z —y|| < r} denotes the closed ball with

centrer and radiug- > 0. Let us recall the notion of outer-convex sets (f]).
A setM C X is said to beouter y-convexif for all =, z; € M, there exist
200 = To,21,---,2k: = X1 € [x0,21] N M such that

(2.1) i=0,1,...k—1.

Obviously, every convex set is outerconvex for ally > 0. Conversely, if a
closed sef\/ is outery-convex for ally > 0 thenM must be convex. It follows
directly from the following.

Jzi — =l <5 for

Proposition 2.1 ([]). Let M C X be outery-convex, and let, andx; belong
to M. Then

[zg, 2} [ C [zo,21] \ M implies ||z — 2] < 7.

By virtue of this proposition, such a sgf is called outery-convex because
a segment connecting two points f may contain at most gaps (i.e., subseg-
ments outsidé/) whose length is smaller than

Foreachr € X, setMz: = {y* € M : ||z — y*|| = infyem ||z — y|}-
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Proposition 2.2. Suppose that/ is nonempty and outer-convex inX whose
unit closed ballB(0, 1) is strictly convex. Thediam Mx < v for eachz € X.

Proof. Assume the contrary thatiam Mx > ~. Then, there existy, x; €
Mz such that|zy — z;|| > v. By the outery-convexity of M, there exists
z € |zg, z1[NM. The strict convexity of3(0, 1) implies ||z — z|| < max{||z —
xoll, |lx — z1]|} = || — xo||, which conflicts withzy € M. O

Note that the assumption of the strict convexity$(0, 1) is really needed.
Moreover, the converse of Propositi@m? is false in caselim X > 2. For
example, the compact set

M: ={(z,y) eR*:ze[-1,1,ye [-1,1]}\{(z,y) eR*: 0 <y < z}

satisfiesdiam M (x,y) < ~ for all (z,y) € R? wherey: = 1. But M is not
outery-convex. As can be seen later, the converse of Propositidinolds true
if dim X = 1 andM is closed.

In view of Proposition2.2, we get the following classical result which is a
part of Motzkin’s Theorem (se€)]).

Corollary 2.3. Suppose that/ is nonempty and convex X whose unit closed
ball B(0, 1) is strictly convex. Then, for eache X, if the setM x is nonempty,
it is a singleton.

Proof. Sincel is convex, itis outet;-convex for ally > 0. By Propositior?.2,
diam Mz < ~ for all v > 0. It follows thatdiam Mz = 0, i.e., Mz is a
singleton. O
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We recall that a set/ C X is vy-convexlikef |xq,x1[NM # () holds true
for all 2, 2, in M satisfying||zo — z1|| > v ([5]).

Clearly, each outef-convex set isy-convexlike. In general the converse
does not hold. The situation is quite differentlif is closed.

Proposition 2.4 ([5]). Suppose thal/ is closed. Ther/ is outery-convex iff
it is y-convexlike.

Note that ifdim X = 1 anddiam Mz < ~ for eachx € X thenM is ~-
convexlike (Indeed, if\/ were noty-convexlike, i.e., there were,, z; € M,
xg—x1 > v such thatlzg, 21 [NM = (), thenM 22 = {z, 2, } and therefore
diam M #F2L > ~, a contradiction). Consequently, by Propositidd, the
converse of Propositiop.2 holds true ifdim X = 1 andM is closed.

From Propositior2.4 we have the following.

Proposition 2.5. If M is outery-convex themx,, ..., z,, € M and

i, — T|| > foralli=1....
xeCon\/{ml,,,_@i_l7$i+17_”’$m} ||$z flf” Yy (3 , ,m

andm > 2 imply that there exish; > 0,7 =1,...,m,suchthaty"" A\ =1
andd_", \z; € M. If additionally M is closed, the converse is true.

Proof. Suppose that/ is outery-convex. Then the above condition holds true
for m = 2. It remains to prove that the above condition holds truesior 2.
The proof is by induction om. Assume that the assertion holds for 1. Let
x1,..., T, € M and

inf [|z; — 2 >4
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foralli =1,...,m,whereF;: =con{xy,...,2; 1,%i11,...,ZTn}. Itimplies
that

inf ||xz; — z|| >

inf flai —al| >y

foralli =1,...,m — 1. Therefore, by the induction assumption, we conclude
that
m—1
y: = )\le eM
=1
. (0] -C F i
with some); > 0,7 =1,.. —1 andZ "\ = 1. Since|ly — x| > 7, s s“;;;fns one
there exists\,,, € 10,1] such thal(l — Ay + AmTm € M. Hence, o Than An
m—1
)\z :Bz + AmTm € M. Title Page
=1
Contents
That is, the above condition always holds true. « >
Conversely, since the above condition holds trueroe 2, M is~y-convexlike.
It follows from Propositior2.4that M is outery-convex. O < >
Go Back
Close
Quit
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SupposeD is a nonempty convex set in the normed linear space| - ||).
We recall thatf : D € X — R is outer~-convexif for all distinct points

xo, 1 € D, there existy: = xg,21,..., 2k = o1 € [T, x1] Satisfying @.1)
and
(3.1) f(z:) < (L= X)f(zo) + Aif (1)
where);: = ||lzo — z||/||lxo — z1]|, i1 =1,2,...,k—1(see f]). )
. . . Outer ~-Convex Functions on a
Clearly, a convex function is outerconvex for ally > 0. Conversely, if a Normed Space

lower semicontinuous function is outerconvex for ally > 0 then it must be
convex. Indeed, if a function is outerconvex for ally > 0 then it is convexlike
(see []) and therefore, by lower semicontinuouity, this function is convex.

Phan Thanh An

In [4], a weaker notion of generalized convexity, namelgonvexlikeness Title Page
was in'Froduced. We recall that a functigﬁr’ns ~-convexlikef for all z, z; in D, R
satisfying||zg — || > v, there exists € |z, 21| such that

44 44
(3.2) f(z) < (1= A) fxo) + Af(21), p R
where): = ||zg — z||/||zo — 21|

Then, outer-convexity andy-convexlikeness are equivalent for lower semi- Go Back
continuous functions. Close
Proposition 3.1 ([5]). Let f be lower semicontinuous. Thefis outery-convex Quit

iff it is y-convexlike.
Lis y-convexiie Page 10 of 19
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Corollary 3.2. Suppose that a polynomig(z) = ax* + ba® + ca® + dx + e
of order 4 is not convex oR!. Thenf is outery-convex iffa > 0 and~ >

1 /3(3b%2—8ac)
2a 2 )

Proof. Proposition3.1 allows us to conclude that outerconvexity of a poly-
nomial is equivalent tg-convexlikeness. Thereforg,is outery-convex iff for
all zg, z; € R* andx; — zy > v, there exists\ € |0, 1| such that

[ (o + A1 — 20)) < (1= A)f(zo) + Af(21).
This inequality is equivalent to
g(x1) = 6ax? — (4a(2 — N\)p — 3b) 21 +a(3 = 3N+ A)p> —b(2—A)p+c >0,

wherep: = x; — xy. Fix p and\. Then, the polynomiaf(z,) of order 2 is
greater than O for alt; € R! iff « > 0 and

(3.3) 8a*(1 — A+ A?) (a1 — 2¢)* > 9b* — 24ac

holds true for allzy, z; € R! satisfyingz; — 2 > .

Now suppose thaf is outery-convex. It follows from the above that> 0
and 3.3 holds for allzy, z; € R! satisfyingz; — 2o > 7. SinceX € [0, 1],
0 <1-—X+ X < 1. Hence, by 8.2), 9v* — 24ac < 8a*(x; — z0)? for all
1o, 71 € R! satisfyingz; — ¢ > ~. It follows that0 < 3(30* — 8ac) < 8a%42.

Conversely, suppose that> 0 and0 < 3(3b* — 8ac) < 8a?v%. We prove
that f is outer~-convex. Assume the contrary thétis not outery-convex.
Then, by 8.3), there existry, z; € R! satisfyingz; — z, > ~ and

8a*(1 — A+ A*) (w1 — 20)* < 9b* — 24ac

Outer y-Convex Functions on a
Normed Space
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forall A €]0, 1[. It implies that(z; — z4)? < ~?, a contradiction. O

It is well known thatf is convex iff the Jenssen inequality holds, namely
T1y,...,Tm € D Imply thatf (Z:il )\zl'l) < Z:il )\lf(il?z) for all A > O,
i=1,...,msatisfyingd """ A\, = 1 (see, e.g.q]).

Proposition 3.3. If f is outerv-convex themxy, ..., z,, € D and

conv |x; —z|| >~ foralli=1,...,m

Te Ty 15T 15T } .

' ’ " Outer ~-Convex Functions on a
Normed Space

and m > 2 imply that there exist\, > 0, ¢ = 1,....m, > " A\ = 1,
FOom i) < 307 Nif (). If additionally f is lower semicontinuous, the AUEUTLEI
converse is true.

. . , Title P
Proof. Suppose thaf is outery-convex. We apply the argument given in the e

proof of Propositior2.5again, with > \;xz; € M” replaced by ‘f (> \iz;) < Contents
> Aif(x;)", to obtain the desired result.

44 44
Conversely, since the above condition holds truenot 2, f is~y-convexlike.
Hence, by PropositioB.1, f is outery-convex. O < 4
Note that the sufficiency of Propositich3 fails to be true without the as- Go Back
sumption on the lower semi continuity ¢f Close
A property of generalized convex functions is called an infection property if Quit

this property transmits to other places after once appearing somewhere. Phu and
Hai ([6]) showed thaty-convex functions ofR possess some infection proper-
ties. Outery-convex functions also possess an infection property as the follow-

- o J. Ineq. Pure and Appl. Math. 6(3) Art. 85, 2005
ing proposmon shows. http://jipam.vu.edu.au
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Proposition 3.4. Let f : D C X — R be outery-convex andr, € D satisfy
liminf, .., f(x) = —oo. If there existg) € D satisfying

(3.4) |y — 2ol > 2v
then there is some

— X — X
z € .To‘{”}/u,xo—FQ"yy 0
Iy — ol ly = oll

such thatiminf, ., f(z) = —oc.
Proof. Assume that, = lim,,, ., o z,, andlim,,, .. «, f(z,,) = —oc with some
{z,,} € D. Sincelly — zo|| > 2~, we also assume thly — z,,|| > ~ for all
m. Sets,,: = (y — x,)/|ly — zn|. Becausef is outery-convex, there exist
2= (1= N )z, + My, j = 1,2 satisfying
(35) Hzgl - Ziﬂ” < Yy T+ YSm € [Zrlm 'Zrzn]a
and
(3.6) Fzh) < (=X f(wm) + N f(y),
where) : = ||z, — 22 ||/|ly — z]|- Since{\ } C [0,1], we can assume that
N — M e0,1] asm — +oo. It follows thatz! — 27: = (1 — M)z + My

asm — +oo, j = 1,2. We now consider the following cases:
a) If \? #£1,i.e.,22 / yasm — +oo. This together with.6) yields

lim inf f(27,) < liminf{(1 = A7) f(zm) + A5, (1)}
< limnf(1 — A7) f () + limsup A7, f (y)

m—-+00

= —0OQ.

Outer y-Convex Functions on a
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Therefore

liminff(z?n) = —00.
That s,
liminf f(z) = —oo.

r—z

Sincez?, € [T +7YSm, Tm+275y), We conclude that? € [zo+yso, To+27S0]-
b) If \ = 1,i.e.,22 — yasm — +oo. Then, by 8.5, we conclude that
lzo — yl| = 27, 2}, — 2' = xo + vso asm — +oo and therefore\! # 1.
Applying the argument given in casg again, with 2" replaced by %! ", we
get

liminf f(z) = —oc0.

r—2z1

This completes our proof. O

Note that the numbery in (3.4) is best possible. This is illustrated by

0 if x € {0} U [a, b
fla): =
m |f T € ]0, (l[
(I <b<2andb— 1< a<1). Obviously,f is outery-convex onD: = [0, d]

with v: = 1. Choosery: = 0 andy: = bthenliminf, .., f(z) = —occ and
y —x9 = b < 2v. Inthis caselim, ., f(x) = 0 forall z € [z + ~,y] and the
conclusion of Propositiof.4is false.

Outer y-Convex Functions on a
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Similar to convex functions, outer-convex functions can be characterized by
their epigraphs.

Theorem 4.1. Suppose that(z, t)||;: = max{||z||,|¢|} forall z € X ¢ € R.
If epi f IS outer~-convex thery is outer~y-convex. Conversely, if an outer
convexf is Lipschitz continuous with constant> 1 (a € [0, 1], respectively)
thenepi f is outera-y-convex (outery-convex, respectively).

Proof. Suppose thatpi f is outervy-convex andry, x; € D such that|z; —
xo|| > . Then

I (1, f (1)) = (20, f(0)) 1 = [l22 = oll > 7.

It follows that there exist

A = (o, f(20))
Ary oo A = (0, f) € [(0, f(20)) 5 (21, f(21))] Nepi f

such that

||AH_1—AzH1§’}/ with Z:O,l,,k’—l
Suppose thatl; = (z;,t;). Then
HZiJrl_ZiH < HAlJrl_Azul S"}/ with ’L:O,l,,k—l

Outer y-Convex Functions on a
Normed Space
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On the other hand, since

A = (2, t;) € [(wo, f(20)), (21, f(21))] Nepi f,

we get

fzi) <ti= (1= X)f(xo) + Nif (1)
where);: = ||zo — z|/||lxo — z1]|, i = 1,2,...,k — 1. That is, f is outer
y-CONVEX.

Conversely, if an outefy-convex functionf is Lipschitz continuous with
constanty > 1 (a € [0, 1], respectively) thempi f is outera-y-convex (outer
~v-convex, respectively). Indeed, let

}/EJ = ($0at0)a}q = (:Blatl) € eplf

Obviously, f is continuous ofiz, x1].

Hence,{(z,t) € epif : © € [zo,21]} is closed. Assume without loss of
generality, that

Yv(-) = (-fo,f(l’g)),Yi = (xlaf(a:l))'
Suppose
Y1 — Yol > ay with a>1
(Y1 — Yol > vy with 0 < o < 1, respectively). Then, byi(z,t)||,: =
max{||], [£[},
aflzr = zoll = | f(z1) — f(wo)]
implies

with a>1

Y1 — Y.

Outer y-Convex Functions on a
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(lzr — @o]| = [|Y1 — Yoll1 > v with 0 < a < 1, respectively). By the outer
~v-convexity of f, there existy: = g, 21,..., 2x: = o1 € [xg, 2] Satisfying
(2.D) and @.1). Set

where);: = ||zg — z||/||lxo — z1]|, ¢ =0,1,..., k. It follows that

AOaAla"'7Ak S [Y07}/1] meplf
and
[Ai1 — A1 <av,i=0,1,...

(NAiz1 — A1 <v,i=0,1,...,k — 1with0 < a < 1, respectively). Hence,
epi f is outeray-convex witha > 1 (epi f is outery-convex with0 < a < 1,
respectively), and the proof is complete. ]

k—1 with a>1

Corollary 4.2. Suppose that(z,t)|;: = max{||z|,|t|} forallz € Xt € R
and f is Lipschitz continuous with constamte [0, 1]. Then,f is outery-convex
iff epi f is outery-convex.

Note that the assumptions of norm and Lipschitz condition in Thegrédm
and Corollary4.2 are really needed.
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Some sufficient conditions for some kinds of outeconvex functions, namely
strictly y-convex functions ang-convex functions, were given ir¥] and [0].
Some sufficient conditions for outerconvex function will be a subject of an-
other paper.
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